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Puc. 61. Mosxyronoroit 20-non-call-10 cBoniuOH WIATe/BIMKA B CpaBHEHUH ¢ MeTogom I
Amnnepcena [And00].
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12.10 Buizoabl

B 370l IvaBe, Mbl KOCHYJIMCH MHOXECTBA OTAE/NbHBIX NpOGIEM, Kacaomuxcs
oueHku GepMyiackux csonmumoHos B BGM/J-ctpyxrype. 3aBrcHMOCTE koadduunenTos
Apeiida OT COCTOSHMS 3aCTABIAET NMPHMEHATh K npobieme cHMyasuuu Mowre-Kapno
BCAKHI Pa3, KOrZa MBI XOTHM H30eXKaTe HCIOJIB30OBAHHA CXEMBI Diinepa ¢ MaNeHbKHM
waroM. TIpeoKeHHas 102apudMuseckas JEPOGCKas cXema NPecuKmopa-Koppexmopa
merona Moure-Kapno e cmpyxmype BGM/J oueHb ycTOiidMBa W MO3BONACT Ham
MCTIONB30BATh CIMHCTBEHHbBIC IHATH 110 TIOOOMY rOpH30HTY BDEMEHH, C KOTOPEIM MOXHO
CTONKHYTHCA B OHEHKe GepMyJICKHX CBOTIMOHOB. 3aTeM Ghisl IPEACTABNEH HOBLIA METOX
Monte-Kapno, crienyansHO CKPOCHHBIH U oueHks GepMyICKHX CBOMLHOHOB, I'naBHas
Hies HOBOrO MOAXOJA COCTOHT B TOM, 4TOOBI 3KCIULYaTHPOBATh 3BPHCTHKY, NOY4IEHHYIO
OT Jpyroro, HO TPYAHO NPHMCHHMOTO B YHCIHCHHOH Qopme, METOJa, a HMEHHO,
MYbTHHAKTOPHOTO HEPEKOMOHHHPYEMOTO JiepeBa. JTO 3HAHHE 3aTEM HCMONL3yeTCs,
YTOGb! NIOJTYYHTH NOAXO/ISILYIO IAPAMETPHYECKYIO (PYHKIHIO peleHHs 06 HCROIHEHMH B
MEHBLIEM KOJHYECTBE M3IMEpEHHHi, YeM NpOCTPAHCTBO COCTOSHHH, B KOTOpOM OHa
sioxena. Kpeme 3toro, Oblna NpoaeMOHCTPHPOBAHA BAXHOCTh OCTOPOIKHOTO Bbibopa
CHCTEMBI KOODAMHAT, HCIIOIB3yeMOH 1A TIPOCKLHH TPAHHIL! HCTIONHERHS. DTOT NOAX0A
CPaBHMBANCA C METOJIOM, TIPEIOKEHHbIM AHAEPCCHOM [And00], xoTopslii nonarajics
HCKJTIOHHTENBHO Ha (GMHAHCOBYIO HHTYHLMIO NIPH BEIGODE NEPEMEHHBIX, KOTOPLIE IOJKHEI
GuiTh Hanbonee nokasaTenbHemy, HoBei Metos Obll NpOTECTHpOBaH Ha GoabmioM
KOJIHMECTBE KPHBLIX JOXONHOCTH M CLEHAPHER BONATHALHOCTH H BO 6CeX U3 HHX OKa3asica
3aMe4aTenbHO TouHHM. HeboMbluoe KOMHYECTBO TECTOBbIX PE3Y/LTATOR NPEICTABAEHO B
HacTosleil KHure. S| Taioke Jan NPHMEPH BPEMEHH BBLIYHC/ICHMS HAa KOMMBIOTEpE
KOTOPHIH, BO BPEMsl HAMMCAHHS, MOT OBl PaCCMaTpHBATHCA, 10 KpaiHe#d Mepe, B naTs pas
Gosiee MEUIeHHBIM, YEM TO, YTO SBAAETCA JOCTYMHLIM IPAKTUKaM B TOProBOM 3aiC.
3ameuaTensHas CKOPOCTb, CTAGMIBHOCTE H  TOMHOCTH paspaGoraHHod  mMopen
TPOMCXOJIHT, YACTHYHO, H3-32 UCTIONB30BaHMA MHOTOMEPHBIX uncen Cobons, a Taloke H3-
3a TIHATENbHOM NpopaGOTKH aNropuTMa ONTHMH3AUMA M [ETATBHOTO BHHMAHHS K
[PEABAPHTENLHOMY PacyeTy H XPaHEHWI0 BCEX BOBJICUCHHBIX BENHUHMH BE3AE, TAC ITO
BO3MOJKHO.

Boo6uute roBOps, HENB3A OKHAATH, YTO METOIHKA NMPOEKUHH O0NACKH HCIIOHEHHSA
12 ABA H3MepeHus OyjmeT NABaTh PE3ylbTaT B BHC €IMHCTBEHHOH MpOCTOH KpHBOH,
ouepuMBarOLIell TPaHHLY HCronHerus. [IpumepoM TOMY — aMEPHKAHCKHE MAX-ONLHOHEL,
roe Gonee BHICOKaA CTOMMOCTb M3 ABYX aKTHBOB MHHYC YPOBEHD CTpaiika ONpENEAscT
BHYTpeHHIO cToHMocTs [BG97a]. Onnako, onyckad BCe MaTeMaTHYECKHC npobneMsl,
KOTOPHIC MOXXHO OTHECTH K OLCHKS CHMysaumsmu Monte-Kapiio, MOXHO cka3aTs, HT0
caMmplii xapaktep (MHAHCOBBIX TIPOM3BOAHBIX 3aCTAB/AET HX Ka3aTbCs CPABHHTEIIBHO
GnaronpuaTHeiMH. JIDYrHMH CIOBaMH, s OAAraio, 410 Mg GONBIIMHCTBA MPOK3BOJHBIX
KOHTPAKTOB, 3aBHCAINMX OT CTPATErHH HCHONHEHMA, M30OPETEHHBIX K HACTOAIEMY
BpEMeHH, MOXKET ObITh HaiIeHa NOAXOAALIAA NPOEKHMs 0BNacTH MCTIOJHEHHUS, YTOOBE
CAenaTh TPaHMIY NOLAIOLICHCA ONMMCAHHIO JHIIL OHOH HAM HECKONBKHMH DasyMHO
POCTHIMH (YHKUMAMH JBYX NepeMeHHBIX. Beaxuil pas, xorna 570 BOMONHO, MOMKET
GBITh BINONHEHZ MHOTOMEPHAA ONTHMH3ALMA MO MAaNEHEKOMY MHOMECTBY CBOOONHBIX
N1aPaMeTPOB, HCTIONB3YIOMIMX TPEHHPOBOUHOE MHOXECTBO TPACKTOPHIf, KOTOpas JacT B
Pe3yIbTATE BLICOKO TOWHYIO LIEHOBYIO annpokcumaumio. [loaromy s nonaraio, 4To
TpeACTaBieHHbI  31€Ch TOAXOA K HCIONB3OBAHHIO HepeKkOMOHHUPYEMOTro  iepesa,
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Hpengucaonwpe

Ora xuura o mMeronax Moure-Kapno u cBa3anHBIX ¢ HUMH AMcuunindax. OHa
OMHUCBIBAET NPUMEHCHHE TPAAMLHOHHBIX M MCKYCHBIX CTATHCTHHUECKHX MCTOAMK K
npobieMaM, BCTPEHAIOMMCS B MHPE COBpeMeHHLIX ¢uuarcos. S pasngcusio tu
METOJIbl HA NPUMEPAX PEANTBHBIX NPOBICM, € KOTOPLIMU CTAIKHBAIOCH B TCUCHHE CBOETO
pabouero Ana. BoT noueMy B KHUI'E€ MOXKET, B YaCTHOCTH, NIPOABHTECA YKIIOH B CTOPOHY
TIPHIIOWENHIH Ul HHBECTHIIMOHROH DaHKOBCKOH AeATEIbHOCTH M OLEHKIL ICPHBATHBOB.
OnHako, MHOXECTBO TNPENCTAaBACHHBIX 34€Ch METOA0B, AHANOTHUNLIM  OOpa3oMm,
UPHMEIHMBL H K MaTEeMaTHYECKHM npobneMaM, KOTOpbie BOSHUKAIOT B YNPARICHHUH
PHIHOYHBIMH PUCKaMM, B OWEHKE KPEIMTHOTO pPUCKA, B CTPaxoBOM Ou3Hece, B
CTPATErHvyeckoM MeIeIXXMEHTE H JADYTHX OOJIACTAX, FAE HEeOOXOANMO OLEHHBAThL
odpPeKT MHOKECTBA HEU3BECTHBIX MEPEMEHHBIX (O KOTOPLIX Mbl MOMKEM CAENATb NHILL
NPEANONOKEHUE O PACHPEUEIEIIMY UX BEPOSTHOCTEH ).

lenbio HacTosled KHUIM  SBASCTCS  3HAKOMCTBO UMTATENS C OCHOBHbBIMM
TexuukaMi Moute-Kapno, KoTopsie HCIOb3ylIOTCS B HACTOALICE BPEMs 3IKCTEPTAMI-
npaktHkaMH. CyllecTsyeT Tak MHoro obnacred npuscrenns merogor Mornre-Kapno B
duHancax, YTo M06aA MONBITKA HAMMCATH KHUTY [0 3TOMY MpPEAMETY OAHOBPEMEHIIO i
O03HaKOMHTE/BHYIO, « TOHATHYIO, O3HA4Yasa Obl MHOrONSTHHIT MHMCATENABCKHIT TPy
HooToMy, anst Toro, uTo6b! HANHCATL O3HAKOMHTENLHULIH TEKCT fonee BbLICTPO, s PCLUHIT
COCPEJIOTOUHTBCA Ha NpoGieMax, C KOTOPHIMH CTajKHBACTCA KAKIAbIH HOBHYOK B
npougcce Mojienuposalna MerojaMu MonTte-Kapao u onycTuTb GoMbWIHHCTBO Gonee
CHOKHBIX BOTPOCOB. Cpe/ii ONYMIEHHBIX IPEAMETOB OCTANOCH BCC CCMEHCTBO TEXHMK Ha
OCIIOB¢ MapkOBRCKMX uUened H nocheguue paspaborkn B Metogax Monre-Kapio,
NPEANA3HAYEHIIBIX IS OTIPEAENCHHA HEH AMCPHKAHCKHX, OEpMYACKHX Il MoObLIX
APYTHX  LPOH3BOAILIX KONTPAKTOBR, Ybf HJCANblasf OLEHKa 3alaeTCsi MaKCHMAalbloli
(2MCKOHTHPOBAHHOI) BRIMNIATOH MO BCEM BOIMOXKHLIM CTpaTerusamM ucnosucnus. To ecrb
HAXOX/EHUEM HCTHHHO ONTHMannioi crpaterun. Mekimouennem M3 370oro noskayii,
ABNACTCA BbIABJIECHHE MOLXOAALICH IPaHUYHON ONTHMH3ALMH HCIOIHEHHS A Uehei
ne11000pazoBatus GepMyACKOro CBONUMOHA B MOAEIH BGM/JI, NPEACTABIIEHHOS B FNABE
12. B 1o e BpeMsi, s MONbLITAICA BKIOYUTL B KHUTY OOJBLIYIO HacTh MCTO/MK,
HCIIOJIb3YEMBIX B HACTOALIMM MOMEHT, KOTOPBIE MO3BONAIOT ACHCTBHTEABHO COBNABATDL
JIORONILHO MOLEHLIE TPUAOKEINN AN MOslenHpoBatiig Metofamu Monte-Kapno.

Xora s Bejjie crapaics 06LAcHATh 6430BLIE NPHIILKTILL KOHKPeTHOH npobiiembt, K
PELIEHHIO KOTOPOH NPHBIEKASTCS ONUCHIBAEMAs TCXHHKA, OTO HC O3HMAYAET, YTO AAUHAM
KHHTA ABISETCH BROJIULIM KypcoM (pupaicoBoil MaTeMaTHkH. I nonaraio, uro yuraress,
aubo ¥uMeeT COOTBETCTBYIOMLYIO T[MOAFOTOBKY B HauWHOH obmact, naubo  Mower

Brace-Gatarek-Musiela/Jamshidian - wmogens Epanca-Tatapexa-Myawena/wavemanna,
fanee OyaeT wcnons3osateen abbpesvatypa BGM/J (rpum. nepes.)
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IIPOC/IEI0BATE 10 YKA3AHHBIM CCBUIKAM, HTOGb! YTTYOHTL CBOE LIOHAMAHHE QHIAHCOBOTO
W/MIN 3KOHOMHHYECKOTO 0BOCHOBAHMS ONpeneeHHbIX MaTeMaTHUecKuxX aonyuwenni. B
KOHUE KOHLIOB, T KHUTA He O ToJONIeKe Leiioobpasosattis ONLAOHOB, DTa KHura — o
MATEMATHUECKHX M UMCHEHHBIX TCXHHKAX, KOTOPble MOTryT OBITH HCIONB30Balibl UL
PELLEHHS MAaTEMATHIECKHX YPABHEHUH, BRIBEJIEHHBIX H3 (IHHAHCOBBIX H OKOHOMHUECKHX
Teopwii. Sl HE MBITANCA AABATh OBOCHOBAHMSA 1% MPEANIONOKCHAHN O PBIHKAX, PLIHOYHOR
2P EKTUBHOCTH, CICUH(BHUECKUX CTOXACTHUECKHX AU(PEPEHUMANBHBIX YPABHEHHAX H
T.n. S| OCTABMI 3TO aBTOPaM BEJIMKONEMHBIX KHHUT, MOCBILICHHBIX JAHHBIM [PEaAMETaM
[Hul97, Mer90, Reb98, Wil98]. BmecTo 3Toro, a coKyCHPOBAICSA HAa BOMPOCAX
npuMenenns metonos Moute-Kaprno. JTroGo#t u3 3TUX METONOB 0OHO3HAYHO Tpebyer
[IPUMEHCHHS KOMITBIOTEPHBIX YCTPOHCTB M 3TO 03HAYACT, YTO YUCICHHbIC 3a/la4l UMEIOT
NepBOCTEMEHHOE 3HAYEHNE, YTOCh! 3TA KHHIa UMEJa NPAKTHYeCKy0 Lemiocrs. Tloaromy
4 crenan MOMLITKY CBA3aTh (DYHIAMCHTAIbHBIC KOHUEMUMM m0BOH MeToauku ¢
IIPOrPAMMHBIM ~ @ITOPUTMOM, 4acTO BblpaxaemeiM Ha s3bike C+t. Hpu  oTOM
NPUHAMAINCS BO BHUMANWE TAKME ACMEKTbl YHCICHHOrO AHANM3a, KaK YBCIHYCHHMC
01HOKK OKPYTJICHHA U T.IL.

TIpeaMeT AaHHOH KHUIK TECHEHIIUM 06pa3oM MEPEreTaeTcs C KONUENieH
congepeenyuu. B obmeM cnyudae, Meroisl MonTte-Kapno 20T Ham camyio Jiy4ilylo
OLEHKY CTATHCTHMECKOH OIMOKH. ITO WX OTIIMYME OT MHOXECTBA QPYrHX UHCHEIHLIX
meroaoB. OBwvHO, MoacnupoBaHne MeroaoM Moure-Kapio wuMeeT cieaylomtylo
CTPYKTYpY: TpOBEJEHHE OJHOM M TOH e NpOUESHypbl MHOTO pas, Yuer BCEX
“HHAMBHYANbHbIX PE3Y/IbTATOB H CYMMUDOBAHHE WX B COBOKYIMYIO ANMPOKCHMALHIO
paccmatpuBaemoit  Lipobnemsl. T GomblimHCTBA  MeTOA0B  Monte-Kapno, (B
0COBEHHOCTH, TEX, KOTOPHIC [PEIYCMATPHBAIOT JEKOPPENAUMIO WHAWBUIYATbIBIX
pE3yNBTATOB), Mbl MOXKEM Bp6paTs Ni00oe MOAMHOXKECTBO TAKMX OTACTbHbLIX
pe3yNbTaTOB M CyMMHMpOBATb WX IUIA MonyweHus ouenxH. Yncnenno Gonee TouHOE
peitichue GyfeT ocTurathcs GoNee 4acThIM MOBTOPEHHEM HTEPATHBHOI NPOLCAYPLI, BCE
Gonplliee M GONBILEE KONHYECTBO pas, B KOHEYHOM HTOre KOUBEPrupyst (CXOAich) B
BeckoHeuHOCTH. SICHO, YTO MbLI HE HMHTEpECyeMCsA MPOCTO METOHOM, CXOAAIMMCH K
[PABMNLHOMY OTBETY NMOCHE GECKOHEUHBIX BBIYHCAECHHH, HO XOTHM NOAYHATL XOPOLLYIO
AnNMPOKCHMALHUIO A0BOALHO ObicTpo. Cen0BaTeNbHO, IOCKONBLKY MBI YIOBICTBOPACMCS
TeM, uTo KOHKpETHblH MeTofa Monte-Kapno uMeer ozpautuenus, TO Mbi Ha, CaMOM
fede, HHTCPCCYEMCS — 06e0CHUEM — KOH8Ep2eHWuu, TOUHEE, CKOpOCmblo  3mot
cxooumocmu. JloGpas 4acTh JaHHOH KHMTM TIOCBALICHA PasHMUHBIM YXHLIPEHHAM,
cNocOBCTRYIOUHM  YIYHLIEHHIO CKOPOCTH CXOJIMMOCTH MeTogoB Monte-Kapno n ux
3neMeHToB. J{ns TOro, YTOOH! MPEACTABHTL YMTATE/IO HE MPOCTO OMMCAHUE ANTOPHTMY,
HO TaKke JaTh MHTYHTHBHOE MPEACTABAEHHE MOTEHUMANbHBIX TNPEHMYLLECTB
NPUMEHEHHS KONKPETHOH TEXHMKH, Mbl OCTAPAIHCE BKIIOUHTL MHOMECTBO JHATPAMM
THIKYHOTO [OBEACHMS KOHBEPTEHLHM: 4alle BCEr0 OHM  HCMOJB3YIOTCH  And
nofuepkuBaHuA pasiuanil B 3QGEKTHBHOCTH MEXAy METOJaMH. B 4acTHOCTH, TaM rje
nenarTcs nogobHble CPaBHEHHS, MBI HACTO MOKA3bIBAEM MOBEAEHHE KOHBEPICHUMUH, KaK
QYHKUHIO BPEMEHH LN TPATLHOIO NPOUECCOPA AN Pa3NUYHbIX METO/IOB, NOCKOMIBKY HX
[ONE3HOCTh [UIA  4YEJOBEKA, OONbUIC OMPCACNNETCS BPEMEHEM, I[10TPAYEHHbLIM Ha
BLIYMCIICHHUSA, UCM KOMHYECTBOM CAMHX NPOBEICHHBIX HTEpaUHiL.

Bl MOKCTC CHIPOCUTD, 1104EMY B KHHMIE HET OTACNbHON TNaBhl, MOCBAUICHHOH
LCHOOOPA30BANHIO  ONLMOHOB, [O1arad, 4IC 3TO OAHO M3 CaMblX OUEBHIILLX
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Ilpexucaorne
npunoxxeHuit mcropoB MouTte-Kapno B ¢unascax. Tak nonyumnocs, UTo B KHHTE HET
omoenbHol TIaBHl 110 ITOMY NPEAMETY, HO 8C¢ [NIABSI HANUCAHBI MMEHHO C YKA3aHHbLIM
noarckeToM. Jlna MCHS OCHOBHOE MCTIONb30OBaHHE MeToj0B Mourte-Kapno nexur xak
pa3s B obnactn ueHoobpazoBaHus NPOH3BOAHBLIX MucrpymextoB. [lockonnky s paio
MHOMECTBO NMPHUMEPOB, HATIPSIMYIO CBA3AHHBIX C OLIEHKOH OITUHOHOB, A PACCYANI, UTO HE
HMEET CMBICTA TIOBTOPATE B OTACALHOMN FJABC TO, YTO 51 YK€ HECKOIBLKO pa3s 110Ka3LBai B
Apyrux. Hanerock, 4To 4nTaTenh COrNACcHTCA CO MHOH.

OzosopKa

B oToii kHuMre s nommsiTancs 1aTh BBOAHBIH 0030p MeTtomoB Mowure-Kapio,
MCTOAb3YEMBIX JKCTIEPTAMM-TIDAKTUKAaMM B (HHAHCaX, M B HCKOTOPHIX MECTax,
BO3MOXKHO, HE BhIPA3HI JOMKHOH 61arofapHOCTH BCEM NMEPBOOTKPHLIBATCAAM HA ITOM
nepeaseM xpae (¢uHaHcoBoil MmarematHk. To, 4TO Koe-rIe s OkazblBajics He B
COCTOSIHVH YKA3aTh TEPBOOTKPHIRATE AAHHOTO MCTOJA, BOBCC HC O3HAUaeT, YTO A
npeTeHayro Ha ero paspaborky. Ilpocto 310 MOs cobcTBeHHas HeOpexHOCTL B
OTHOLUCHMH CCBUIOK M UMTAT. JeHCTBHTENBHO, 1 MOTY 4acTO HCIO/BE30BaTh (pasy, THia,
"KaK sl IOKa3bIBAI0 HHKE", HO OHA MMEEeT NHIUL CBOE OyKBAILIIOE 3i1aYEHHE, & HMEHHO,
YTO A MPEACTABAAID YTO-TO, HO HE TPETEHAYIO Ha H300peTaTeNbCKUil NPUOPUTET B
OTHOLIEHHH JaHHOI'O KOIKPETHOro Meroaa. S cuutan 6osee BaXKHBIM COCPEROTOUHTCH
HAa MAaKCUManeHO Donee ACHOM OOBACHEHMH TEXHHKM W MATEMAaTHMKH, 4€M Ha NOMCKax
JIeRCTBHTENBIIOrO H300peTaTens 31oro Merofa. S BKIOUHI BOBONBHO JUIMHHBIN CIIHCOK
CCBUIOK B KOHUE KHHTH W OBITAICA BE3AC AaBaTh NPAMYIO CChUIKY BE€3JC IZe BHIET B
3TOM HeoOXOAMMOCTb, XOTS BO3MOXKHO HE HA3Bal MHOTHX  3aMCHATEJbHBIX
nccnenosaTencii Meronos Moute-Kapno. Mea culpa, mea maxima culpa'.

' Mos sura, wos Gonbwas suea (nat.) (Npum. nepes.)
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САМОРЕГУЛИРУЕМАЯ ОРГАНИЗАЦИЯ
Саморегулируемая организация «Национальная фондовая ассоциация»
>А) учреждена крупнейшими операторами российского рынка ценных бумаг. В гав ассоциации входит около 200 организаций - профессиональных участников [ка ценных бумаг из 23 регионов России всех 7 Федеральных округов, операции эрых составляют более половины объема российского рынка ценных бумаг, ее 80% активов кредитных организаций в ценных бумагах. НФА имеет лицензии орегулируемой организации, охватывающие практически все виды гельности кредитных организаций на рынке ценных бумаг.
НФА эффективно выполняет функции СРО как в части лицензирования фессиональных участников (помощь в подготовке документов, экспертиза, смотрение и выдача ходатайств, сопровождение), так и участия в системе троля ФКЦБ России за деятельностью профучастников (сбор, анализ и дставление в ФКЦБ России отчетности профучастников, осуществление проля за их деятельностью и др.), а также активно занимается вопросами вития российского фондового/финансового рынка.
НФА активно участвует в законодательно-нормативном процессе, ведет >тную работу с Госдумой и Советом Федерации РФ, государственными рмствами экономического блока по интересующим участников нормативно-1вовым вопросам
Среди важнейших направлений работы - андеррайтинг по ценным бумагам, фации РЕПО, доверительное управление, формы коллективных инвестиций, ъюритизация pi другие перспективные операции и инструменты.
динамичное
СРО     НФА     уверенно     развивается     как
наиболее
зфессиональное объединение российского фондового рынка.
+7(095)705-9682, 705-9684
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Глава №1 Ведение
Мы приближаемся к новой эре финансовых вычислений. С появлением все более быстрых настольных компьютеров, возможностей совместного использования процессорного времени и технологий кластеризации, вычислительная мощь ЭВМ увеличилась самым драматическим образом. Это увеличение, вкупе с развитием новых численных методов, позволяет создавать методики, которые раньше считались неосуществимыми. Есть бесчисленные примеры математических проблем, которые встают перед количественным аналитиком и обычно требуют привлечения либо аналитических аппроксимаций, либо численных округлений. Это означает, что идеально подходящие математические модели не могли быть использованы в силу ограничений при их интеграции в существующие системы, которые не любят длительных вычислений индивидуальных моделей. Даже там, где интеграция в корпоративную ИТ инфраструктуру не требовалась, пользователь модели должен был обладав недюжинным терпением, хотя его деловые потребности требовали сравнительно быстрого ответа. Трейдера фронт-офиса брокерского дома вряд ли волновало бы, что модель, построенная для него командой количественной поддержки, требует вместе желаемых для калибровки под рыночную информацию, секунд или минут, нескольким часов для расчета. И таким образом, модель становилась неприемлемой.
Вот почему, выбор между концептуально великолепной, но, численно, более затратной моделью и более упрощенной, но легко считаемой при частом использовании, делался в пользу последней, несмотря на то, что все соглашались, что она чересчур упрощает дело. При помощи более быстрых компьютеров и улучшенных методик Монте-Карло, теперь мы в состоянии применять концептуально лучший подход, к моделированию.
Даже там, где мы имеем аналитическое решение, часто бывает желательно получить альтернативный подтверждающий ответ. Причина этого в том, что очень часто конечные формулы аналитического решения, несмотря на элегантную математическую привлекательность, оказываются трудными для численной оценки, поскольку подразумевают необходимость одно или двумерного интегрирования, интегралов и комплексной плоскости, обратных трансформаций пространства Лапласа или Фуры или просто оценки специальных функций, которые весьма сложны для численного осуществления, как, например, сливающиеся гипергеометрические функции или модифицированные функции Бесселя второго рода для больших параметров. В качестве примеров вышесказанного можно привести и
ценообразование опционов для вторичных распределений [СМ99], модели стохастической волатильности [Hes93], аналитические аппроксимации азиатских опционов [FMW98], процессы с гамма вариацией [MS9 ММ91, МСС98] или процесс с постоянной эластичностью вариации.
И наконец, существует мириад ситуаций, когда мы весьма удовлетворен определенной аппроксимацией, но хотели бы иметь симуляцию методом Монте-Kapло для   сравнения.   Хорошим   примером   этого   является   разница   между   непрерывно
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KOHMpOMUpyembiMu W OUCKDEMHO KOHMPONUpyeMblmi TUIATEXKHBIMH GYHKUMAMH, TAKHMH KaK
ONUMOH TIOPOrOBOrO M/MIK aMepHKaHCKOro cThii. CyLUeCTBYET OT/IMYHAA anmpoKCHMALs
Bpoan, Tnaccepmana M Koy [BGK99], xoropas COOTHOCHT ILCHY V BCcex IpOCTBIX
HETpePHIBHBIX GapLepHBIX KOHTPAKTOB B MOZEIH TOCTOSHHOH BOJIATHIIBHOCTH Bioka-1loyn3a
O C ¥X JHCKPETHO KOHTPOIMPYEMbIM SKBHBAICHTOM, KOI/Ia TIGPHOZ BpEMEHH MEXIY TOHKaMH
MOHHMTOpHHIa paBeH 7 CKaeM, OPOroBbIi (GapbepHbIii) ypOBEHD OTIPEAEIIEH YCTaHOBOYHBIM
JIUCTOM JHMCKPETHO KOHTPOJIMPYEMBIX KOHTPAKTOB paBHBIM Hy M 'y Hac €CTh aHAIHTHIECKAS
(}Jopmynal V,=F(H.) 115 TOCTOSHHO KOHTPOJIMPYEMOrO SKBHBAIEHTHOTO KOHTPaKTa B MOACIH
Bmka-1lloynsa. Torna 3HauYCHHE JUCKPETHO KOHTPOJIHMPYEMOrO KOHTPAaKTa NpUOTU3UTENBLHO

- TaKOBO:
icma N
Vy = F(e™Vis - Hy) . (1.1)
rae
1
A 2) = 0.58259715793901()(37020517716-'1187631l5472.‘)0938701987... (1.2)

Y e

(3

JlpyruMu  CNOBaMM, JMCKPETHO KOHTPONIMPYEMBIH  KOHTPAaKT —anpoKCHMMHPYETCd,  Kax
HEMpEPHIBHO KOHTPOJIMPYEMBIH KOHTPAKT C yPOBHEM CHBHIa, ONPEACIACMBIM TaK

h)
H, ~ ¢* 2'-’”‘/;-Hd. (1.3)

3Hax 3KcrioHeHTb! B ypasHenusx (1.1) u (1.3) sbiGupaercs B 3aBUCMMOCTH OT HAYaNbHOIO
CIIOTOBOTO YPOBHA ~— BBIIE MM HHXE OH IIEPEKTIOYATELHOrO Gapsepa.  Bapnephl,
HAXOJALIHMECS BBILUE HAYANBHOTO CTIOTOBOTO ¥POBHA HOJDKHBI ObITh CMEILIEHBI BBEPX, KOIAa
MBI TIEPEXOIMM OT JMCKPETHOTO K HENPEPHIBHOMY MOHHMTOPHHIY, I03TOMY HMCMONL3YCTCA
IOJIOKUTENBHBIN 3HaK. J{ns GapbepoB, KOTOPBIE HAZO MEPECEKaTh CBEPXY NMPH HACTYNICHHH
COOBITMS ~— WCIONB3YeTc OTPULATENBHBIA 3Hak. OTa  annpoKCHMaLws pabotaer
MCKTIOYHTENBHO XOPOLLO TOKa 73HAYMTE/IbHO MEHBILE OCTABLUETOCS BPEMEHH 110 NOratleHus
KOHTPAKTa H /IO TEX TIOp, MIOKa TEKYLHii CIOTOBbIH YPOBEHE HC CIIMLIKOM Gnu30k k Gapsepy. B
TAKHX YCJIOBUSX OGONBIUHHCTBO TpeiilepoB IK30THUECKHMH NEPHBATHBAMH BECbMA pajbl €e
MCTIONB30BaTh. KOryia ske KOHTPAKT MPHONMKAETCs K MOTAllCHHIO WM CTIOTOBBIH YPOBEHD
CTAHOBHTCA ONACHO G/IM30K K Gaphepy, TPl Aepbl YaCTO XOTAT 3HATh I0 KakoH CTeMeHK Oyaer
OTNMYATCS ApYras, HE CTOIb aNMpOKCHMUPOBaHHas, OLeHKa. B TakoM CHTYyalHH 3Ta pasHHLA
JUIS Tpeiizepa 9K30THUCCKUMHU /IEPHBATHBAMH MOXKET ObITH MOJTyYeHa CHUMYIIALMEH METOJOM
Monre-Kapno ¢ GbICTpol CXOAMMOCTBIO, KOTOpas Taloke obecrieunBaeT MW XEDKEBbIE
napaMeTpal.

Kouuenuusi cydaiHo# BHIGOPKH KaK CPEACTBA BBIYMCIMTENLHOTO MOACTHPOBAHHSA
6bia paspaGoTaHa JIOBONBHO: aBHO. XOPOWIKM NPUMEPOM MOXET CIYXHTh PACHET HMCIIA TU
NMyTeM CNyHaiiHOTO pPasMEILCHHMS TOYEK BHYTPH E€JMHMYHOTO KBanpara CO BITHCAHHOM
OKDYXHOCTbIO. B mpezene, nocine MHOXECTBA MCTIBITAHMI OTHOLLUEHHE YHCIa TOUEK,
[ONABIUKX B BHYTPb OKPYXHOCTH K OOLUEMY YHCITY TOYEK, Oyzer crpemuThCs K /4. Takum

! CyweCTBYeT MHOXECTBO XOPOWMX WCTO4HWKOB JK3OTMHECKMX ONUMOHHHD dopmyn. OpuH 13
Moux nubumbix - ato [Hau97].
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Brenenue

00pa3om, 4TOOkI PACCUHTATE YUCIIO T HAZIO TIPOBOAMTE BO3MOXKHO GObLIEE YHCIIO HCIIBITaHHH,
6path OTHOWEHHE U YMHOXATh ero Ha 4. JIpyroit METOJI, NPHITHCHIBAEMBIA ¢panLy3cKoMy
Hartypamucty Komre e Byddony [Hol59, CK85, Sch74, Ree01], 3axntouaercs B PHUCOBAHUU
NapamenbHbIX JIHHUH Ha HEKOTOPOH IUIOMIAZKE C PACCTOSHHEM [ MexXay X IByms
CMOXHBIMH MMapaMH M 33TeM CNy4aiiHO GpocaTh OTpe30K MIMHHOM [ Ha 3Ty IUIOLIANKY.
OrHolenne Bcex OTPE3KOB, NEPECEKaBILMX JIMHHYU KO BCEM GPOLLEHHBIM OTpe3KaM JOJKHO
CXOIHUTCA K

/lf cosada 2

= (1.4)
Ji7 de m

Anst GOJIBIIMX KOJIMYECTB MCTIBITAHHI. JI0 MosiBieHus GbICTphIX KOMITBIOTEPOB TaKHE METO/Ibl
ObUTH uepecuyp TPYAOEMKHMH U IPOMO3/IKHUMH.

Vcropust Metonos Monte-Kaprio, kak BbIMMCIHTENBHONO CIocofa pacyueTa 0xHaaHuil B
NOTEHLMAILHO MHOIOMEPHBIX CHCTEMax, HauuHaercs B cepeiune 1940-x ¢ moserieHHEM
NEPBLIX MPOrPaMMHPYEMBIX KOMHBIOTEPOB. (OCHOBHBIMHM  pa3pabOTUMKAMH CHHTAKOTCH
amepukatckue MateMatuki Jhxon don Hoiimann, Cranncnas Yiam u Huxonac Merpononic
[UvN47, MU49, Sob94]. Briepsie nasanue "meron Monte-Kapno" ny6nnuHo nosnsercs s
paGote Ynama u Merpononuca B 1949 rogy [MU49). B s1oii paGote aBTOPBI ONMHCBIBAIIA CBOH
B3MAA HA pacyeT MHOTOMEPHBIX HHTErPaloB, NONYHAIOWMXCA NPH aHaiuse npobiem
TPAHCTOPTUPOBKH  PAiHALMH M JHEPreTHYECKUX YACTHL, MOMYHHSIOLIMXCA YPAaBHEHHIO
Qoxxepa-TlnaHka, kaK Ha CTAaTHCTHHYECKYIO 3amady. BMecTo nOMbITOK NpoBecTH mpsmoe
MHTCTPUPOBAHHUC, BOBJICKAIOLICE IIEPEXOJHBIE BEPOSTHOCTH MHOXKECTBA  BO3ZMOMKHBIX
TIPOMEXCYTOUHBIX COOBITHH M COCTOSHHH, OHH CMOZETUPOBATH €AMHYIO LETIOUKY COGBITHIA.
Hwms MeTOz12 yIIOMUHAETCS JIMILB MUMOXOIOM:

Mpest MCrONb30BAHMST  CTATHCTHYECKOr0  NOAX0AA, KOTOPBIA  Mbl
NPeAJI0KHIIN B NMPEIbIIYIIHX MPHMePAX, HHOTAa HasbiBaeTcs Metod MonTe-
Kapuo.

JeHCTBUTENBHO, TEPMUH PaHEE HCIONB30BAICA CPENH ITHX YUCHBIX, KaK HAMEK Ha
KHSDKECTBO MOHAKO, 3HAMEHHTOE CBOMMH KasHHO M Ha TOT (JaKT, 4TO KOJECO PYJETKH
npeAcTaBnser cO60H apXeTMNHYHBI TeHepaTop clydaiiHeIx yuces. Jpyroii MPHUYHHON, MO
KOTOPOH 3TOT HAMEK SIBNSETCS MPHEMIIEMBIM, 3aKJIIOYACTCS B TOM, YTO TEPBBIE MATEMATHKH,
KOTOpbIE BHECIH CYLLIECTBEHHbIH BKJIA/l B TEOPHIO BEPOSITHOCTEH M CTATHUCTHKY, JENAH 3TO0 B
MOMbITKAX pa3boraTeTh 3a MIPOBBIM CTOJIOM. B Toif caMoif cTaThe aBTOPBI YCTAHOBHIIH, YTO
meroa Monre-Kapio nossonser HaMm OUEHHTb OXHAaHHE (QYHKUMOHANIOB OMPEAC/ICHHbIX
MepeMeHHbIX 0e3 3HaHHs pacrpeseleHis CaMUX TIEPEMEHHBIX: BCE YTO HEOOGXOAMMO, Tak 3TO
OMHCAHHE IMpoLecca, KOTOpBI reHepupyeT 3TM  mnepemeHHble! Bonee Toro, ¢ 1949,
Merpononkc 1 VYnam ywxe nopuepkuynd, 4yto meron Moute-Kapno nerxo JIOMycKaer
NapaienbHeie BhIYMCAEHAS. EAMHCTBEHHas npobneMa Gbia B TOM, YTO Maso JIOCH MOMH
HCTIOJIB30BATh B TO BPEMs MallMHy, KaK CKasal OfMH MOJi KOJLIera, pasMepoM ¢ TEHHHCHDIH
KODT M Ha3biBaeMyIo "koMrbioTepom” .

' 3TO KOHEYMO WYTKa M A HE 3HAW KaKoro, OeACTBUTENLHO, pa3mepa Bbinn KoMmnbioTep(b)
y Ynama, Metpononuca u ¢oH HoimaHa. bBydeT pasyMHuM NpEAnoAOKMTbL, 4TO OHM Gbian
CymecTBeHHo Oonblie HaCTONBHOTO PC M MX G0 3HAYMTENLHO CAOXHEE MCMONb30BATb.
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B 1947 rogy MonenupoBanue MerofoM Monte-Kapro nojpasyMeBaio ropasio
GonbLue MpobieM, HeM MPOCTo pasmep KommbioTepa. Kpome TOro gaxra, 4To MaTeMaTH4ecKne
OTHOIICHHA MEXAy YacTHbMH NH(pdepeHUHANEHBIMH  YPaBHCHHAMH, HCCNE0BABLIHCCA
YUEHBIMH, CBA33HHBIC C HHMH MHOTOMEPHbIE HHTETPallbl H NPE/CTABICHHE CTOXACTH'ECKOro
FpOLLECC, KOTOPBIE MOIIH GbITh CMOZENMPOBaHbI, GbLIH TONBKO-TONILKO yCTAHOB/ICHEI, CaMa
1o cebe JelcTBUTENbHAS CHMYJIALHMS TIpEACTaBIIUIa HOBOBHO TPYAHBIH npouecc. B Te auu
KOMIIBIOTED TIPEICTABISUT U3 Ce0A HA CAMOM Jiesie BecbMa GONbLIYIO MALIHHY, U1 yNPaB/IeHH
KOTOpoil TpeboBanuch MawiunHble onepamopbl. CaMbiM  NPOABHUHYTHIM YCTPOHCTBOM
BBOja/BBIBONA 66U nepdopatopel ma nepdokapt M mepdonent. Orpommoil npobiemoit
GblTa TeHepauMs CIlydaHHbIX YMCeN, il YEero MPHMEHAIMCh pasfiuiHbIC cnocoObl. Ceifuac,
KOTZIa MbI AymaeM 00 3TOM, BCE KaXETCA HEpealbHbIM, HO OJMH W3 TOTJALIHHX cnocobos
3aKII0YANCA B CeAyroleM. Bout caenan cneuuanbHblii POeKT, N0 KOAOBLIM HMEHEM RAND
[Bro48, Bro51], useif uenbio, MOMHMO NpPOYEro, ABMANACH AKKYMYJALHA HabopoB umcern,
KOTOpbIE PACCMATPHBAIHCH JOCTATOYHO CITy4aHHBIMHM, YTOGBI CIY)KHTb OCHOBOH Ay
cumynsumii Metogom  Monte-Kapno. RAND  u300pesn  3NIEKTpOHHYIO  PYJIeTKY,
KOMOMHHPYIOLLYIO UCTOYHHK MMITYJIbCOB CIY4aifHOH HacTOThl C MMITy/bCaMH IIOCTOAHHOIA
yactotel (ox. 1I'm), u Koropas ofecneunsana okono 100,000 uMnynscos B CeKyHRy.
IIpocesiHHble MMIYJIBCHI TOCTYNalM B NATHPA3PAAHBIA JIBOMUHBIH CUETYHK, 4TO ObLIO
IKBHBAJIEHTHO pyJieTke ¢ 32 no3uuuamu. [Tocie ABOUYHO-ACCATHHOTO npeoOpa3oBaHKs 3TH
ukcna nonajaiM B nepopaTop, KOTopbii Takum 0Gpa3oM reHepHpoBai nepokapThi CO
Cly4aitHbIMH JAHHLIMH. MHOTOUYHCTIEHHBIE TECTBI 3TUX CTEHEPUPOBAHHBIX YMCCIT NOKA3AIH,
YTO OHH HMEJIM HEKOTOPOE JIETKOE CMELLEHHE, HTO NoTpeboBano MoaMQHKALIMH aNropuTMa B
BHJIE NIEPETACOBOK U AasibHedilei 06paboTku 0 TOro, Kak OHH MOTJIH Ob1 ObITh HCTIO/IL30BAHbI
B cTaTHCTHUYeckHX TecTax [Bro51]. OaHako, BOT MPUMEP TOT0, HACKOJILKO CEPLE3HO K ITOMY
OTHOCHJTHCD, B3ATHIH 13 otuera . BpayHa [Bro51] o npoexte RAND, ony6mikoBaHHOrO B
6yxnere Bropo Haunonanbbix Cranpapros [Mon51] B 1951 roay:

Tpon3BO/ICTBO CITyHAHBIX YHCEl PeabHO HAuaIoch 29 anpess 1947 ropa u x 21

Masi NX GbLIO CreHepHpPOBAHO NMOIMHILTHOHA. ... K 7 Hi0ast 6b11 nosyyen MHJLTHOH

yuced. ... B TOT MOMEHT Mbl 00/IafaMM HAMMM MHWLIHOHOM OPHTHHAIBLHBIX

ance, win 20000 nepgoxapr ¢ 50 UKHCIAMH HA KAXKIOH. ...

K cyacThlo, KOMIBIOTEpPLI, MeToasl MoHnre-Kapyio U anropuTMbl reHepauuu Hucen
MpOUUTH C TeX NOP MIHHHBIA NYTh H HX MNPHIOKCHHE K MATCMaTHUeCKUM npoGnemam
COBPEMEHHBIX (PHHAHCOB H €CTh MPEIMET HACTOALUEH KHHIH.
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I'maBa No2 MaremaTtmmueckoe
ocHOBaHUe MeTon0B MoHTe-Kapsio

Teopernueckoe oGocHOBaHHE MeToI0B MonTe-Kaprio BoBIekaeT pasniyHbIC OTPaciH
MATEMAaTHKH M B 3TOi IV1aBe OMMCHIBAIOTCS HEKOTOpbie (aKThl M pe3yNsTaThl M3 obnactu
TEOPUH BEPOATHOCTH, CTATHCTHKH, BHIYMCIICHHH M JMHeinoi anreGpsi. Hekoropsie H3 HHX
GyayT noapobHee PacCMOTPEHB B CIEHYHOIUMX IVIABaX M 3/iECh MPEACTARICHbI JIMLIL IS
cnpaBKkH. BONBIIMHCTBO YHMTATENEH, CKOPEE BCErO, YKE 3HAKOMBI C COLEPXaHHEM ITOi rIIaBbl
H MOTYT €€ OMyCTHUTb. ..

2.1 OCcHOBHble TePMHUHbI BEPOATHOCTH M CTATUCTHKN

Cryvaiinoe — ucneimanue — 310 Npoliecc WM IEHCTBHE,  ABIOLicecs
HEJETCPMHHUPOBAHHBIMH M HEONpPEACNCHHBIMA. Mbl HasbiBaeM pe3yibTaT Cily4aiHOro
MCTILITAHUS HCXOOM WM CIyyaiiHOH BenMuMHON M3 pacnipencienus. [Ipumepom moxer
ABNIATHCA NOAOpAchIBAHHE MOHETHl HIIH, TOYHEE, €€ CTOPOHA, Ha KOTOPYIO OHa YMajJeT.
ITromnocme pacnpedenenus — 310 0606ueHHasn yHKyuA, KOTOpas Ha3HAYACT BEPOAMHOCHL
WIH NIOMHOCMb 6epOSMHOCTY KOKIOMY BO3MOXHOMY HCXOHy CIY4alHOTO HCITBITAHMA.
CHHOHMMOM HOMHOCMY pacnpedenenus SBIAETCA QyHKkyus niomuocmu éeposmuocmu. Jis
HAIMX Lesiell B KauectBe 06o6ujennotl @ynxyun Moxer OBITh HCIONB30BaHA OObIYHAs
(yHKUMA MM JMHeiHas KomOuHaums OObluHOM dyHKuMM M moGoro wHcna Qyukiyu
niomnocmu  Jlupaka  &x-xp). OyHKuHA MnotHocTH JlMpaka OSKBHBAICHTHA HA3HAYCHHIO
KOHEYHOH BEPOSATHOCTH €MHCTBEHHOMY YHCIy Ha HEMPEPHIBHOM HHTEpBale. JTO O3HAUaer,
yro yHkums wiotHocTy. J{upaka d(x-X) paBHa HyJIIO Be3fie, TIC OHA ONpE/IE/IeHa H, CTPOro
roBOps, HeoTIpe/eNieHHa B Xo, OzHaKo, ee HHTerpan 3anaercst QpyHkuuer XsBucaiina, To €CTb

X
h{x-xp)= .[6 (x” = x,)dx’, xoTopast paBHa HYJIIO PH X<Xp
x'=—co
1 €IMHHULIE [IPH X>X.

COOTHOILEHHE MEXIY BEPOSTHOCTHIO TOTO, HTO HCX0A4 X CIIy4aHHOIO HCMBITAHHS
SABISETCS JJIEMEHTOM HEKOTOPOTO MHOXECTBAa S, M IUIOTHOCTBIO DacnipeieNieHus YA(x)
CAy4aifHOTO MCIBITAHHS, 33[]aCTCA yPAaBHEHHEM!

Prize 8] = /1;’1(;1') dr . 2.1

&

MbI Ha3bIBaEM BCE JHOCTHXHMBIE Pe3yisTarbl X CIyqaHHOro MCMBITAHMS o6aacmbio
D(X) cnyuatinozo ucneimanus. Beskuit pas, xorma D(X) sBuseTca  ynopsaOHEHHbLIM
MHOXECTBOM, TO €CTb KOTJA MbI MOXEM OINPENENHTb, UTO JIOGOH OTIENbHBIH 3IEMEHT
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MEHBILIE, YeM JiIoOble Apyrue 3ieMeHTsl D(X), Mbl ONpenenseM KyMyZAmueHyo (yHKyuio
8epOAMHOCIMU KaK

Y(z) = /'t/';(a:’)d;(;’ = PriX<uz]. (2.2)
n:"——'i.nf(D)

Bce nnotHocTH pacnpeacieHuss HOpMall30BaHbl, TO €CTh

/z/;(:l:) de=1. (2.3)
D
OGparnTe BHUIMaHHE, YTO B HAyKaX O BEPOATHOCTH KyMyNSATHBHAsA (DYHKLHMS Tak Xe, MHOr/A,
NpAMO Ha3sLIBAETCH (hyHKyUel pacnpedenenus WIH NIPOCTO pachpeodeneruem. TIoCKONbKy 3T0
MOXET BECTH K JBYCMBICJICHHOCTH, si BCETa YETKO NMOAUYEPKHBAIO TO, O YEM TOBOPIO — O
TUIOTHOCTH pacripesieNieHHsl WK O KyMyJSTHBHOH (yHKLHH.
Ooicudaemoe  3HaueHue HEOTIPEACNICHHOH NEPEMEHHOR — 3TO  B3BEIICHHOE 11O
BEPOATHOCTH CpeaHee 3HayeHue. Halue oGo3HaueHne A1s OKHAAEMOrO 3HAYEHHs BEMUMHBI f
C YYETOM MJIOTHOCTH PacripefielieHust |/ HMEET BHA!

E Jf] : oxupmaeMoe 3HaYeHHE f C y4eTOM ¥ 24)

OueHb YacTO He CYILECTBYET HMKAKHX COMHEHHH TO NOBOJY COOTBETCTBYIOLIENO
pacnpezenienns f. B Takux ciayyasx Mbl MOXeM Mpocro Hanucats Eff] . B apyrux ciyyasx
MOXET CYLIECTBOBATH N1apaMETPHUYECKOE ONMHCAHHE PacTIpeieerya f. DTO 03HAYAET, uTo f, Ha
CaMoM JIENIE, ABNAETCA (PYHKLUHMEH HECKONBKHX APYTHX HEONPEACNIEHHBIX NnepeMenHbix x. Tlpu
MIOTHOCTH paclpeleneHns x, ckaxeM, x), mbl Oyaem o0o3HauaTh OXHAAHHE f, Kak
E 4v[f(x)]. 310 BCE paBHO, UTO CKA3aTh,

i« Eynlf(2)}] = /—wf(.l)l,(l) dx . | (2.5)

Amnanornuno, Ham Oyner HeoOXOAMMO cCHEnaTh YTBEPXKACHHE O BAapHaLWH  3a/IaHHOM
HEOTPEIENEHHOM BENMUHHBI f, KOTOpas, KAK MHTYHTHBHO SICHO, OMNpPEJENIET W3MEHUMBOCTL
(BapHabenbHOCTB) BEIMUMHBI BOKPYT €€ OXKHAAEMOro 3HaueHHs. Bapuauus f o6o3HauaeTcs Kak
V[f]. Y1 onpenensercs ’

2

VISl = E[(f - ELf)?] = E[f*] - (Elf)? . (2.6)

Cmandapmroe omkioHeHe CTy4aiHON NepeMEHHOH WK PacTIPEENIeHUs OTIPEAETSETCs KakK
KBa/IPATHBIH KOPEHb U3 €€ BapHaLIHH.
Kosapuayus nyx BenuuuH f 1 g ORpEaEnseTcst Kak

Covlf.y] = Elf-g] — E[f]- Ely]

u Gasyupyercs Ha KOHLETILHMH TMHEHHON KoppensaUuu
Cov(f. 4}
VIITVig]
Koa)pHuHEHT KOppensLH 10 NOCTPOSHHIO BCETa HAXOAWTCA B MHTepBase [-1,1].
n-blii MOMEHT pacrpeieieHHs ONpeeNseTca Kak

Epnfz"] = / 2y (x) da

Corrif.yl =

prd pif e A IRETL LT
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MareMaTHYeCKOe OCHOBAHHE METOAOB MOHTe-KapJIO

HepaencTBo Hencena
Jins moboit Beimyxioi (yHkiuH g(x) M o00H TUIOTHOCTH pacnpeaenenus x)
CIpaBETUBO CIEAYIONEe HEPABEHCTBO:

Eslo(X)) 2 g (Ey[X) (2.10)

HepagencTBo Xénaepa
Jns nro6bIX ABYX CIy4alHBIX NEpeMEHHBIX X U Y

E[XY] < 1K, - 1Y) 2 (2.11)

npu mooeix p>1.
HepapeHncTso MHHKOBCKOro
Jlnst moBBIX IBYX CITy4aiHBIX TIEPeMEHHBIX X M Y

X+ Y], < 1 X + 1Y 2-12)

npH J1I00bIX p>1.

22 Cumynsuuu MonTe-Kapno

Hau6onee yactoe npuMeHerne cuMysiunn MonTe-Kapro HaxoaaT B puHaHcax, Koraa
HaM HeoBXOMMO PacCUMTaTh OXHAAeMoe 3HaueHHe QYHKUMM fX) C yUETOM OMNpEAESEHHON
IUIOTHOCTH pacnpenenetus W(x) npu x€ R".

v = Eali@)] = [Fali@)dr . 2.13)

B crporoM MarteMaTHYeCKoM cMbicie, makcumuzayusi Monme-Kapro (r.e. mouck
MAKCHMAJILHOrO 3HAueHus f{x) /s x B 3a7aHHOH obmacth D) Takke MOXET ObiTb
copMynMpoBaHa, Kak ypastenue (2.13). 1o MOXHO yBHAETE B criedytowiem. [1pn ycnosun,
yTO f HEOTpULATebHa BO Beeit obnactu D, onpenensiem

m, = "(//D[f(a:)]"'t;;(:n)d'zr"- . (2.14)

MakcumyM fB D Tor/a 3aaeTCs MpeesoM lim,_.Jm,. XOTs Ha IPAKTHKE HUKTO HE HCIONb3YeT
9Ty ONEPALHIO BIATHSA npegena’ Ay onpenenen s AeHCTBUTENBHOTO MaKCHMyMa (GyHKLIH f B
obnacti D, oHa ABISETCA OYEHb MOJIE3HBIM QOPMANBHBIM TPIOKOM B CIIy4asx, KOI/a Uesblo
ABNSICTCS  BBIBEACHME 4acTHOro aubdepeHUMANbHOIO  YPaBHEHHMS Il CTOMMOCTH
JIEPHBATHBHOTO KOHTPAKTa, KOTOPas 3aBUCHT OT MAKCHMAJIbHOH CTOMMOCTH NOJIEKALLEro
aKTMBa Ha 3aJ@aHHOM HHTEpBae BpemeHn [Wil98]. :

Camas nipocras (opma HHTErpHpoBaHus MonTe-Kapro s HHTErpanbHbIX ypaBHEHHH,
tuna (2.13) Moxer GBITE OMmUcaHa CIELYIOLHM 00pa3oM.

" OnpejeneHHE TPOLEAYPHl BHIGOPKM TEPEMEHHBIX X M3 LEJICBOH [UIOTHOCTH

pacopeneneHus x).

' MOXHO, KOHEYHO, NPOCTO CNEAYTh 38 MakCMManbHuiM 3HaueHneM f npu 8ce GonblieM
KONMHECTBE MPOWN3BOAUMBIX UTEpaUUiA.
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" YCTaHOBHTE CywmMmoBYyI0 nepeMennylo double RuningSum=0, CPeZHION
nepemenHyto double RuningAverage u cueruux unsigned long i=0.
" PacCUHTaTb NEPEMEHHBIH BEKTOP X; H OLEHHTS fi=f{x;).
®  100aBHTH BBIHCIIEHHOE 3HAYCHHE (PYHKLMH K RuningSum.
®  YBEJIHYHTH CHYETYHK i, TO €CTb ++i,
®  YCTaHOBHTh Geryniee cpeanee Kax RuningAverage=RuningSunvi.
3TO KaeT HaM OLIEHOYHYIO GYHKIHIO Monte-Kapio

. y il
Tn :=ﬁ; fz) . (2.15)

ITponomxkats urepauun mu6o 10 nocTHNEHHS TpebyeMoro KkonuyecTsa nosTopeHui, 1o 10
MOMEHT4, KOrja OLeHKa crewyduyeckoii omnbku (cM. rasy 2.7) ynazer Huxe HEKOTOpOro
nopora. bonee cioxHble Meroapl, koraa NPOLENYPb TOMHOH BBIGOPKH MEPEMEHHBIX W3

LENCBOro pacrpencnenus Yx) nubo HeROCTYnHbI, NGO BBHIMMCIHTENLHO 3aTpaTtHel, OyayT
PaccMOTpeHbI B 1.9,

2.2.1 3naunmocts Metoaa Monre-Kapuio

Konuemums wuurerpupoBanna  mertomom Monre-Kapno cranoButcs eume 6Gonee
NPHBIICKATENEHOH MO Mepe pocTa PasMEpHOCTH Hcciedyemoil obnactd. o CTAHOBHTCA
OYCBHIHLIM, CCIH MOCMOTPETH HA CXOAHMOCTb CETOMHBIX METOLOB B CPABHEHHH C METOAMH
Mownre-Kaprno. Jins nto6oro d-pasmeproro runepky6a obvemom A!  owmbka numeiinoii
ANMPOKCHMALMH Eyice WHTETPANA 3a1aHHOH (YHKUMH BHYTPH rMNepKy6a yMeHbIaeTCs Kak
O(). Ha perynspHoii peierke NoBEpX d-MepHoii obnacti D, umcno Touek N OTHOCHTCH K
JJiHE A Kak

N o (1h)? (2.16)
YTO [f0/Ipa3yMeBaeT

Nox N Y (2.17)

Taknm obpasom, i puKkcHpoBaHHOrO uKcna oteHOK N dynkwim, kotopas nomkHa

ObiTh NpoHHTErpHpOBaHa o d-MepHOIT 061aCTH, OTHOCHTENbHAS OWHGKA CETOYHOrO METoaa
COOTHOCHTCS ¢ N U d cornacHo

Eratice (N, d) o N~ (2.18)

Onuaxo, npu BEIGOpe NPoGHBIX TOUEK ClIyyaiiHeIM 00pa3oM, OTHOCHTENbHAS OLIHOKA
cootHocuTcs ¢ N u d cornacHo

emc(N, d) x N~ % 2.19)

H, TaKnM 06pasoM, He 3aBHCHT OT Pa3sMEPHOCTH. OGparute BHHMaHHeE, 4TO ypaBHEHHS (2.18)u
(2.19) nonpasymesaior, uto B npesene MHOXECTBa npoBHbIx Touek, Meton Monte-Kapno
PaBHO3HAYCH CETOYHBIM TEXHUKAM TIPH d=4 M NPEBOCXOAUT MX npy d>4. Jina 3HauntensHo
GOMbIIMX Pa3MEPHOCTEH, CETOUHBIE METOAB! CTAHOBSTCS NPaKTHYECKH HEBBIFIOIHHMbIMH,
OTKY.a W NOABHIICH TEPMUH NPOKNAMUE PAIMEPHOCIL.
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2.2.2 MHoroMepHOe MHTETPHPOBaHHE

DT0 TPUBOAMT HAC K BOMpPOCY: KakoBa OOW(as MaremaTHyeckas pasMEpHOCTb
MozenupoBanus MetonoM Monre-Kapro? Jins npocTsix NpobrieM, TakMX Kak ONpefeneHue
OXHAAEMOM  NIOXOAHOCTH mnoprdens TNpH  3aJaHHOM  MHOFOMEPHOM  COBOKYITHOM
pacnpe/ieNieHHu I0XOAHOCTel BCex moiexaumx (GasHCHBIX) aKTHBOB JUIS OMPEAENEHHOTO
BPEMEHHOrO TOPH30HTA, 3Ta PAa3MEPHOCTb OMPEAENACTCA NPOCTO HMCIOM TMOMIEKAIIHX
axTHBOB. OIHAKO, €CITH MBI OCYLIECTBISEM OleHKY Metogom Monte-Kapno oxuzanus st
dynkomu (pyHKUHMOHANA) JIMCKPETH3OBAHHBIX MyTeH A Habopa ()MHAHCOBBIX AKTHBOB,
TIPHXOIALLYIOCA HA HEKOTOPHIE JaThi HaG/IONEHHs], TOra BEKTOP COCTOSHHA X NPE/ICTABIACT
coGoif Bce peanH3aLmMy BCeX BOB/IEYEHHBIX aKTUBOB Ha BCE OYyIME M COOTBETCTBYIOLUHE MM
BPEMEHA, 4 TUIOTHOCTb Y(X) ABJAETCA COBOKYNHOU NAOMHOCHbIO pacnpeoenexus BCEX TaKux
pea3aLyii. TOra pasMepHOCTh 0GNIACTH MHTErpHpOBaHHs OYET paBHa

d=k (2.20)
rae k — 3TO YMCIO aKTHBOB, a [ — 3TO YHMCJIO BPEMEHHBIX I'OPH3OHTOB B JMCKPCTH3aLMH
BpEMEHH MyTEH pa3sBUTHA peanu3aLiy.

2.3 HekoTopble pacnpocTpaHeHHble pacnpeaenexus

B obueM ciyuae, HauGonbiieif npobneMod ¢ KOTOPOH Mbl HMEEM JENO NpH
HCToNb30BaHUK MeToga Monre-Kapio ABisieTcs BEM4HHA, Ybe pacnpeieicHHe 6onee WM
MeHee M3BECTHO aHATWTHUECKH M3 MaTeMaTHueckod (opMyNHpoBkH BbIOpaHHOH Moxenu. B
3IT0ii I71aBE NPHBEAEHBI HEKOTOPBIE HAHGOIEE LUMPOKO HCMIONB3YEMBIE PaCpe/C/ICHHUA.

PaBroMepHoe pacripeaeieHue

CiyuaiiHoe HCTIBITaHHE, KOTOPOE MEET TaKo# KOHTHHYYM HCXOZIOB X, IJie BCE HCXOJbI
pasHoseposimibl, OONANAET PAGHOMEPHBIM DaCNPEOeTEHUEM. BONBIIKHCTBO PaBHOMEPHBIX
pacnpe/ieNienHii, ¢ KOTOPbIMH MBI CTAJIKHBAEMCH B (PHHAHCAX ONpPE/IENCH NGO Ha OTHENBHOM
3aKpbITOM MHTEpBaJE [a,b], 60 Ha OTAENBHOM OTKPLITOM HHTEPBANE (a,b). B nepBom citydae
MBI TOBOPHM, YTO .

X ~ Ula,b], uto osnauaer, uro D(X) = [a,b],

a BO BTOPOM CITy1ae

X ~ U(a,b), uto o3uavaer, uro D(X) = (a,b).

B 060oMx ciyuasix MIOTHOCTb BEPOSTHOCTH 3a1a€TCH yPaBHEHHEM:

1
v(x) 3(;‘;)'1{&0;

HopmaibHoe pacnipeeieHue

OueHb 4YacTO MHTEpECYOlias BEMHYHHA 3ABMCHT OT MOMIEKAINMX TICPEMEHHBIX,
KOTOPbIE HODMANLHO PAChpedeneHbl Co CpeoHuM [Lu CmanoapmmbiM OmKIoHeRlem O. B TakoM
CIty4ae Mbl FOBOPHM, YTO MEPEMEHHAA X umeer pacnipeaenesue N(i,0), To ects X~ N1, o). A
eé GyHKUMs [UTOTHOCTH PacnpeAieneHHs paBHa ‘

i) ’
-l @.21)

paip,0) = !
V0 = o
25
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B uactHOCTH, WIMPOKOE MpPHMEHEHHE HAXOMIT CTAHAAPTHBIE HOPMANBHBIE IepeMeHHbe. O
NIEPEMEHHOM Z rOBOPSAT, YTO OHA CMAHOAPMHASL HOPMANLHAS NEPEMEHHAS, €CITH

Z~N(0,1). (2.22)

O6r1yHO, 1 0603HaYAI0 CTAHAAPTHYIO HOpMaJILH}'IO (YHKLHIO [TIOTHOCTH PacnpeAeaeHHs KaK
1

(’L) = \/__ﬂ: ——2:' . (223)

CranpapTHOoe HOPMATBHOE PacnpeseNieHHe CHMMETPHYHO OTHOCHTE/IHHO HAYala KOOPHHAT,
M0ITOMY BCE HEYETHBIC MOMEHTBI NPONAAIOT, a JUTA YETHHIX MOMEHTOB MBI HMEEM

E[x*] = %F(k +h) =[] em-1) = Tf%’;&i_)il)'

m=1

for k>0. (2.24)

CranaapTHast KyMyJISTHBHast HOpMasIbHasi HYHKUHS BEPOSTHOCTH PaBHA

N(z) = / x (') da’ | (2.25)
®ynkuua N(x) COOTHOCHTCS C (hyHryuei owmbKuy Yepes
. N@) =3 [1+01f (ﬁ)} ‘ (2.26)
rac
erf(x) = 2N(v2x) — 1. (227

Bo Bpems Hamucanus kHHIH, GOJNBUIMHCTBO KOMITWJIATOPOB OGECTIEYMBANIH BBICOKYIO
TOYHOCTb M OBICTPYI0 NPUMEHHUMOCTH (YHKUMH OWMOKH. DTH MPUMEHEHHS OOBIYHO
basupytoTcs Ha cxemax pauMOHATBHOM HHTepronsuuH YeGbliesa, KOTOhIE CYLIECTBYIOT
yKe JaBHO, XOPOLLO NpopaboTaHbl, BLICOKO HAAEKHbI U BecbMa TouHbl [Cod69]. OnHo Takoe
TPHIIOXKEHHE JaHO HA NPHIAraéMOM KOMHNAKT-/IHCKE, Ha CITy4ail €CJIN BaLl KOMITHJIATOP MK
6nbivoTekH HX He HMeIOT. IIOCKONbKY KyMy/NATHBHas HopMmanbHas —(yHKUHS
PacnpeneNneHs OYeHb YacTo UCTIONb3YeTCs B (PHHAHCOBBIX BEIYHCIICHHAX, OYET pasyMHBIM
MPHMEHATh €€ B TEPMUHAX BBICOKO TOYHOH M 3((eKkTHBHOH (GYHKUMH OWIMOKM B CHIly
ypaBHeHHs (2.26).

AHaJIOrHYHbIM 00pa3oM, U1 HHBEPCHOH KyMyJATHBHON HOPMANBHOH (yHKIMH
z=N"(p) CYIIECTBYET HECKOJIBKO HHCICHHBIX NPHMEHEHHH, 00ECIeUHBAIOIUX PA3THUHYIO
CTereHb TOYHOCTH U I dextuBHOCTH [MZM94]. Ouens GbICTpast U TOYHAS ANMPOKCHMALIHA
npexyioxena bopucom Mopo [Mor95]. BepostHo, Haubonee TOUHbIH H, B TO e BpeMs, BCe
ewue 3PeKTMBHBIA aNropuT™ M3 CBOGOJHO JOCTYMHBIX B HACTOSALIEE BPEMS, MPEIOKEH
ITurepom Axknamom [Ack00]. IIpu ROMONHHTENLHON OLEHKE KyMYNSTMBHOH HOPMAbHOI
Gynkunu pacnpenenenus, mpoueaypa AKK/IamMa OKasblBaeTCSi B COCTOSHHH MPOH3BO/HTD
HHBEPCHYIO KyMYJIATHBHYIO HOPMAIBHYIO (PYHKLHIO CO BCEH MALIMHHON TOYHOCTBIO 32 CUET
NpHMEHEeHHs MeToAa XalUl Ha BTOpoi craauu ouncTku [ST95,Pic88). [Ipumenenue MeTona
Axxnama Ha a3bike C++ Takxe BKIIOYEHO Ha MPUIIaraeéMOM KOMIAKT-JHCKe.

Pacnpenesienne BepHy/umu (auxoToMuyeckoe)

[oBopar, uro nepemenHas X umeer pacnpedenenue Beprynnu (v duxomomuueckoe
pacnpedenenue) €M OHa MOXKET IPHHUMATD TOJIBKO J1BA JIMCKPETHBIX 3HAUCHHS, CKaXKEM, A H
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MaTtemaTi4eckoe ocHoBaHHe MeToaoB Monre-Kapio

B. TlockonbsKy COBOKYIHas BEPOSTHOCTB JO/DKHA B CyMME JIaBaTh 1, MbI osryyaeM
p =PrlA}=1-Pr{B].

BunoMHAILHOe pacnipeejieHue

BunomuanebHoe pacnpefeneHue IONydaeTcs INpH  MOBTOPEHMM  SKCIEPHMEHTa
BepHynnu, ckaxeM, n pa3. BUHOMHaNBHAA NMepeMeHHas TOra ABISETCS YMCIIOM pa3, KOoraa
OJIHO H3 BO3MOXKHBIX COCTOSIHMIA HACTYTNajo,

BeposaTHOCTB TOTO, YTO COOBITHE A HACTYNHT K pa3 TIPH 1 TIOBTOPEHUAX SKCHEPHMEHTA
bepHynu paBHa

PriX =k = (D pE(1—p)n* (2.28)

Takum 06pa3om, INIOTHOCTB pacripe/esieHHs GHHOMHMANBHON NepeMEHHOMN X

n

W(x) = Z (Z) P = p)" k(@ — k). (2.29)

k=0
KymynstuHas QyHKUHS BEPOATHOCTH HAXOMUTCA B PE3y/LTATE MHTErPUPOBAHMA TAKOH XKe
cymMMB! Kak B (2.29), Ho BMecTo (yHKumH Jupaxa ucronb3yercs GyHkums XaBucaija.
I'eomeTpuueckoe pacnpenesienne

Teomempuueckoe pacnpefesieHue ONUCHIBAET YHCIO pa3 MOBTOPEHHMS JKCTIEPUMEHTa
BepHyJ UM 10 MOMEHTA NIEPBOT0 HACTYIIEHHS coCTOsAHMA B. [Tockonbky

PriX =kl =p'1-p), (2.30)

MBI HMeeM
¥(a) = Zp"”l(l - p)é{z — k) (2.31)
k=1

JUI5l FEOMETPHUECKOTO pacripeseNeHus. V1 aHaOrHuHo, 1 KyMyIATHBHON GYHKUHH GYHKLUMA
Jlupaka 3amenserca dyHkuned Xapucaiiza.

Pacnpenesienue Ilyaccona

310 pacnpelesieHHe TECHO COOTHOCHTCA C KOHLENUMEH TOYCHHBIX MPOLIECCOB.
TIpennonoXum, YTO CYWIECTBYeT BEPOSTHOCTHBIH KO3QdHUMEHT A a1 TOro, 4TO
onpeieieHHOe COBBITHE MPOHM30HIeT B Mool OTAENbHbIH HHTepBan Bpemenu dr. Jipyrumu
C/IOBAMH, BEPOATHOCTB TOTO, YTO 33aHHOE COOBITHE NPOM30H/ET B J1I0GOH HHTEPBAN BPEMEHH
dt pasna dp=Adr. BeposTHOCTH TOro, 3T0 COOBITHE NpPOM3OANET k pa3 Ha BPEMEHHOM
npomexcytxe [0,T] 3anaerca ypaBHeHHEM :

(2.32)

TIoTHOCTL M KymynaTHBHAs (YHKUMSA ONATHL MOMYYAlOTCS B pe3yNbTare CyMMHPOBAHHA
B3BELLIEHHBIX 110 BEPOATHOCTH (yHKLMH Jlupaka H GyHKIMH X3BHCAiia, COOTBETCTBEHHO.
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BKCHOHCHHHMSHOC pacnpeneeHue

Hpennonoxum cHoea, uro cymectsyer BEpPOATHOCTE dp=Adt TOro, uyto coGbiTHe
NPOM3OHAET B m060H eMHUYHBIN OTpe3ok BpeMerH. ILIOTHOCTD BEPOATHOCTH IJI BPEMEHH,
KOTOpOS  HEOOXOAMMO JKJaTh [0  HACTYIUICHHSA CNIeAyIOWEro  cobbiTus  3amaercs
SKCNOHEHYUANbLHOY TUIOTHOCTBIO PACTIpE/IeNeHHUA

P(t) = e . (2.33)
KymynsatusHas sepostHoCTS paBHa
() =1—eM (2.34)
2 MOMCHTBI SKCIIOHEHIHAIBHOTO PACTIPEAEIIEHHS PABHBI
k!
E[=] R (2.35)
Pacnipenenenne beta

Beta-nepeMenHbie pacnipenenens! cornaco

p a—l(l _ .’I.’)’H—l

LOtB) ary i _®
N

Y= Har )
ana xe [0,1] u nekotopsix o, 0. 310 MOXHO paccMaTpHBarh, Kak 060011EHHE PaBHOMEPHOTO
PACTIDEACTICHHA B CMBICIIE TOTO, YTO 3TO IVIajkas KpHBas Ha uuTepsaie [0,1], uaentHunas 0 Ha
MoGOM KOHUE. A NpH MOXXONSIIEM BeIOOpE napaMeTpoB Q M B €6 MOXKHO COENaTh OueHb
NoxoxXeH Ha paBHOMEPHOE pacnpesesienue. OxwuuaHue, BapHaUMss H MOMEHTH 6era-
pacnpefeneHus paBHbl

(2.36)

« af _ Ta+k)T(a+ 3)

= X = -, P k = = .
ElX] a4+ 4’ X (+8+1){a+5)2" H E[ Y ] Mo + 3 -+ B)(«) 237
Kymynsrusnas dyHkuus sepostHocTH Gera-pacnpenenenus pasna
+_ B, p)
\p(.z)’_ Bl ) (2.38)
I'amma-pacnpeneneaue
DyHKUHA IOTHOCTH raMMa-pacnipe/ieicHHs paBHa
=1 X
B(e) = ™3 (2.39)

(o)~

s x20 1 Hekoropbix ¢8> 0. [ins o=n u B=1/A, Bpems Oxuzanus 1o TOr0, KaK HaCTYIIAT n
cobbrtuit B ITyaccoHoBckoM nponecce HMeer ramma-pacnpefieyieHue  cornacio (2.39). |
Onxunanue H BapuaLMA raMMa-pacrpe/ieiecHus PaBHbI

m
>
il

il ' (2.40)
VIX] = o3, (2.41)
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KymynsruBHas QyHKups

Y(r)=1- La. 7/s) .

T(a) (2.42)

Pacnipenesiense xu-KBagpar

OmpeneniM X Kak CymMMy KBAJpaToB Vv HE3aBUCHMO BBIODAHHBIX CTaHIAPTHBIX
HOPMAIBHBIX IIEPEMEHHBIX, T.€.

X:=3"z with 5~N(01). (2.43)
k=]
IepemenHas X nmeer pacnipesienexue ;{2 C V CTeNeHAMH csoﬁo;q;x
P(a) = f_ ye73 (2.44)
M MMEET KYMYTNATHBHYIO (DYHKIHIO BEPOATHOCTH
[ (. *h)
U(g)=1-— —~""2 2.45
B o6uieM cnyuae, v He 06s3aTensHO Lesoe. OvKuaaHHe U BApHALKMA PaBHbI
EX] = v (2.46)
VIX] = 2v. (2.47)

Pacnpesienenue * SBNSETCA HaCTHBIM CllyqaeM ramMa-pacrpeenesus ¢ 4=v/2 u =2

Pacnpenesienne CThioneHTa

Bo3emeM aBe He3aBHCHMBIX mepeMeHHBiX Y u Z. Ilepeas w3 Hux, Y, sBasercs
CTaHJApTHOH HOPMANBHOH INepemeHHO# Y~N(0,1), a BTOpas nofYMHEHA PaclIPEAEICHHIO XH-
KBaJIpaT ¢ v creneHsaMu cBoboast. To ects Z~ ;5‘,2 Torna yactHoe

X = Y (2.48)
z
COOTBETCTBYET pacnpeacieH 0 CThIoeHTa
2 "L}L
oty = 1 (8] o)
) v T VB(AR) '

CywecTByiloT BCE MOMEHTHl O mopsiaka v. IlockonbKy pacnpeieneHHe CHMMETPHYHO
otHocutensHO 0, ero oxupanue pasHo 0. Jlns v>2, Bapuauus U YeTHbIE MOMEHTHI Gonee
BbICOKOTO MOpAZKA JUIA k<V paBHEI

14

VIX] = 2.50)
b Dehrest)
E[X*Y = ﬁﬁ)_ @5

Jst x<0, xymynstvBHast DYHKLHA BEPOSTHOCTH paBHA
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a i x>0 OHa MOJTY4aeTCs IOCPEACTBOM cuMMETpHH W(x)=1-¥(-x).

Pacnpenenenue Ko

Pacripenenenue Ko (taioke mspectroe, kax pacnipenesnenue Jlopenua) onpenensiercs
cnenyiowei GyHkuMeit mioTHoCTH

) 1
Plx) = i (2.53)

a ero KyMyJIATHBHAs yHKLHSA BEPOATHOCTH
; 1 1
W(x) = — atan(; —. .
() —a m(r:)-f-2 (2.54)

Pacnpeueneuue Ko CHMMETPHYHO OTHOCHTEIHHO HYJIZ Y, TakuM 06pa30M, BCC Cro
HCYCTHBIE MOMCHTBI PaBHBI HYJ'IIOI. He CYLIECTBYET HH OAHOI0 YETHOIO MOMEHTA.

JlornopmaibHoe pacnipenenienue

Onpenenum
X =™ (2.55)

TAC 2 — CTaHnapTHaA HOpMaslbHas nepemerHas z~N(0,1). TlepemenHas X umeer JNOCHOPpMAAbHOE
pacnpeneneHue

(1) o= (2.56)
U(x) = N('“—”) . 2.57)
a
O)KHIlaHHC, BapHars 1 MOMEHTBI TAKOBBI
ElX] = e (2.58)
VY] = c"“(c"’—l) (2.59)
E[X*] = e’ (2.60)

JlorHopManbHoe pacnipenenenue, oueBMAHO, camas BakHas ynkumus B dunancOBBIX

' Tlpennonaraercd, 4TO MOMEHTEI ONpeETIOTCS MHTErpHpoBaHHeM PuMana. D10 BakHo,
oo .

TIOCKOJIBKY  TIOJTyOTKPBITHIE HHTETPATBI J. 0x:'“'!//(x)dx Wi Hekotoporo k&N, cxomsres
o=

Ayt pacripenenenns Kowm w, Takum o6pasom, HaTerpuposante JleGera He maer koneuHbix
MOMEHTOB HEYETHOIO NOPANIKA.
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pacyerax, INOCKOJbKY OHA SBJIAETCS peLIeHHEM CTOXacTHHECKOro IHddepeHIHanbHOro
YpaBHEHHs, ONMCHIBAIOILETO FeOMeTpHYeckoe OpPOYHOBCKOE IBHXKEHHE, KOTOPOE, B CBOIO
ouepeilb, IOUTH Beer/ia SBISIETCS CaMbIM NPOCTBEIM BBIGOPOM NPH MOAETHPOBAHHH Pa3BUTHA
HEOTPHLATCABHBIX BCJIHYHH.

O6o001ennoe OeTa2-pacnipeeieHue

Obobwennoe Gema-pacnpedenenue emopozo pooa [BM87,CDM90] mm1 BP2 mna
KPaTKOCTH, OTIpEENSeTCs YeTEIpEXnapaMeTpHueckoil GyHKIMEH INIOTHOCTH

w(z) jafor™! 2.61)
L) = @ p+q :
rB(p, q) [1 + (%) ]'+'
s a,b,p,q,x>0. KymynarueHas dynxuus 1 BP2 moxer GbITh 3anmcaHa, Kak
B_(s)(m1-p—q)
U(r) = —2 (2.62)

(-1"B@.)

3aMeTuMm, uTO

v "y
(-1)"“B_y(¢,d) = (=1)™! / (1 - ) dt = / N1 +8) N ds (2.63)
0 JO

g >0 u d<(1-¢) aBnsiercs NEHCTBUTEIBHBIM TOJNOXHTENBHBIM YMCIOM H MOXeT ObITh
OLIEHEHO 04YeHb 3PdEKTHBHO, HanpUMep, NPH NOMOLLH afaNTHBHOro Metoaa I"aycca-JlobarTo
[GGOOb,GG00a,Gan92].
Mowments s bP2
B(p+;k;.q—§)
B(p.q)

OnHxa u3 Haubosee mnosesHeix ocobeHHocteit BP2 3axmoyaeTcsi B TOM, YTO OHO JOMYCKaeT
Goneloe MHOXECTBO (OPM, KOTOpBIE NOYMU JOSHOPMATbHbI, UTO HKENATENbHO, KOrja
(GYHKUMH TNOTHOCTH WCTOAB3YIOTCS JJIA  SKCTPAanoJsLMH  BONATHILHOCTH TOPryeMbIX
OMUHOHOB.

E[X*] =1t 2.64)

Pacnipenenenne ’Hape'ro

Jlns MonennpoBanus pefkux coObITHIE yacTo mcnonb3yercs pacnpenenenue Ilapero,
KOTOPOE UMEET CMELLIEHHE H TONICThIE XBOCTBL. Ero dyHKums mioTHOCTH paBHa

a
P(x) = prs) (2.65)
s x2b u a>0, a KyMynsTHBHasA GYHKLHS BEPOATHOCTH
V() =1- L (2.66)

Qe
Bce MOMEHTBI OPAAKA V TIPH V<a CYLLECTBYIOT H 3a/]aHbl BRIPAXKEHHEM

[}

pomy (2.67)

E[X*] =

31
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B xauectse 06061menns (2.65) MBI HMEeM

|
Tnasa Ne2 ‘
/

ab®

v(o) = — (2.68)
: , Ans x2b ¥ a>0 v KyMynsTHBHYIO bynxumo sepostHOCTH
YU(z)=1- (9) ) (2.69)
x
' MomeHTsI paBHb!
] ey abF
E[X*] = p— (2.70)
i k<a.
Pacnipenenenne BaiiGy:a
3Ta nIoTHOCT pacnipenenenys sazaercs yPaBHeHHEM
) 271 a7
Y(r)=y—e 7 271
(z) =7 7 @71)
A x20 u v,B>0, a kymynsaTusHas dyHKuMs BeposTHOCTH onpeaesIeTcs
(a)=1-c5F @.72)
| MowmeHTsI paBHbI
E[X* =310+ 5) . 2.73)
Pacnpenenenne Baii6ysna nxorna taroxe Ha3bIBAIOT pacripenenenue Opewe.
Pacnipenenenne I'ambesna
[InotHocts BeposTHOCTH pacnpenencHus Iambena
P(x) = abe= (b +az) (2.74)
s a,b>0u xeR.. Ero KyMYJIATHBA paBHa
Ulx) =™ | (2.75)
ITepBrie Tpu MoMenTa pacnpenenenus l'ambena
- |
E[X] = 5(lub+ C.) 2.76) |
. 1 y ,  m? ‘
EX?] = 5 <lnz b+2C.Inb+C?+ F) 2.77)
[¢2

: Lo o, . . 7w _
E[X] = = (111"I)+3Ccln“b+ (3C§+%) 1ub+cg+cc7+2<(3)) . (2.78)
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Yucno {(3)=1.2020569 Taroie H3BECTHO, KaK MOCTOAHHAA ArEpH.

OGo0meHHoe AMOAa-pacipeesieHue

| Obobwennoe ramboa-pacnpedenenue TAOKE U3BECTHO, KaK acummempuyHoe 1amboa-
’ pacnpedenenue. OHO CyLUECTBYET B ABYX NapaMeTpHueckux ¢dopmax: opuruHanshas gpopma
Pam6epra u IlImaiicepa [RS74, RDTM79] u nosgnee nepenmcanHas Qopma [FMKL8S,
KDM96].

B ornmuue or 60anuHcha JpYrMX pacnpeleseHHi OHO NpPAMO ONpeAensdeTcs uepes
ofparHyto KyMyIsSTHBHYO (yHKuMIo. B opuruHanbHoit napamerpusatmu [RS74] 310 umeer Bug

Ul u) = M + Xl— ( -(1- u)’\") (2.79)
2
s ue [0,1]. TTapameTpraeck INIOTHOCTE 330a€TCA =¥'w)n

-1

P(x) = [ '(u)] = [%u}‘“"l + —i—l(l — a7t . (2.80)
2 2

O60611eHHOe IAMOaa-pacpeaeieHse oueHb NONYNAPHO NMPH NMOATOHKE NAHHbIX Gnarojaps

ero rpoMagHoi ruOkoctH. Ilpu npaBHIBHOM BhIGOpE NapaMETpPOB OHO MOXET ObITh

MCMOJIB30BAHO VIS ANNPOKCHMALIMH TTOYTH BCEX PaHee YIIOMAHYTBIX PacIpeacIcHHH.
MOMeHTBI 3TOT0 pacnpeAeieH!st MOTYT OBITb PACCUMTaHDb! HANIPAMYIO

E[X*] = Al (d"‘(u))kdu. (2.81)
TlepBrie mu MOMEHTA PaBHBI ’ »
E(X] = (mz % i ] A41+ 1) : 2.82)
E[x*] = % (,\z A4 2,\31+ -+ 2A41+ - V+ j:\‘:l - f:\':zl —2B(As+ 1, + 1)) (2.83)
E[x?) l( i ff:\\{ + 23,\/;\,221 3)\31+1 - 3,\.,1+ 1 ;:\ ‘ﬁ 2?\?;\-21

—3B(2ha+ LA +1) = 6AAaB(As + 1, A 1) + 3B(As + 1,20 + 1)) . (2.84)

2.4 CnnbHan chopma 3akoHa KonmoropoBa

3ror ¢yHaameHTanbHbIi pesynsTar ObuT BeIBeneH B 1920 romy Amapeem
Hukonaepnuem KONMOroposeiM M SIBJSETCA IVIaBHBIM MATEMAaTHYeCKHM O0OOCHOBaHHeEM
meronoB Monre-Kapno.

JToumu docmosepas cxpouUMOCTTd
[Mycts X1, X2 X3... ABIAETCA MOCNEAOBATENEHOCTHIO CITYyYaHHBIX NEPEMEHHBIX, TakKHX

KaK, HapUMep, CKOJIb3filliee CPENHEE OT CHMYNALMH MeToaoM Moure-Kapno. Ecnu 3apana
Hexoropas £ s Beex € 1n>0, TO CyIIECTBYET TAKOE fg, UTO
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PriX,.—¢>e Yn> no] <7, (2.85)

TOra Mbl TOBOPHM, YTO MOCHEHOBATEILHOCTE {X.} xonsepaupyem (cxodumcs) noumu
Hasepraka k & UTO MOXHO 3amucaTh Kak

X, e (2.86)

Curvnoiil 3axon Kpamozoposa drs barvumu wucen,
i 3aganHOlM nocnenosareneHoctt HUP, 10 ects  mezasucumo udenmuyro
pacnpedenentoli BeTMuuHbl & ¢ oxupmanuem

El&) =1, (2.87)

OnpeaeanM CKOJIB3SIHEe CyMMY H cpeaHee Kak
Seo= Y & (2.88)
=]

1
X, = HS"' (2.89)
Torga,

X 22 1. (2.90)

2.5 LlenTpanbHas npegensHas Teopema

UentpansHas npenensHas TEOpEMa ABIIACTCA ONHHUM M3 KPACYrOJIbHBIX KAMHEl TEOpHH
BEPOATHOCTH H MAaTE€MaTHYECKOH CTaTHCTHKH. Bnepseie ona 6pina chopMyn1poBata
Jlannacom. C Tex mop MHoxecTso 3aMEYATeNILHBIX MATEMAaTHKOB, TakKHX Kak Yebbiues,
Mapxos, JIanyHos, Xunuus, Jlnnpnebepr u Jlesu paspaGoranu ee PacIliMPeHHs M BapHaHTHI,
st kpaTiocTH 31€Ch MaeTCs ML ROBOJBHO ynpolueHHas popMa Teopemsl.

Hna  3anauHol  mocnemoBaTenbHOCTH HE3aBHCHMO HACHTHYHO paCnpeC/ICHHOIM
BEJIHUHHBI & C OKHIaHUEM U BapHauueit

Elg] = p (2.91)

VI = o, (2.92)
ONpEAENACM CKONMB3AILYIO CYMMY S, COMIacHO (2.88). Torna, npu ysenuuenun n,
Ppacnpedenenue KOMNO3UTHO# NepeMeHHOM

Sp — g

X, =
ovn

(2.93)

Kowngepzupyem (cxooumcs) k CTaHapTHOMY HOPMAIBHOMY DACHPEACNEHHIO. DTO MOXHO
3anMcars Kak

Xo 25 N(0,1) . (2.94)
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Puc. 1. AnnpoKkcHMaLHsl CTAHAAPTHOIO HOPMAJILHOTO pacnpelcieHHst BbIYHTAHHEM H3
cymmbl 12 paBHomepHbix U(0,1) mepemennbix 6. B kadecrse reneparopa paBHOMEPHBIX
quces A1 ITOM ANArPaMMb] HCTIONTE30BAJICH KPYTHIbLIHK Mapcerna (cMm. pasaen 7.5)

ITpakTHYECKHUM NpPHUMEPOM 3TOrO ABJACTCA aNMPOKCHMALMA TayCCOBCKOH IepeMEHHOH
cymmupoBanneM 12 paBHomepHbiX (0,1) nepemennsix. ITockonbKy Bapuaiys paBHOMEPHBIX
NIEPEMEHHBIX PaBHACTCA /12, nenvrens B (2.93) paBeH eMHHMLE, TO ANMPOKCHMALUS SBJISETCA
NpOCTO CyMMOii JBEHAJLAaTH pPaBHOMEPHBIX BEIMYMH MUHYC 6. 3aMeTHM, 4YTO Takas
anmpoKCHMallMs He oONajaeT BBICOKOH TOYHOCTBIO M JO/DKHA HCMONB3OBATLCH JWLIB VIS
NpHMepHEIX oLieHOK. J{s cpaBHeHus Ha Puc. 1 npuBencHa aHarpamMa.

2.6 Teopema HenpepbIBHOroO 0TOOpaXeHUs

IMycTh 3aKaHHBI NOCNEROBATENLHOCTD (X, Y,), KOTOpas CXOAMTCS NO PacnpeaeCHHIO K
XY Te.

(Xa, Ya) 25 (X, V), (2.95)
H HenpepbIBHOE oTOOpaxenue ¢(x,y). Torna
’ $(Xa, Ya) = $(X,Y) . (2.96)

2.7 Oxunpanue owndku ana metopos MoHTe-Kapno

A
3aganuM onenounyio ¢Qynkuuio Monre-Kapno Vv kak cpegHee OT MHOXECTBA
HHAMBUIYATBHBIX peat3aLHi ciyyaiHoi nepeMenHoi V, To ects

(2.97)

5. ) =1
i Ml 3HaeM, 4TO Kaxkaas WHAWBHAYaNbHas OLIEHKa CaMOH OLICHOUHOH (yHKUMK 1is GoMbLIMX
35
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N, npubnuskTentHo Bener ceGs kak HOpMalbHast TepeMEeHHas COracHo LEHTpANbLHOI
NpenentHoi Teopeme. B npenonosxennu, yro Bapuaums V- pasHa o, 310 03Hauaer

By S A (,;, \/%) . (2.98)

A
HOCKOJH:Ky VN CIPEMHTCH K HOpMa.HLHOMy pacnpeacneHuio, To CTaTHCTHYECKas Mepa

A

HCONPEACTICHHOCTH B mobom OOHOM pe3ynbTaTe MOJICIIMpOBaHUA s VN 3amaerca

A
CTaHAAPTHBIM OTKJIOHEHHEM VN, @ HMMEHHO

Vitw] = = . (299
N
B obuwem cnyyae, mer B JCHCTBHTENBHOCTH He 3Haem BapHauuio o Cliy4YanHoO#H
NEpeMEHHOH V, ube oxuganue mur NeITaeMess - ouennts.  Opnmuako, 6narozxaps
KOMOHHalHH UCHTPANBHOI  npesensHoil TCOPEMBI M TEOpeMBI HenpephiBHOrO
oroGpaxceHmt, Mbl MOXEM HCNoNB30BaTh BMECTO 3TOro BapHalHIo CHMYJIALIUH Kak
OLUEHKY 111 G°:

1 & 1 &) '
Tn = -— 2~ = U; :
én 7 ; v ~ ; v, S (2.100)
IJTO NPHBOAKT Hac k ONPERCNICHHIO Candapmuoti owwbiy:
Gn
EN = — (2.101)
N

T'ae 6b1 cranaaprhas ownGka mu HCIIONIB30BANIACE B KAYECTBE MeEpBbI OIHGKH, BAXKHO
NIOMHHTb, MTO OHa WMEET CTaTHCTHYECKYIO npupony. Jlio6as ormenbhas cumynsums
MOJET NPOU3BECTH PE3yJIbTAT, NEKALHE faneko 3a paMkaMu crangapTHoii owu6xu. o
CYTH hena, MOCKONBKY Macca COBOKYMHOI BEPOATHOCTH, coaepiaLueiics BHYTpH oxHOro
CTaHIapTHOTO OTKJIOHEHHS 10 06€ CTOPOHHI OT ICHTPa CTaHAAPTHOIO HOPMANBHOTO
pacrpeenenus paBHa tuub ok. 68.3%, To NPUOIHINTENBHO Kaxaas TPETbS CHMYJISALHS,
Gasupyiowascs na cnyuaitusix Yucnax, 6yneT naBath pesymbTar, nexammil BHe TPaHuI
CTaHIAPTHOH OWMOKH BOKPYT KOppeKTHOro pewenns! Bno6asok crannaprHas owmnGka
cama mo cebe sBnsercs npeaMerom OTPaHHYCHUA CTATHUCTHYECKOH ownbkn. Moo
flokasaTb, — OAHMAKO, 4TO  CTAaHHAPTHOE  OTKIOHEHHe CTaHJApTHOH  OWHGKK

2
nporiopunoHansio O, /N u, takum 06pa3oM, 3HauMTENbHO MeHee 3Ha4UMO, 4eMm

CTaTUCTHYECKas NpUpoaa CTaHAApTHOH OWHOKH, B KavecTBe MEPBl  0XKHMAAEMOIT
TOYHOCTH.

2.8 Teopema Qelimana-Kaua

Ota Teopema, copmynuposannas P.Deitumanom M.KaueM [Fey48, Kac51],
CBASBIBACT PEILEHUA CMELM(HYECKOrO KIIacca YacTHBIX nnddepeHHanbHLIX ypasHennii ¢
OXHMJIAHHEM, TO €CTb ABAETCA MATEMATHYECKOH CBS3KOM Mexay dopmanusaumeii B suse
HaCTHBIX IH(GEPEHIMANLHEIX YpaBHEHHil npoGnem nudpdysun B punancax u CHMYJIALHEH
Monte-Kapro.
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dXi=bidt + Y aydW; for i=1.n, (2.102)
) i=1
¢ (POpMAaNBHEIM PeLlicHHEM
'y rom
X:(T) = X;(t) + / bidt + / > aydw;, (2.103)
i é ¢ t =1
- 1 mobas gynkuus V(1,X) ¢ rpaHUYHBIMH YCIOBHAMH
V(T, X) = f(X) (2.104)

KOTOpas yOBJIETBOPSAET YaCTHOMY AH(PepEHLHAIBHOMY yPaBHEHHIO

1 oV 1S BV XN v

g rn 5 Ay v bz =k .

] 5 +”+2ijz=l"ox,-dx,~+§’ox,~ kV (2.105)
U C
) ; Cij = ;(L;kaﬂg (2106)
“' MOXeET ObITh NPEACTABJIICHA B BUIE OXHIAHUSA
4 e T T s
V(t,X) = E[ F(Xp)e i bdu / ge ""‘"ds] . (2.107)
‘5 Ji

v Taxum obpasom, Bee kooddpHIMENTb! @, b, k ¥ g MOTYT 6BITH (DYHKUMAMH H BPEMEHH 1, H

p BeKTOpa cocrosnHif X(?). Kak u 1 GonbLuMHCTBA MaTEMaTHYECKHX TEOPEM 3/IECh CYILIECTBYET
; - GOIIbLLIOE KOJTHUYECTBO IONOMHUTENIBHBIX YCTIOBHIA Jifisl XOPOILIErO TOBEAEHHS BCEX BORJICYEHHBIX
‘ dyHKuHi M K0I)OULMEHTOB 1 YHTATENO ClIeAYeT 06paTHTECS K HeTounHKy [KS91) (ctp.366).

2.9 Ncespounnsepcus Mypa-Nexpoysa

1 Hcesnonnsepcua Mypa-Ilenpoysa [GK65, Alb72, PTVF92] matpuupt A R™"
ABNACTCA O4YCHb NPHONHIMTENBHOM NONBITKON PEILEHHS JINHENHBIX CHCTEM, KOTOPHIE 110
Pa3siMYHBIM NPHYUHAM MOTYT GbITh BBIDOXKAEHHBIMH MJIM MOYTH BHIPOXKACHHBIMH. OHa
' : OCHOBAHa Ha METOJIE PA3IOEHH 10 CHHTY/IAPHBIM YHCAaM MATPUIb A, 3aaHHOE

e

A
X

(2.108)

OneMeHTbI A; TMArOHANBHON MATpHLbl A B CepeiMHe MpaBOH CTOpOHbI paBeHCTBa (2.108)
Ha3bIBAIOTCS CHHTYJSAPHBIMH YHCIIAMH, H JODKHBI ObITH NMONOXKHTENBHEIMH. Matpuiml U n V
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o0e SBNAIOTCA CTONOLIOBO OPTOHOPMAIBHBIMH. Teneps ONPEAETHM JHArOHABHYIO MaTpHlly ©
TaKOH ke pa3sMEPHOCTH, UTO H A uepe3 JUaroHaIbHBIC EMEHTBI

~ for A>e
0; = t (2.109)
0 for \i<¢

JUIS HEKOTOPOTO TOAXOMAIIEro OKPYIJIEHHOTo mopora & (KOTOpbIH MOXET ObITh, BROJHE
pa3yMHO, TOYHO paBeH Hymo). Takum o0pa3oM MbI NOJTy4aeM ICEBHOMHBEPCHIO Mypa-
ITenpoy3a:

AL=v.0.UT (2.110)

PesynbTaToM npuMeHeHus InceBRoMHBepcuM Mypa-TleHpoysa mns peuieHus nuHeHHOH
CHCTeMB! Ax=b Oyner HaWMeHbllee KB3JpPAaTHOE COOTBETCTBUE BHE 3aBUCHMOCTH OT TOIO,
nepeonpeneieHa JIn CHCTeMa, TO €CTh, CTPOrO TOBOpA, He HMeeT pelueHHs. Jns
HEIOOTIPEACNIEHHBIX CHCTEM OHa Hal/IET OHO PELICHHE, KOTOPOE HE HMEET NPOEKLIMK B HYJIb-
npocTpaHcTBo Matpuusl A. JIpyrumu crnoBamH, OyZer HalifieHO pelueHue Jy1d HauMeHbLIeH
HOPMBI H MBI H30€)KHM CITy4alHOTO YCHIIEHHA WIH BIMAHHS LIyMa.

Meron unBepcun Mypa-IleHpoy3a BbiOHpaeTcs Korja HallleH LEJIbIO sIBSETCS
HaxOXIEHHE BEKTOpa (MJIH MaTPHLBI) X, KOTOPOE YAOBJIETBOPAET HAWITYYILIHM 06pa3oM

Az =0 Q.11

JUIsl HEKOTOPOTO BEKTOpa (MK MaTpuilbl) b ¢ HanMeHblel BO3MOXHO# HopMoi#t Ly fna x. B
OONBILIMHCTBE ClTyyaes, KOrJa HaM MONANAETCs CHHTYNIAPHAsA WIH HEKOHAMLIMOHHAA CHCTEMA
TAKOro poja, METO/] YAAOBIETBOPSET HAC HAHMY4ILIHM 00pa3oM.

3ameyaTenbHbIC AONOIHUTENBHBIE JETATIH H YHUCICHHBIE METOABI pacyeTa pa3fioxkeHHA
110 CHHTYJISPHBIM YMCIaM J11000H MaTpHiibl MOKHO Haiitu B [PTVF92].
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Bo Bcex acrieKkTax Halleif H3HH Mbl CTAIKHBAEMCS C HEOOXOIMMOCTBIO NIPHHATHSA BO
BHMMaHKe HeompeZJeNeHHoro Oymyuiero. B Mupe (MHaHCOB O4YeHb 4acTO HaM HEOOXOZHMO
KOJIMYECTBEHHO BBIPAXATh 3Ty HEOMpPEIACNEHHOCTs OyAyLlero Wid, 0o KpaifHeH Mepe,
(HHAHCOBOE BJMSHHE BO3MOXKHBIX TNyTell pa3BHTHS BCEJICHHOH, KOTOpBIE MOIYT
peanusoBathbcs. Maremarnueckuif croco6 onMcaHuA TOro (pakra, YTO MEPEMEHHAsT MOMKET
pa3BUBaTLCA B TEYEHHE BPEMEHH HECKOJIBKHMH MYyTAMH, HMCIOLUMMH Pa3HBIE BEPOSATHOCTH,
SBNSAETCSA NPEAMETOM TUCLMIUTHHDI, HA3BIBAEMOI cmoxacmuueckas ounamuxa. PasBuTHio 3ToH
JMCLMIVIMHBE Mbl 00A3aHbI BeIHYAiiIIMM MaTeMaTHKaM MHpa, Cpeau kotopsix I'aycc, Bunep,
BpoyH, JleBu, to 1 MHOrHE ZpYTrHe, KOTOPbIE CAETATH MHOXKECTBO 3aMEHATEIbHBIX OTKPBITHH
B HCCJIEAOBaHHAX CTOXaCTHYECKHX MPOLIECCOB U CTOXAaCTHYECKHX BBIYHCIEHHH. B 3r10il rnase s
KPaTKO OMHILY HEKOTOPhIE CaMble BaXKHbIC MPOONEMbl, C KOTOPHIMH 4acTO CTAIKHBAETCH
KOJIMHECTBEHHBI AHAIMTHK. OTOT CNUCOK JANeko He HCUEPNBIBAIOIMH — TPOCTO
HANOMHMHAHME O LEJIOM MHpE CTOXAaCTHYECKMX IPOLECCOB, KOTOphble ObUIM H3ydeHsl
MaTeMaTHKaMH.

3.1 bpoyHoBckoe ABM)KéHue

B konuyecrBeHHbIX (pHHaHCaX OpoyHOBckoe aBikeHHe Bespecymie. Ecmu  Mbl
MOJIENUpYeM pasBuTHE 4ero-nubo B Oydyiuee, TO caMbiM NPOCTBIM MpPEANONOKeEHHEM Oyaer
YTBEPXKICHHE, UTO IA JMoOOro OJHOro BPEMEHHOTO LIara pe3ysbTaT MpOLIECCa 3aBHCHT
TONILKO OT €ro TeKYUIEro 3HauyeHus (CBoHcTBO MapkoBa) M 4TO BCE BpEMEHHBIE LUArH
PaBHO3HAYHbBI, TO €CTh CTIPYKTypa NpoLecca pa3BHTHA OFHHAKOBA YIS BCEr0 BPEMEHH B
GyayuieM (nocrosuuocts). Eciu B fononHeHue k 3ToMy Mbl TpebyeM, uToObl MepeMeHHas
3BOJIIOLHOHHMPOBAAa HenpepbiBHO (6€3 NpbDKKOB), Mbl 00A3aTENBEHO OYAEM BBIHYXKAEHDI
HCIIONIb30BaTh OPOYHOBCKMII NpoLECC B KadecTBE MOMIEXKALIETO  CTOXAaCTHYECKOro
HaNpaBJIAIOILEr0 IS TaKoH MepeMEHHO#, KOTOPYIO MBI XOTHM CMoZenHpoBath. I1puumHa
3TOr0 3aK/MOYaeTcsi B TOM, “TO- BBILIEONHMCAHHBIH Habop CBOHCTB yowe onpedensem
6poyHosckoe Osudicenue, YTO W JICIACT €ro BOCXHTHTENIBHO NMpOCTOH KoHuenuueH. JlaHHoe
YTBep)KACHHE NPOMCTEKAET U3 clieayrolLei TeopeMsl, B3aToi 13 [Har90].

Teopema 3.1.1
Ecnu Y 310 HenpephIBHBIH NPOLIECC € MOCTOSHHLIMH HEMPEPLIBHEIMH MPHPALLICHHAMH,
Toraa Y — 3o 6pOyHOBCKOE ABHIKEHHE.
XappHCOH [IPOAOIKACT:
"Jra KpacHBasg TeopeMa NoOKa3biBaeT, YT0 OpoyHoBckoe JBHXKeHHE
JeHCTBMTEJIbHO MOXeT ObITh ompefeseHO JIHIIL Yepe3 CTALHOHAPHO
He3aBHCHMbIe TIPHPAIEHHS U HENPEPLIBHOCTL TPAEKTOPHH, ¢ HOPMAILHOCTLIO,
npoHcTexalomeii M3 JaHHLIX ApeanoioxenHii. Bee 310 o0bACHAET BAXKHOCTDL
GpoyHOBCKOrO ABHIKEHHS /11 BEPOATHOCTHOIO MOJeJIHPOBaHMA "'
CrangaptHoe OpOYHOBCKOE [BHXKEHHE OYEHb 4YacTO HA3bIBAIOT  CTAHAAPTHBIM
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BHHEPOBCKHM TpoLieccoM,  namarys, 4ro B 1920-x roma H.Busep nepseiM Hauan
MareMaTHieCKHH aHaTH3 GPOYHOBCKOTO ABIDKEHHS.

Buneposckuii npolece yacto $opMansHo npeacraBiseTcs yepes audpdepeHunansHoe
npupaiiente dW win dW, (noxassIBaloILMii, YTO 3TO NPHpALEeHHE BHHEPOBCKOIO NpoLecca B
MOMEHT BPEMCHH f), KAKOBYIO 3amHCh Mbl M OyJeM NpHMEHAT> B HacTosmiell riiase.
CraHaapTHEIH BHHEPOBCKHIA poLIECC HMEET ClIeAyIOLIHE CBOMCTRA:

1. Osiunanve nndpdepenmana npupamenus dW, B mo6oii Touke BPEMEHH f PABHO HYJIIO:

E[dW;) =0 G.0)

2. Bapuauus auddepeHumansHoro npupauenns dW, 8 1060t Touke BPEMEHH ¢ PaBHO
CBA3AHHOMY AM{depeHIIHATY PHPALIEHHS 10 BPEMEHH:

V[dWw] = E[dW?] - (E[dm])f = E[dW}’] = dt ' 3.2)

OT0 03HAayYaeT, YTO CyMMa MpHpAILEHHH, TO eCTh BEIHYMHA nepemeHHoit W, HopMaibHO
pacnpesieneHa ¢ HyJIeBO#H MOZIOi M CTAHAPTHBIM OTKIIOHEHHEM \/t_ :

L
W, = / dW, ~ N(0,V?) (3.3)
8=}

Ilpn  paspaGorke amropurmoB Moure-Kapno b1 wacro Hcnons3yem Gosee  oburyio
(OpMyTHPOBKY BTOPOTO CBOHCTBa BUHEPOBCKOTO POLECcca

T T
FOdw ~ A0y / F(t)dt (3.4)
t=0 t=0

OHO HEME/UIEHHO ClIeRyET M3 TOro (hakTa, YTO BAPHALS BHHEPOBCKOIO npouecca JIMHEIHO
AIUTHBHA. YpaBHenue (3.4) ARIAETCH PyHAAMEHTAILHO BaXKHBIM BO MHOTHX MPHIOKEHHUAX,
TOCKOJILKY OHO TO3BOJIACT HaM OMYCTHTh YHCIIEHHOE PELIEHHE CTOXaCTHYECKOrO MHTErpana Ha
JIeBOH CTODOHE DaBeHCTBA. M HANPAMYIO HCHIONB30BATH BHIGOPKY IEPEMEHHBIX, KOTOpblE
ONPEACIIAIOT PaCIIPENieNICHHE BRIPAKEHHS B LIETIOM.

3.2 Nemma Uto

OzHMM 13 CaMBIX BKHBIX MATEMATHYECKHX TPIOKOB B CTOXACTHUECKHX BBIYHCIICHHSX,
KOTOpEIC MBI HCHONB3yeM JUIA NpeoGpa3’oBaHMA CTOXACTHYECKHX AHGBDEPEHLHATbHBIX
YPaBHeHuiH, Amnsercs nemma HMmo. B 1Byx cnoBax, 310 MpsAMOe CEACTBHE BapHaLUH
TIpHpALLCHHA BHHEPOBCKOIO Mpouecca Ha JoboM GECKOHEYHO MAlOM BPEMEHHOM Liare,
3ajaHHOM ypasHenuem (3.2). Jlemma Mrto rmacut, wro obumii muddepenuman mo6oit
3ajanHOR dynxumu fiX), saBucsmieii OT cToxacTHyeckoil nepemeHHoit Xe R’ KOTOpas
ABNACTCA CYOGBEKTOM CTOXaCTHYECKHX AH(epeHUMATEHEIX YpaBHEHHI

dXi = bi(t, X) dt+ Y aalt, X)dWi, C@35)

i=]

334acTCA BBIPDAOKCHHCM

df = (Z(Oxif)bt+% > (ai..xjf)a,-wlﬂ) dt+ > @O Dawdhy,  (3.6)

=1 ig.bed=1

ik=1
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3.7

3.3 HopmanbHbIM npoLece

HopMarnbHble MpoLIECCH ABIAIOTCH apXHBOXHEIMH B (DMHAHCOBBIX IPHIOKeHHsX. U He
TOJIBKO TIOTOMY, YTO OHH XOpPOLIO MOANAIOTCH aHAJIHTHYECKOH OLCHKE, HO TakKe H MOTOMY,
YTO OYEHb YaCTO OHH PAaCcCMATPHBAIOTCH KAK XOpOlllas CTapToBasi TOYKA U1 PEATHCTHYHOTO
Moaeauposanus npo6nemsl. [IpuMepoM MoXeT ABIATECA 3HAMEHHTASA MOAE/H BO3BPAILIEHUS K
cpenHeMy Bacuceka Juis 3BOMIOLMH KPATKOCPOUHO NPOLEHTHOH CTAaBKH K HONTOCPOYHOMY
PaBHOBECHOMY pacnpeaenenuio [Vas77]. 3ta Moaens Moxer OwTh  (opMann3obaHa
CTOXaCTHYECKHM Au¢pepeHLIHANBHEIM YPaBHEHHEM

dr = a{f —r)dt + o dW (3.8)

rae a, O u 0 — 310 KoHCTaHTs!. IIpH 3aaHHOM HayanbHOM 3HAYEHHH 7, Hanpumep, ro=n0),
pacnpezienente rt) Moxer ObIThb ABHO paccuuraHo. g Toro yrtobwl 3TO CAENaTh, Msl
NpUMEHsIEM TaK HasbIBAaEMBIH MCETOR eapuayuu koHcmawm. Ha nepBoM miare periaercs
romorenHoe auQbepeHINaNBHOE YPaBHEHHE

drp = a(0 — ry)dt (3.9
YTOOBI HOJIYYHTE

r(t) =0+c e (3.10)

JU11 HEKOTOPOM KOHCTaHTHI ¢. Teneps Mbl RonaraeM, uTo pellieHHe ypasHeHus (3.8) umeer Ty
xe dopmy, uto H (3.10), ¢ To# ML pasHHULEH, YTO ¢ — He KOHCTaHTA. J[pyrHMH CIIOBaMH, Mbl
UCTIONB3yeM

r=0+c-e™ : (.11
H 3aTEM CPaBHHBAEM
dr=d(0+c-e™™) =a(f - r)dt + e dc (3.12)
€ OPUTHHABHBIM ypaBHeHUEM (3.8), uTo faet HaM
' de = o dWV 3.13)
1 TaxuM 00pazom, '
r(t) =0+ (rg — 0)e™™ + e~*q / Li"”dl»t;. (3.14)

C nomolpio ypaBHeHHs (3.4) MBI HEMELIEHHO MOXEM 3alHcaTh NOBEACHUE Pacripe/eNcHHs
nt) xax

Jomg— 20t

rt) =0+ (ro— 8 +o 2 (3.15)

2a
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rt) ~ N (0+ (ro—0)e™, o "'f'”"') . (3.16)

2a

s oueHb ManbX 3HaueHMH cCpeaHell CKOpOCTH pa3BOpoTa a, pacupenne Taiinopa mns

CTaHJAPTHOTO OTKJIOHEHHs Oyner. Of\/; . TakuM 06pa3zoM, mepBOHAYAIBHO, KPATKOCPOYHas
CTaBKa 7, TIOXOXE PACHpPOCTPAHSETCA KaK CTAHAAPTHBI BHHEPOBCKHM IIPOLIECC, XOTA M C
HekuM JpefipoM. Onmnako, mna GONBIIMX 3HaYeHMH f, PacnipefiefieHMe KOHBEPIHDYET B
CTaUHMOHapHY0 (opMy N[ 0,-L_ ) OTO NOAYEPKHBAET, YTO NPOLECCHl BO3BPALLEHHS K
2a

CpeaHeMy THMa ypaBHeHHs (3.8) (Taioke M3BeCTHbIC Kak npouecchl OpHiuTeiina-FOxnenGeka
(Ornstein-Uhlenbeck)), cXomsTcs K paBHOBECHOMY COCTOSIHHIO B pacnpeneNeHuy Ha
JIOJITOCPOYHBIX BPEMEHHBIX IIKANIAX.

YpasHenue (3.8) MOXHO PacIUMPHTB, IONYCTHB, YTO a, @1 & MOTYT GbITh (BYHKLKEH OT
t. Pacnipeienienue, nonyuatowieecs B pe3yssTare Takoro 0606ieHHoro npoiecca OpHuuTeiiHa-
IOxnenbexa Bce elie ABNACTCA raycCCOBCKMM M MOXET GBITH BBIBEJEHO AHAIMTHYECKH, KaK
OITHCAHO BBILLE, TO €CTh

df = a(t)[6(t) - f)dt + o(t) AW} (3.17)

YTO BEACT K

¢ ¢
ft) =e™® ( fo+ / a(s)0(.9)e"'(”)ds> + =MD / a(s)ediv, (3.18)
0 JO

c A(s) = J: a(u)du v nonyuaem pacnpenenenme

L L
fity ~ N [e”"‘”) (fo+/a(.s)0(s)e"‘(“)ds>} , [em® /02(s)e2/‘(~*)ds
0 0

3.4 llorHopmanbHble npouecchl

EcrecTBeHHBIM pacLunpeHHeM HOPMANBHBIX TPOLECCOB ABJSIOTCS TAakMe MPOLIECCHI,
KoTOpble MOryT ObiTb 0OpaTHO OTOOpaxkeHbI B HOpManbHele. Hanpumep, ecnin Mbl
3aMHTEPECOBAHBI B MOAENMPOBAHMM BENMYHHBI S, KOTOpas SBNSETCS CyObekToM 3ddekra
BO3BPALLCHHS K CPEIHEMY, HO HE MOXET ObITb OTPHLIATENBHOM, TO Mbl MOXKEM YCTAHOBHTB
J=In§ v onucartb noseieHHE S KOCBEHHO, TONOXHB, 4TO f yOBIETBOPSET ypasHerHio (3.17).
Ecin Torma mel Bce eme Oynem HHTepecoBaThCs sBHOH (POPMOIH CTOXAaCTHYECKOro
AndpepeHLMAIBHOTO YPABHEHHS, OTPAKAIOLIErO AUHAMHKY S, TO Mbl MOKEM NPHMEHHTH
nemmy Hro x obpatHoMy npeoGpasoBanuio S=¢/, utobsi nony4uts dS. BoT kak Mbl TOYHO
Mofy4aeM CIeYIoLIee CTOXacTHIeCKoe AMQdepeHLIHaNbHOE YPaBHEHHE [Ist JIOTHOPMATLHOTO
TIPOLIECCa BO3BPALLECHHS K CPEHEMY:

‘LS = (a(t) (6(t) — In S] + ;;—02(1?)) dt + o(t)di; (3.20)

Pacnpenenenne InS o6b1uHo 3anaerca (3.19).
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BomnbmHcTBO  cTOXacTHueCKHX An(depeHUMANBHBIX  yPaBHEHM, KOTOpbIE Mbl
CHONIE3YEM JUIA MOJETUPOBAHHS COOTBETCTBYIOLIMX (PHHAHCOBBIX BEJIHUHH UMEIOT (OPMY

df = b(t, f)dt + A(t, f) - AW, (3.21)

e fbeR", WeR", AcR™ u msh. Dyuxuus  b(tf) uacto HaseiBaerca Opeiighom
7 CTOXaCTHYECKOrO Mmpowecca, a MarpHua A(tf) Moxer ObITb Ha3BaHa Hanpaensiowel Mampuyeii
wm, cnenys repmunosnioruu Kapauaca u Ilpusa [KS91), mampuyeii ducnepcuu.
SIcHo, YTO ecnu paccMaTpHBaTh CTOXAaCTHYECKYIO cHCTeMy Tna (3.21) BHenpeHHyIo B
E NIPOCTPAHCTBO COCTOSHMIE PasMEPHOCTH 71, TO, O ONpPEJENIEHHUIO, OHA 6yner maprosckoti,
TNOCKOJIEKY HY OJMH M3 N1apaMETPOB HE 3aBHCHT OT MpoLwioro wiu Gyayiero. Tem He MeHee,
L 4MTaTeNb MOXET 0GHapYXHTh (pasy, 4TO ONpe/eNIeHHbIE MOAEH HE ABJIAIOTCA MaPKOBCKUMH,
L HECMOTPS Ha TO, YTO OHM COOTBETCTBYIOT ypaBHEHHIO, nogoGHomy (3.21). DTo cnerka
| 3aNyTHIBAIOLUEE 3aMEYaHHE BO3HMKAET M3 TOro (aKTa, YTo HEBO3MOXKHO CKOHCTPYHPOBATh
pexoMGHHALMOHHOE JIEpeBo Via f B BHHEPOBCKOM MPOLIECCE PasMEPHOCTH . KoHeuHo, ans
j Bcex mpoueccos B ¢opme (3.21) TeopeTHuecKH BO3MOXHO  CKOHCTPYHpPOBATH
. PEKOMOMHALIMOHHOE JIEPEBO KOIJAa BJIOXKEHHAS Pa3MEPHOCTL JepeBa BhIGpaHA PaBHOH 7.
' Onnako, B 06uieM CiTydae Hesb3s yMEHBLIMTE BIOKEHHYIO PasMEPHOCTb AepeBa 10 m. Beskuii
; pas, Kor/Ja 3T0 BO3MOXHO, OAHAKO, MOJHaA cuctema (3.21) MoxeT ObITh Ha3BaHA MADKOBCKUM
" 6UHEPOBCKUM  NPOYECCOM €O GNIOJICEHHOU  YMEHbUIAEMOT  DAIMEPHOCMbIO WM TIPOCTO
i ymenvuaemsim npoueccoM. Ipouecc, Tuna (3.21) ABNSETCA yMEHBIIAEMBIM €CITH CYLUECTBYET

F(t) <= W,. (3.22)

' JIpyrMMM  CTIOBAMM, 3HAHHE TOMHOIO COCTOSHHS mM-pasMEPHOTO  HampaBsIoLIero
BHHEPOBCKOTO MpoLecca B JIIOGOH MOMEHT BPEMEHH JENaeT BO3MOXHbBIM OMNpEAeNeHHe
TOYHOTO 3HAUEHHS BCESX MEPEMEHHbIX COCTOHHUSA BeKTopa f. DTO 03HAavaerT, yTo mpouece A f
HE 3aBHCHT OT MYTH, KOTOpPbIM W NPHHST 3TO COCTOSHHE B MOMEHT f. TONBKO TOrAAa Mbl
HAa3HA4aeM YHHUKAJIBHBIE JUIOTHOCTH  nepexofia  Ans KaXNO0H BETBH mM-pa3MEPHOro
pekoMOUHHMpyeMOTo iepeBa’.

BeliuenpuseicHHbIE COOOPaOKEHHA €CTECTBEHHBIM O0GPa3OM BIUIETAIOTCA B KOHTEKCT
Mozaenu Xura-Jxappoy-Moprona [HIM92a] aist kprBoit noxoaHocTH. MoxHO nokasars, 4To
XIIM-mozens s MrHOBEHHBIX (OpBapAHbIX CTaBok f{4,T) B MOMEHT ¢ [yis BpeMeHH T
YMEHbLIIAEMA TOJNBKO B CiTy4ae OYEHb CreuMduueckoro BbIGOpa MrHOBEHHOW (GyHKLMM
BOJATWIBHOCTH O(t,T) W utOo cneunduyecknit BHICOP NPHBOAMT K, TaK Ha3bIBAEMOi,
obobwennoti modenu Xanna-Yaiima. B npoTHBHOM Cilyuae, MAapKOBCKas BJIOKEHHas
pasmepHocTh moboit XIM-Mozaenu (GopBapaHbIX CTaBOK ABNAETCH GECKOHEYHOM, AaXe eciH
BOBJICYCHBI JIHILL HECKOJNBKO YMPaBIAIOUIMX BHHEPOBCKHX mpoueccos! Jlpyroe cemeiicteo
MOJeNiel KpHBOH JIOXOZHOCTH HE SBIAIOIUMXCHA YMEHBLIAEMBIMH 3aJd€TCA PBIHOYHBIMH
Mozenamu bpatica-T"arapexa-Mysuena/xaMimasHa, KoTopsie Beeria TpeGYIOT HACTOMNBKO

' [mckyceus MoxeT OBuTb PaBHOLIHHO npuCnoCcoGneHa, 4ToGW yroauTb (OpMynMpoBKe

HaCTHHX AuddEepeHUMantHbiX YPaBHEHUA B TEXHUKE HAxXOXAEHWS peweHvsi. TONbKo Ans
yno6cTBa M ACHOCTU Mb OrPaHM4MBAEMCA Nilb OBLACHEHUEM ANA [EPEBLEB.
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MHOTO pa3MEPHOCTEH, CKONBKO CYIUECTBYET PBIHOYHBIX CTaBOK B Mojend, Gnaronaps
cnetMHYECKOll 3aBUCHMOCTH OT cocTosHua mnapamerpoB BGM/J-mpeiida. [lna Takux
npoGieM Metonst MoHTe-Kapno SBIAIOTCS NOAXONALIMMH YHMCIEHHBIMH  METONMKAMH,
IOCKOINIEKY TPYAHOCTH, CBA3aHHBIE C MHOTOMEPHOCTBIO — [ HUX HE3HAUMTENBHEI, B TO BpEMA
KaK JUIsl CETOYHBIX M PELLIETOYHBIX METONOB JIOCTYIHA JIHLIL HEBBICOKAA pasMEPHOCT.

3.6 Mpouecck! beccens

Ipouecc bBeccena R, ¢ pa3MepHOCTBIO Vv 3amaeTcs Lp-HOpMO# v-pasMepHOro
BUHEPOBCKOTO IPOLIECCA U, BEPOSTHO, 0OA3aHBI CBOMM Ha3BaHHEM CPepHIeCKOH CHMMETpHH,
HaBsA3aHHOI HOpMO# Lj:

Ry = ||Wy =, (3.23)

Moxno noxasa'rb', YTO Nponecc beccensi ¢ PasMEPHOCTBIO V YIOBJIETBOPACT CTOXACTHYCCKOMY

JuddepeHnHanLHOMy YPaBHEHHIO
v—1dt

NPOH3BEAEHHOMY OHOMEPHbIM CTaHJAPTHEIM BHHEPOBCKHM NpouieccoM dW,.

dR; =

3.7 Mpouecchbi ¢ NOCTOAHHOW MTAaCTUYHOCTLIO Bapuauum

[pouecc ¢ nocmosnnou anacmuunocmeio eapuayuu  [Bec80, Sch89] samaerca
BBIPKEHHEM

df =of*dW; for v>0, (3.25)

rac f OHyCTHn mo0Osle mapamerpsl jpeiidpa. OHO OYCHH MHTEHCHBHO HCIIONB3YETCA B
(HHAHCOBOM MOZEJMPOBAHMM aKUMi, NPOLEHTHBIX CTABOK, TOBAaPHBIX (BIOUEPCOB H
MHOKECTBA APYrHX (MHAHCOBBIX akTHBOB. [IpHuKHa TakoH MOHYJSIPHOCTH 3TOro Mpolecca
3aKII0YAeTCA B TOM, YTO OH MOXKET BOCNPOM3BOAMTL CHIETKa HMCKPHBIEHHOE CMELLEHHE
NOApa3yMeBacMOil BOJNATIWIBHOCTH MPOCTHIX "BAHWIBHBIX OMNLIHOHOB" OLICHEHHBIX HA €ro
ocHoBe. s ¥ < 1 cMeluenue Gyner OTpHMUATENBHBIM, 2 ONLHMOHBI C HHU3KHMH CTpaHKaMu
(ueHamu wucrionHeHHsA) OyAyT HMeTh OOJIBINYIO MOAPa3yMEBAaEMYIO BOJATHIBHOCTb, 4YEM
OMLIMOHBI C BLICOKMMH cTpaiikamu. s y>1 cMmewenne, pesyastrpylomiee u3 I19B-npouecca
ABJISETCS MMONIOKUTENBHEIM ¥ BECEMa Pa3yMHO OMHCHIBAET LIEHB! OMLIMOHOB, HA0/IIOAaeMbIe Ha
HEKOTOPbIX ~ TOBAapHHIX  pBIHKAaX. @dopMmanbHOe  pEICHHE CTOXaCTHYECKOro
uddepenupansHoro ypasuenus (3.25) moxer 6bith HaiineHo B [BS96]. AnbrepHatusHO, B
koHTexcre BGM-MoaepoBaHHs NPOLIEHTHBIX CTaBOK M Xopollee onucaHue cpoicTs [1OB-
npotuecca ¢ hopMynaMK LEHOOOPa30BaHUA MPOCTHIX KOJUI- M MYT-ONLMOHOB, BHIBOAUMBIX HA
OCHOBE 3TOro npowecca, MoxHO Haiiti B [AA0Q]. Yo kacaercs cumynsaunn Monte-Kapio s
(3.25), To MBI K 3TOMY BepHeMcs B paszene 4.3.

" oM. (KS91] cTp. 159, ypaeHeHue (3.16)
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I13B-npouecc uMeeT Apamoe oTHoIeHKe K mpoueccy beccenst. ITpeobpasopatne
1 v
Ri=— - f (3.26)
npeobpasyer croxacruyeckoe nuddepenunansHoe ypasHeHue [TOB-nponecca B ypaBHeHHe
Juts pouecca beccens ¢ pasMepHOCTBIO

1-23
=15
310 o3nauaer, uro and 0 < B< '/, TIB-npouecc sxeuBaneHTen npoteccy Beccens ¢ ApobHoit
Pa3MEPHOCTHIO, Jiexalleii Mexay O u 1 1, TakuM o6pa3om, MoxeT GbITh a6COpOHPOBaHHBIM B
wyne. Omnako, min B = '/, IIDB-mpouecc cooTBercTBYeT mnpoueccy beccens ¢
ompuyamensHoU pamMepHOCMbIO M HE MOXKET JOCTHIaTh HyJIA.
HHTepecHslit BOMpOC B KOHTEKCTE pasfiena 3.5: ABJIAETCS JIH CHCTEMA U3 11 ypaBHEHHH
(3.25) yMenbImaemoii 10 pasMEPHOCTH m YIPaBJAIOLIEro BUHEPOBCKoro npouecca W, € R™?
OueBHaHO, 4T WA ¥=0 U 1=] NpoLIECC ABJIAETCA YMCHBIIAEMbIM, ITOCKOJIBKY TOTJ[a MBI HMEEM
CTaHIAPTHEIH HOPMAIEHBIH M JIOTHOPMANBHBIH MPOLIecC, COOTBETCTBEHHO. B obieM ciyyae,
OJIHAKO, KaK MBI 00CY)KAa/M B CEKIHH 3.5, MBI IOJDKHBI OBITE B COCTOAHMH HAMHCATH

3.27m

fO=FW,» ms feR" uWeR" npn m<n (3.28)

vt Hexkotopoit ¢yHkuuu F(W,,f). Torna npumeneHHe nemmsl Hro naer

dF = Oy FdW + (ap + %c‘)&-“,-F) dt = df = f1dW = FYdW .

310 03HAYaeT

OwF = F1 (3.30)
YHUM PEILICHUEM ABAACTCA
F= ((1 — W+ F,§"7’) T g() 3.31)

V1A HEKOTOPOH (PyHKLHH g(7) € ¥# 1, KOTOPYIO MBI YKE HCKIIIOYHIIM B JII060M ciy4ae. Bropeim
YCIIOBHEM, IPOUCXOIALHM K3 (3.28), KOTOPOMY JOMKHO YAOBIETBOPATS F, sBnsercs

OF + %OWWF =0 (3.32)
KoTopoe, coBmecTHO ¢ (3.31) nogpasymesaer
9(t) = —%"rf’z"'"‘ - (3.33)

D70 nocnefHee paBeHCTBO MOXKET COONIONATHCH JIHHIL TIPH YCJIOBHH, YTO g — KOHCTaHTa, a
¥=0, WK, B NPOTHBHOM CIIy4ae, Mbl HMENH Obl YHCTYIO (DYHKLHIO OT ¢ C JIEBOH CTOPOHBI U
¢yHkuwio ot ¢+ ¥ W C npaBoi CTOPOHBI, YTO, OUEBHIHO, ABJIAETCSA HPOTHBOpEuHeM. JIpyrumu
crosamy, II9B-npoLecc 3aBHCHT OT TPAaGKTOpHM, a MynbsTHpasMmepHbii [I9B-npouecc,
HAMpAB/ISEMblii BUHEPOBCKHM INPOLIECCOM € Pa3MEPHOCTBIO, MEHBUICH, Y€M NEPEMEHHLIE
cocrosnus a1oro [19B-npotiecca, ABNSETCS HEYMEHBLIAEMBIM.
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3.8 CmelueHHan auddysua

QdopManuzanueii Apyroro mpolecca, KOTODBIH TalkkKe CO3JACT  CMeELIEeHHe
MOJpa3syMeBacMOH BOJIATHIBHOCTH, B JEHCTBHTENILHOCTH OYEHb IMOXOXYIO Ha Ty, KOTODY1O
cosgaer ITOB-mpouece, sBusercs npouece cumewyenron ougpghysuu (displaced diffusion)
[Rub83]

dS = puS dt + Gdisplaced diffusion (S + ) AW . (3.34)
Eciu Mbl IPUMEHHM OTOOpaKEHHE

0 = —logy(7) - So , (3.35)

TO TpPOLECC CMEIUEHHOH anddy3HH MOXeT OBIT HCMONB3OBaH, KaK OYEHb XOPOLIMi
YUCNEHHBIH 3aMECTHTENL CMELIEHHS, KOTOpOoe MOxHO 66110 651 oNyunTs oT [TOB-npouecca,
HO ¢ GoJee BbIpaXKEHHOH KPHBM3HOH (UTO, BEPOATHO, M ABJIAETCA XKeJaTe/NbHbIM). B oTanune
ot TI9B-npouecca, oaHako, mpoiecc cMelueHHol auddysnn sensercs cyiectBeHHO Gonee
JIETKAM JUIA pEIIEHHS W YHCIeHHO Oonee ObICTpbIM. Ou4eBHIAHO, 4YTO HAaM HYXHO
nepeMacirabupoBaTh BONATHIBHOCTD COITIACHO HallleMy Npeobpa3oBaHKIO OT OTHOCUTENLHOM
K aGCOIOTHOMN BONATHILHOCTH:

S() * Olognormal = (SO + 0) * Odisplaced diffusion (336)

KaKk MOxHO ysuzers u3 (3.35) mia ¥y = | npouecc cMelleHHOR auddy3uu CTaHOBHTCS
OOBIUHEIM TEOMETPUYECKHAM GPOYHOBCKHM JBHXKEHHEM, TO €CTh JIOTHOPMAJILHBIM TIPOLIECCOM.
JIna ¥ = Va2 cueur npouecca cMellenHoi auddysun NpHONH3HTENEHO paBeH KBaJpaTHOMY
KOPHIO U3 MpOLieCcca, M B mpeaene npH ¥ = 0 Mbl IPHXOAMM, NPH HOPMATEHOM Pa3BHTHH, K
ypasHenuio, cxoxemy ¢ [I9B-ypasrenuem (3.25).

Passute S kak cyGwnexta ypasHeHus (3.34) Ha BpemeHHOM ropusonte T 3amaerce
ypaBHEHHEM

Sp = (So+ ) - el(=38)THouvT] _ g with 2~ N(0,1). (3.37)

B craTHCTHKe, pacripefesieHHe Sy TaKkKe M3BECTHO, kak pacnpesencHue JhxoHcona I Tnma
[JKB94, Joh49, Whe80].
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OueHpb 4acTo B (PHHAHCOBOIH MHKEHEPHUH H ONPEIETIEHHH LIEHbI ONLHMOHOB MbI XOTHM
paccuMTaTh OXHIAHME 11 (YHKLHOHAIOB OT BPEMEHH OIHOrO WM Gonee MoAjeKaLMX
GasucHeix akTMBOB. YrOOBI CAENaTE 3TO, OOBIMHO HEOGXOAMMO CHMYJIMpPOBAaTh
CTOXaCTHYECKHH MPOLIECC W OLICHUTE LICHOBOH (PYHKUHOHAN JUis KOKIOH CMOJEIHPOBAHHOM
TpackTopuu (myTH). B 3TOH rNIaBe OGBACHAIOTCA HEKOTOPHIE KIIOYEBbIE KOHLETLIHH,
NPHBICKACMBIC V1A PELIEHHA TaKkoH 3ajayd. A Taloke, s MNPOAEMOHCTPHPYIO paboTy
PauIM4HBIX METOOB H NMOPEKOMEH/IYIO HAMITYHIIHE TEXHHKH JUTsl KOKKOTO Kiacca mpobiem.

4.1 CunbHas 1 cnabas cxoaMMoCTb

YucneHHas  annmpoOKCHMMAaUMA — PeIieHMA  CTOXacTHYECKoro  auddepeHuuansHOro
ypasuenua (CIIY) — 310 BBIMMCIMTENbHAA CXeMa, KOTOpas CO3ZAeT IMOCNEN0BATENbHOCTD
Yucel, NPEACTABNAIOLIMX BPEMEHHYIO JMCKPETH3ALMIO HEKOTOPOI BBIGOPOUHOI TpackTopuu
MaTeMaTH4YECKH  OMpEJENEHHOTO  CTOXacTHYeckoro  mpouecca. Jng  oBbIuHbIX
M depeHUHATEHBIX YPaBHEHHH CYILECTBYET €CTECTBEHHBIM CMBICI KOHLETILIMH CX00UMOCmu
(xonsepzenyuu) YnCIEHHOro MeToa K peleHHI0. CUTYaLKs OTIIHYAETCs IS CTOXACTHYECKHX
mbdepeHuHanbHBIX ypaBHeHHH. KOHUENLMIO ciibHOoti CXOOMMOCTH MOXHO PaccMaTpHBath
KaK 3KBHUBAJICHT CXOAUMOCTH UiA 0ObIuHBIX AMddepeHIHanbHbIX YpaBHEHHH, IOCKONBKY OHa
Tpebyer, 4ToObI YHCICHHAA AMMPOKCHMALMA 3aJ2HHONH TPAEKTOPHM CTOXAaCTHYECKOro
TpoLiecca COBMajaia ¢ TOYHBIM PELICHHEM B JI00OH Touke TpaekTOopuH. OmHAKo, peLieHHe
COAY ua nmoboM BpEMEHHOM TODH30HTE B OTIMYME OT OOBIMHBIX JAM(QEepeHLHANBHBIX
YPaBHEHHH ABIAETCA HE COWHCTBEHHBIM YHCIOM, a pacnpedenenuem (BO3MOXHO,
MyJbTHpa3MEpPHbIM). A B TaKOM PacrlpeleNieHHH HAac YacTO WHTEPECYeT HE €ro TouHas
(yukuuoHanbhHas ¢opma, a CcKopee, OXHIAAHHE VI HEKOTOpOH (yHKUMH (06bIYHO,
IIATEKHBIH NPOGUIIBL) IPH TAKOM PACHpPeEICHHH.

T'oBopAT, 4TO AMCKPETH3MPOBAHHAdA 1O BPEMEHH AaMMpPOKCHMAUMA Ys C Luiarom, He
GonmbiinM, yeM &, uMeeT OOLIYI0O CHJIBHYIO CXOAMMOCTb TMOPAAKA ¥ €ClM Ha JIoGoM
BpeMEHHOM ropusoHTe T annpoxcumauus Y&T) rapaHTMpOBaHHO CXOAMTCA K TOYHOMY
pertexHio X(7) npu oxuaaHHUH abCOIOTHOM pa3HULIBI, THITA

E[| X(T)-Ys(T)|] < ed” @.n

Ans Bcex O, KOTOPbIE MEHBLLIE, YeM HEKOTOpas NONIOKHTENbHAS &) M HEKOTOPas NOCTOAHHA C.
B npOTHBOMONOXKHOCTE KPHTEPHIO CHIBHOH CXOAMMOCTH B BHAE aGCOMIOTHOH
PasHHIIbI, crabas CXOOUMOCTh Mopsafka 3 nuiub TpeGyer, YTOGBI YMCIIEHHO PAacCHMTAHHOE
oxuaanue moboit pyHkuum g(-), koropas 2(f +1)-pa3s HenpepbiBHO AuddepeHuupyeMa 1
06/1333€T NOTHHOMHUATLHBIM POCTOM, CXOAWIOCH K TOYHOMY KBHBAIEHTY. J[pyrHMH ClIoBamH,
s moGoii g € C2P*) wepasencrso
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| Elg (X(T))] — Elg (Ya(T))] | < ¢6? (4.2)

ZIOJDKHO COOMIOATECA I BCeX &, KOTOPBIE MEHBILE, YEM HEKOTOpas MONOXKHUTeNbHas &y 1
HEKOTOpas MOCTOAHHAS C.

CreICTBHEM  BBLILICTIPUBEICHHBIX OMpEZAeNeHnH CHIbHOH M cmaboi cxoaumocTu
SBJSIETCA TO, YTO MHOTHE CXEMbl C 33[aHHBIM TIOPANKOM CHIBHOH CXODMMOCTH OOJIafaioT
Gonee BBICOKHM mopsakoM cnaboil cxonumoctu. IIpuMepoM 3TOro sABNAETCA CTaHAapTHAas
cxema Diinepa (cM. nanee), kotopast GyayuH CHIBHOH CXEMOH ¢ NMOPSIKOM Y2, TaloKe SBIAETCA

cnaboif cxemoif ¢ mopspkoM 1, Biaromiei MOAXOAALIME HIAAKOCTE M YCIOBHS poOcTa

xoadppuimentor audpbysnn u npeiida. CrenoBarenbHO, HE SABIAETCS CIOPIPH3OM, YTO B
ofweM cyuae moGoit MeToz, HMeIOILHi OOMBILHIA TIOPANOK CXOAUMOCTH COIJIACHO CHIIBHOMY
KPHTEPHIO, TAIOKE BEJIMKOJIENHO MOAXOAMT M Uil LieHooOpa3oBaHMA OMUHOHOB. JIpyrum
MHTEPECHBIM MOMEHTOM SIBIIIETCA TO, YTO VI MHOXECTBA CXEM FIOPANOK CXOIMMOCTH, CiaGoi
WM CHIbHOM, KOTOpHIA OHH rapaHTHpylor mia moboro- obmero CHY, moxer, B
JCHCTBHTENBHOCTH, ObITh  M30BITOYHBIM IS CrenHpUYECKMX  CTOXACTHYECKHX
mipdepeHuMansHbix  ypaBHeHuid. B dactHoctd, mis tuna CIIY, ¢ KOTOPBHIMH  Mbl
CTaJIKMBaeMCst B PMHaHCaX — 3TO YacThIH CyyJaid.

4.2 YncneHHble pelleHus

CyluecTByeT OrpOMHOE KOJIHYECTBO PAsNIHYHBIX THIIOB YHMC/IEHHBIX CXEM PELUCHHS
cToxacTHyeckux AN depeHIMAILHEIX YPaBHEHHH H, BEPOSTHO, HAWMYYIIMMH CCBUIKAMH
obnanaer xuura Knenena u Ilmarena [KP99]. A Mb! noka KpaTko npeicraBHM M 0OCyaHM
cxemsl Jitnepa U Munurreiina. OrnpaBHoO# TouKol B 060HX ClydasX SABAAETCA CIEAYIOILAs
ob1masn dhopma croxactHueckoro audpepeHUHanEHOrO YpaBHEHHS

dX =adt +bdW . (4.3)

3ameTHM, 4TO H a, U b MoryT GbiTh QYHKUMAMH nepeMeHHoOH mpouecca X W BpemenH. B
MYJIETHPa3MEPHOM CITy4ae JUIsi i NEPEMEHHBIX COCTOAHHA X;, YNPABIAEMBIX d HE3aBHCHMbIMH
BMHEPOBCKHMH NIPOLIECCAMH, Mbl HMEEM
d
dX; = a;(t, X)dt+ ) bi(t, X) dW; . 4.4

=1

4.2.1 Cxema Jiinepa

OG603HaYHM YHCIIEHHYIO allNPOKCHMALHIO petueHHs (4.3) s cXeMbl M3 PaBHBIX LIAroB
¢ paamepoM At [y1s BpeMeHH n-At uepes Y(t,). Torna cxema Jiinepa 3a1a€TCs BHIPDKEHHEM

Y(tust) = Y(t) +altn, Y(ta) Ot +b(t,, Y(£,)) AW . @.5)

Cxema Dillepa HMeeT CHIBHYIO CXOAMMOCTh NOPSAKa Y2, YT0 O3HAYaeT, YTO MBI BCErAa
MOXEM YCTYNHMTb JOpory 3Toi "paGoueil nomamxe" 4YHMCICHHBIX NpOUEAYp, H4TOGHI
NpOTECTHPOBATH JOBOH APyroi MeTozI.

B ¢uHAaHCOBLIX TPHIOKEHHAX MBI OYECHb HaCTO 3AHHTEPECOBAHBI B IPEACTABIICHHH
pa3sBUTHs aKTHBAa B BHAE CTOXacTHueckoro npouecca. HamGonee obee mpennonoxenne
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3aKITIOYAETCS, BEPOATHO, B FeOMETPHYECKOM OPOYHOBCKOM JBKEHHU:
ds
)
B 3ToM cirydyae cxema Diinepa npuHAMaeT BUJ

= (r—d)dt + odW . (4.6)

Stary) = S(t,.)-{1+(r—d)At+aAW}

St - {1 +oeVDL+ (r— (I)At} with =~ AN(0,1).

B MynsTHpasMepHOM ciTydae cxeMa Jifliepa BBIITISINT, Kak

) d
)”i(tn-i-]) = Yi(tn) + a'i(tm Y(tu)) At + Z bij(tnu Y(tn)) A[’[J c

=1

4.2.2 Cxema Muurreiina

Cxema Mumurreiina nospasyMeBaeT 10GaRNeHUE IapaMETPOB CIIELYIOILIErO NOPA/IKA H3
pacumpenus Uro-Taitnopa ang ypasHenus (4.3). Do gaer

Y(tar1) =Y (ta) +ats, Y (t) At +b(t,, Y(t,)) AW + 460’ [AW? — At] . 4.9

y - (. X)
)
i cnyyas reoMeTpHieckoro GpoyHOBCKOTO ABIXKEHHS PE3YIIBTAT BRINIANT KaK

S(tur1) = S(ta) - {1+ (r —d - §6")At + g AW + Jo*(AW)?} 4.11)
S(t) - {1 +oVAt+ (r—d+ 1o? [* - 1]) At}

Xota cxema MumureiiHa HeCOMHEHHO YMpaBIsieMa B OXHOMEPHOM ClTyuae, ee 0606IeH e Ha
MYJBTHPA3MEPHBIH CITydaHl HE CTONb O4YEBMIHO, KaKk MOXeT nokasatecs. Ona Tpebyer
HCTIONIb30BaHHA HE TOJNBKO CTAHAAPTHBIX HOPMAIBHBIX IEPEMEHHBIX VI CHMYJISALMH
NPHpaLIEHHH CTAaHAAPTHOTO BHHEPOBCKOTO pouiecca AW WISt KaX10i pasMEPHOCTH, HO TAKKE
M JOTOJIHUTENLHBIX NEPEMEHHBIX, YTOOBI yuecTh HHTErpansl HWro, moppasymeBarolme

CMELIAHHbIE NTapaMeTphl ZLI b, (t, X)dw, .

4.2.3 IlpeoOpazoBanus

Jasajite nocMoTpuM nobnxxe Ha pasHHMIy MKy cxeMaMu Oiiepa 1 Mumureiina
Wi Cllyyas TeOMETPHYECKOro GPOYHOBCKOro ABHKEeHHA. JIOMONHUTENBHBIH MapaMerp Ais
cxeMs! MuniureiiHa paBHAETCS J0OABICHHIO
‘ 2
Ea[Aw- -]

K flapaMeTpaM B CKOOKax ¢ NpaBo#t cropoHs! paBencTsa (4.7). Eciiu Mbl cpaBHuM 06€ cxeMbl B
Clly4ae reOMETPUYECKOro 6POYHOBCKOTO ABHXKEHHS C TOYHBIM AHATHTHYECKHM PELIEHHEM
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12 ’
S(tnsr) = Sltn) -4 TATET, 4.12)

TO MBI OGHApYXHM, 4TO cxeMa MuirreliHa, 1o CYIUECTBY, MpOCTo npu6aBiiIa BCE NapameTpel,
KOTOphIE NOJHHMAIOT €€ TOYHO [0 MOpsiKa O(AY), K OXHIAHHIO H BapHALHH. Msi MorH Obl
JOCTWYB TOYTH TaKoro ke ddexra MpocTo npeobpasys OPHIMHAILHOC YPAaBHEHHE JUiA
GPOyHOBCKOTO IBYDKCHH (4.6) K norapu(pMHUECKUM KOOD/MHATAM Yepe3 MPHMEHEHHE JIEMMBI
Wro, 4To0B! ONY4HTE

dln S = (r — d— Lo?)dt + odW . (4.13)

"IT0 CXOJICTBO HE SBIAETCA CIydaifHBIM conanieHueM. Ha camom fiene, B HacTHOCTH
INA ypaBHeHH, C KOTOPBIMH MBI HMEEM JICIIO B ¢MHaHCax, MOYTH BCEr/a MPEANOYTHTE/IbHEH
fipeo0pa3oBaTe OPHTHHANBHbBIC CHOY B Gonee nomatnusyio ¢opMmy ¥ 3areM NpoCTO
HCTIONIB30BATh EPBOHAYATIBHYIO CXeMy Diniepa.

[To3BOETE TEMEph MPOJAEMOHCTPUPOBATE CXOICTBO MEXAY cxeMoit Munutefina ¥
foAXoAALMM 06pa3oM BEIGPaHHBIM TpeodpasoBaHHEM Ha MPHMEPS KBaJPaTH4YHOTO MpoLecca
BO3BpATa K CpeAHEMY

dv = a(f — v)dt + A/rdW . (4.14)

310, MO CyLLUECTBY, MOJENb NPOLCHTHHIX CTABOK Kokca-Hnrepcona-Pocca [CIR85], eciu Mbl
Gy/leM NIOHUMATB TIOJL V KPATKOCPOUHYIO CTaBKY. Takoii THI MPOLIECCA TAIOKE MOMYAPESH MPH
ONKCAHNH MOBENEHHA CTOXACTHYECKOH BOJIATHILHOCTH (cm. nanprmep, [Hes93]).

Cxema auckpeTnsaLmy Muniteiina s (4. 14) TakoBa

Av = [a(0 —-1) — i/\'z] At + /\\/l_:\/_A_t: + :}AzAt 22 4.15)

e MBI 3aMEHHIIH \/Xz Ha z ~ N(0,1) s npupaiieH1s BUHEPOBCKOTO npowecca AW. Tenepe
JaBaifTe PACCMOTPHM TIPOM3BOHYIO (YHKLMIO U OT V, TO ECTb u=u(v). Jlemma Mo naer Ham
croxacTHueckoe JudepeHLIHaNIbHOE YPABHEHHE 1A L.
du Pu du ,
du = [%a(() — )+ %517/\ v] dt + 5‘—)/\\/-5(1”' (4.16)
MbI JO/KHDBI TENEph CAENATH CITyHaiHbIH BLI6Op 4(v) TaK, YTOOb! HOBOE YPABHEHHC BENO Ob!
cebs nyuie. ITO MOXHO CAENATh Hepe3 obecriedeiHe HE3aBHCHMOCTH NapamerpoB BNEPEaH

YIPaRNAIOMIETO NPOLIECCa OT nepeMEHHOM COCTOSHHA. JIpyriMH CTIOBaMH, Mbl BbIOHMpaeM
du

™ v Wi, KOHKPEMHO, U = Jv. @4.17)
710 Haer HaM
du = i [a(@ - u?) = §X*] dt + AW (4.18)
H, HAKOHELL, MBI NI0JTy4aeM CIIEYIOLLYIO cxemy Jiinepa ud npeoGpazosantoro CIIY:
Au = 2_1u [a(@ - u?) - 13 At + %/\\/Ez 4.19)

Yro6Bl CPaBHHTb TOPANOK CXOAWMOCTH MO v MU CXCMbI Diinepa ¢ mpeobpa3OBaHHBIM
yYpaBHEHHEM H CXeMbl MUIITEHHA C OPHIHHATBHBIM YPaBHEHHEM, Mbl CUHTaCM
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(v(u + Augu) — (1)) — Avvien = ((U + AuEuk'r)2 - u‘-’) = Aviswin (4.20)
= 2ulup + AU — Atiie
= 0+O(VAL).

BhILLEONHCAHHOE OTHOLIEHHE Mexay npeobpasosanueM k CJIY, 4el cTOXacTHueckuid
aJleMeHT GOIblle HE CONEPXHT NIEPEMEHHYI0 COCTOAHHA M cXeMoi MumurreiiHa, B 00iLeM,

cobmopaercs. [ sanannoro obuwero CILY
dv = a(t,v)dt + b(t,v)dW , 4.21)
cxema MumureiHa BripaXkaeTcs
Av = [a—1b0,b] At +bVALz+ 3bDb AL 2 (4.22)

rae z ~ N(0,1). Ina obmero npeoGpazoBanns. u=F(v) k HOBOH NEPEMEHHOH COCTOSHHA U H
oBpatHoro npeobpasosanus v = G(u) croxactuyeckoe MPepeHIMaILHOE YpaBHEHHE 4.21)
CTAaHOBHTCA

du= [Fla+ }F"¥]dt + F'bdW (4.23)

6naronaps nemme Hro. Fimes BbiGop
’ ” 1
F'(v)= ) ,qT§ seaer F'(v) = —b—zavb 4.24)

cxema Diinepa 4yis npeobpa3oBaHHOH NEPEMEHHO#M O3HaYaeT

Au = [2-19,b]At+ VAL:. (4.25)y
Jins cpaBHEHKs, MBI PACCYHTBIBAEM pactukperne Taiinopa as o0patHOoro npeobpasoBaHHs

v(u+ Au) = v(u) + G (w)du+ 36" (WA + O(AG?) . {4.26)
Tockoneky
dv —

1 . oy 1 _ _
0= % , e G'(u)= Flaw) -~ b(t, G(w)) 4.27)

H, TaKMM 00pasoM,
G'(u) = G'ab = bdb, 4.28)
MB!I HMCEM
v(u+ Au) —v(u) = [a—3b8,b] At +‘b\/ﬂz +3b0.b AL + oAt . (429)

Kak Mbl BUAHM cxeMa Diinepa Wi npeobpa3oBaHHOrO YpaBHEHHs NMPHBOAMT K MPOLIEAYPE,
KOTOpas paBHa MO CXOAMMOCTH, Bwioth 10 mopagka O(Af) (BKIIOUMTENBHO), CXeme
MunuTeiiHa A TEPBOHAYaJIbHOH INEpeMEHHOH. JIONONHHTENBHBIM  NPEHMYILECTBOM
npeobpa3oBaHusi, KOTOpoe yOHpaeT BCAKYIO 3aBHCHMOCTb MYNBTHIUIMKATHBHOTO ¢akropa
nepe; MPUpALLIEHHEM YTIPaBIAIOLIEro BHHEPOBCKOTO MPOLEcca A MEPEMEHHBIX COCTOAHMA,
ABISETCS TO, YTO PE3yNBTUPYIOLIHE YPaBHEHMA CTAHOBATCA BEChbMA TMOJATIMBBIMH JUid
[OCTATOMHO TPOCTOi TPEACKA3ATENbHO-KOPPEKTHPYIOLIEH CXEMbl (npeaMKTOpa-KOppEKTOpa).
TlockoJibKy 3Ta CXeMa MPEAMKTOpa-KoppexTopa obnanaer cnaboit cxomumocThio nopsaxa |
IS TpeobpasoBaHHON NEPEMEHHOM, Mbl, OOBIMHO, MONYYaeM CXEMy WHTETPHPOBAHHA CO
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cnaboit CXoaMMOCTBIO C OONBIIMM, 4YeM | HOPAZKOM VIS OPUTMHANBHOM IEPEMEHHOM
COCTOSIHHUS, HO 0e3 HeOOXOIMMOCTH CJI0XKHOTO aNropHT™Ma MHTErPHPOBAHUA, KOTOPbIH Tpebyer
Goee HOPMAILHBIX TIEPEMEHHBIX, YEM Mbl HMEEM, LPUMEHss BHHEPOBCKHI NpouEecC Ha
moGoM BpEMEHHOM 111are,

424 Hpennkrop-xoppelcrop

Hrero, nexantyio B OCHOBaHHM CXEMBI IPEIUKTOPa-KOPPEKTOpa VIS CTOXACTHUECKHUX
IHbPEepEHUNATBHEIX YpaBHEHHH, MOXHO OMMcarh cleayromiM obpasom. J[na 3anaHHoOi
JHUCKPETHOH MO BpeMeHH ammpokcuMauuu Takoro obwero C/Y, kak (4.4), Mel  3HaeM, uToO
CBEpLIEHHE 3MIEPOBCKOTO 1ara 1o (4.8) urHopupyer 10T $hakT, 4To KO3pdHLUHEHTE a; U b; Ha
camom oene MeHAIOMCs 6001b MPAEKMOPUU C KajicObim gpemennbiM wiazom At. Ecnu 310 Tak,
TO He Oy#eT M Jy4YUIUM HCIONB30BaTh NPUONM3HTENLHO CPEAHES 3HAYEHHME ITHX
k03(pHIMEHTOB BIONML BCEil TPACGKTOPHM Ui KAKIOIO KOHEYHOro BPEMEHHOro Iuara Ar?
Hockoneky 3HaueHHA KOI(PHUIMEHTOB caMH 1O cebe 3aBHCAT OT NMepeMeHHBIX COCTOSHHS,
KOTOPBIX MBI HE 3Ha€M, TO X MBI JIOJDKHBI alNPOKCHMHpPOBaTH niepBbIMH. IIpocreiiluas cxema
NpeaMKTOpA-KOPPEKTOpa, KOTOpas B JAHHOM CIIyyae HUMeEET INOpANoK cnaboit cxoaumocTy,
paBHBIH 1, TakoBa: criepBa JenacTcsA JAIEPOBCKUI 1Uar CoracHo ypaBHeHHIO (4.8), uToGbl
HOIY4YHTb HPEOUKMOop

d
Viltar1) = Yilta) + aita, Y (8)) AL+ bii(t, Y () ATV . (4.30)
=1
3ateM BLIOHPAKOTCS JIBa BECOBBIX KO3 (HULIHEHTa 0L H 1) B MHTepBa.ne.[O,l], 06uI4HO, GnnskHe K
14 ¥ pacCUUTHIBACTCA KOPPEKTOP

)',i(twi-l}) = ),i(tn) -+ {{1' ai(tn‘%ls Y(’n«%l): 7]) -+ (l - u;)(.l'i(tne Y(fu) 71)} At (431)

+ Z {"1 bij(tns1, Y(tn+l)) + (1 = )by (n, Y(tn))} \/K:J'

d=1

m d

@Gt Y i) =alt,Y) =0 ) > bilt, Yy by(t, Y) . 432)
Jj=1 k=1
Ou4eBHIHO, YTO 3Ta CXEMa OUYCHL JIErKa B NPHMCHCHHH, B ocoBeHHOCTH i Cllydas, Koraa
K03 OHLMEHTHI b;; He 3aBHCAT OT NEPEMEHHBIX COCTOAHHS.

4.3 JloxHble TpaeKTopumn

Jhioboii uccnenoBaTeNs, KOTOPHIH HAampAMYI0 NpUMEHAET cxeMy OJiinepa (4.7) mns
reOMETPHYECKOro GPOYHOBCKOTO JBHXEHHS, OOHApYKHUT CTPAHHYIO BEILb, MPOUCXOAALLYIO
BPEMEHAMH: HEKOTOPBIE TPAEKTOPHU MepecekaloT Hoib! OueBHIOHO, YTO TeOMETPHYECKOe
OpOYHOBCKOE HBHXKEHHE HUKOTAA HE AOIDKHO JaKE KACaThCs HYJNs, 4 HE TO, UTO TEpPeceKaTh
ero. IlpuunHa, MO KOTOpO 3TO TNPOMCXOAMT, mpocra. Cxema (4.7) sABNSETCH JHILb
anmpokcumaupel 1 ofecrneynBaeT JIMIIL CXOAMMOCTE K MaTEMATHYECKH COTNIaCOBAHHOMY
OMKCAHHIO TEOMETPHUECKOrO BHHEPOBCKOTO TMPOLECCA B MpENEie BCE YMEHBIIAKOLMXCH
BPEMEHHBIX 1aroB Af, B moGoif CHMyNSuMM C KOHEYHBIM BPEMEHHBIM IIarOM, 3TO TOMNBKO
BOIPOC BPEMEHHU, KOTAA BBl NOJYUHTE HOPMAILHYIO IEPEMEHHYIO Z, YAOBIETBOPSIOLLYIO
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1+ (r —d)At
<_ — At 433
? oVAL (33)

H, Takum o6pasom, caenaere S(7,.;) OTpHUATENbHOH. JInd reoMeTpuueckoro GpOyHOBCKOTO
ABKEHHMS 3TO SBJICHHE MCYE3aeT, KOIZA Mbl MCIONB3YEM OSHIEPOBCKYIO JMCKPETH3ALIHIO
npeo6pa3oBaHHOro cToxacTHueckoro auddepeHunansHoro ypasnenus (4.13). Omnako, mis
_ ADYTHX IPOLIECCOB, TAKMX KaK MPOLIECC C MOCTOSHHOM 31acTHYHOCTHIO BapHauuu (I1OB)

dS = puSdt + STAW | (4.34)

npeobpasoBaHHe K HOCTOSHHOMY KO(bHIMEHTY repex 3amycKoM BUHEPOBCKOTO TIPOLIECCA HE
petaer npobnemy. YcraHoBka

1

w= 17
U = T 7‘ (4.35)

pe3yapTHpyeT B mpeobpaszosantoe CJIY
du = {/,1, [(1 - *,')u] L éﬁ—z_ﬂ_)%} dt -+ di . (4.36)

Jna ye (0,1) aro naer cxemy Jiinepa, KoTopast [lsl HEKOTOPbIX TPAEKTOPHIA, B YACTHOCTH 115
u npUOIMKAIOLLIEHCS K HYIII0, MOXKET Pe3y/IbTHPOBaTh IEPECEYCHUEM I HYJIEBOH JIMHUM, YTO
QYEBM/IHO, HAXOIHUTCA B TIPOTHBOPEUHH ¢ HENPEpPhIBHBLIM onucanueM [19B-npouecca (4.34). B
KOHLIE KOHIIOB, [ OOLIEro [eHCTBUTENBHOTO 3HAYEHHS ¥ HE CYLIECTBYET JEHCTBUTENLHOIO
3Ha4Y€HHs S, KOTOPOE Y/IOBJIETBOPSET 0OpaTHOMY NpeotpazoBaHuio

S= [(1 - f*,')u] = (4.37)

s u < 0. Peulenue 310 3arajii HaCTOJIBKO K€ HEOKMIAHHOE, HACKOMILKO M npoctoe: [T3B-
npolecc ¢ Y< '/, MMEET NONOKUTENBHYIO BEPOSTHOCTb IOMIOLCHHS B nyne'! Takum oGpazom,
4robbl M30aBuTH cxeMy Oiiniepa oT (4.36) mpocteifiuM crocoGoM GyAeT NONOXMTh, YTO
mobas TpaeKTOpHd, KOTOpas JOCTHracT WIM MEpPeceKaer Hydb, B JACHCTBHTEILHOCTH
npeAcTaBisAeT coGOH TPAaeKTOPHIO, KOTopas abcopOHpYeTCs HyJIeM U PacCMaTPUBATH €€ TOJILKO
TakuM obpasoM. M B caMOM jierte, YHMCIIEHHBIE TECThl 3TOr0 €rocoba pelleHHs mpobaeMot
HEPECEUeHHUs HyJIsl [OKa3bIBAIOT, YTO OHH JAIOT KOPPEKTHYHO BEPOSTHOCTE MOMIOLLEHHS HYJIEM
ang II9B-npotiecca, As KOTOPOro M3BECTHA €0 aHANUTUYeCKast hopma.

4.4 CunbHas cxoaMMoCTb Ana dunepa u MunwreliHa

Ytobbl NpOAEMOHCTPHPOBATh PA3HHIY B TOBSACHMH CHIBHOH CXOAMMOCTH MEXIY
cxeMamu Jiiepa 1 MumuTeiiHa, Mbl ogymaeM 00 omoensroti TPAGKTOPHK CTaHIAPTHOTO
BHHEPOBCKOro mpouecca. B moGoil 4HcieHHOH cxeme MBI MOXKEM paboTarb TONBKO C
JUCKPETU3UPOBAHHOH II0 BPEMEHH BEpCHEH CTOXacTHYecKoro npouecca. IIpakTHyeckum
KPHTEPHEM CHJIBHOHM CXOAMMOCTH YHCJIEHHOrO METOJa SBJACTCA CTENEHb AMCKPETH3alMH, K

' TouHee, nPOUECC MOXET OTPa3UTLCA MM GbiTb NOTAOWEHHMM B HyNe, B 3aBUCUMOCTM OT
napamMeTpa ¥, a Takxe BuOpaHHbIX rpaHuyHbiX ycnosui [BS96].
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KOTOPOit MBI BHIHYK/EHSI [IPAOETaTh, 4TO0b! TIONYHHTE YAOBISTBOPHTENLHBIC pesynsTatst. Ha
Puc. 2 mokazaH pAA TOCAEAOBATENLHO YIYqIUaeMbix JIMCKPETM3aLMiT OJHOTO M TOTO XKe
CTaHJapTHOIO BHHEPOBCKOIO npouécca, waundas ¢ W(0)=0 ot =0 mo t=1. TIpamas nuHHA
CIIEpeiH PHCYHKE ABJISETCS MCKPETH3ALHEH H3 OLHOTO LIAra. Bropas JiMHHS, COCTOHT H3 JIBYX
TPAMBIX CErMeHTOB, NepBbiit oT =0 10 ¢ =l%, a Bropoil — ot t= Y2 go t=1. Craprosas u
KOHEUHAS TOUKY B TOYHOCTH Te e (=0 M £=1, KaK U y TIpEAbILYLEH THHHH.

Puc. 2. [Nocrenextoe yayuumenne AMCKPETH30BANHOIO NPEACT: ABJICHUS OTRACJIbHOIO
BHMHEPOBCKOI0 nipoliecca.

TpeTss IMHHS BRIIOHACT T€ e TOUKH (=0, £=Y2, =1, UTO 1 BTOPAT AMHIA, HO COCTOHT
M3 YeTBIEX MIPSMBIX CETMEHTOR H 06ABIIACT HOBbIS abeucchl oT &= Y4 u = %. B npesenc, 312
[OC/IE/IOBATENBHOCTD YIIYHIIAIOUINX HTEpALiHii CO3ACT TPACKTOPHIO, KOTOpas HENPEPLIBHA, HO
e Besze AnddepeHIMpyeMa H HOCHT Ha3BaHue 6poynosciuti mocm. Vicroputecky, 310 Guio
TIepBOC  KOHCTPYKTHBHOE OGOCHOBAHME CYILECTBOBAHMA MATEMaTHYECKOH  KOHLETHHH
GpOYHOBCKOTO JIBHIKEHHS, CIENAHHOC H.Bunepom B 1920-x romax. bonee AeTansho 310
obeyxnaercs B rase 10.8.3.

Puc. 3. locrenentoe yTyulieHue reoMeTpHECKOro GpoyHOBCKOro ABWKEHHA, MOTYEHHOIO
MHTErpHPOBAHHEM BHHEPOBCKOIO NPOLECCa, NOKAAHHOND HA Puc. 2 HCMOAB3YH CXeMy
Jiinepa, 3a1aBaemMyl10 ypaBHEHHEM 4.7 ¢ r-d)=1.1% n 0=81.6%.
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BriGopxa, ynpasJsieMas Npoleccom
Kaxnylo M3 QUCKpeTW3alyi, NOKa3aHHeiX Ha PHC. 2 MOXHO paccMmaTpuBate Kax
1OC/IEAOBATENBHOCTE NIPUpallicHHii AW BHHEPOBCKO#H TPaeKTOpHH ¢ 3AAHHBIM BPEMEHHBIM
urarom Ar, TIpHMeHeHHe BCeX AMCKpeTH3amHii, [okasaHkbix Ha Prc. 2 B cxeme Dfinepa (4.7)
JA€T APYTYIO NOCTEA0BATEILHOCTS YTy UIAIOLIHXCS aNPOKCHMALHH Y18 WIEATH3HPOBAHHOTO
GPOYHOBCKOTO [IBYJKEHWS, COOTBETCTBYIOILETO HANPABNIAIOUIEH BHHEPOBCKOH TPACKTOPHH.
D10 nokazaHo Ha Puc. 3. 3aMerdM, YTO TPAeKTOPHM YJIYYLICHHBIX UYHCAEHHBIX
aNMPOKCHMAlHI T'eOMETPHYECKOro GPOYHOBCKOTO JsiieHus Gonblie ne obecniednsaior
OKOHYaHMs B TOH Ke Touxe r=1, Tounee, B y0O0OH Touke. flo3gHee, B KayecTBe KpuTepus
CXOIMUMOCTH MBI Gy/ieM HCTIONE30BATS CXONHMOCTS K TOYHOMY PEILICHHIO B =1

Puc. 4. ocTenennoe yayumieHye reoMeTpHYECKOro GpOYHOBCKOro ABMKCHUS, NOJYeHHOI0
MHTErPHPOBAHHEM BHHEDOBCKOTO Npolecca, Moka3aHroro Ha Puc. 2 mcmoabsyn cxemy
Munurreiina, 3anaBaemyio ypasnenuem (4.11) ¢ (r-d)=1.1% u 0=81.6%. ‘

0.95 +
Euler schemg —>—
0.9 Milstein.scheme.. —»—

0.85 \

0.8 \

0.75 \

o1 LA
P

o
0.65 g
0.6
0 2 4 6 8 10 12 14
log,(# of steps)

Puc. 5. CpaBHenue noBefenys: CXOAUMOCTH OKOHUATEILHOTC 3HAMCHURA cnoToroil weHst (Sy)
AN TeoMeTpHHecKoro  GPOYHOBCKOTO /IBHKEHMSl, TOJYHMEHHOT0 HHTCTPHPOBAHHEM
BHHEPOBCKOrO IPoLecca, NokasanHoro Ha Puc. 2 ucnmoan3ys cxembl Jiisiepa u Muureiina,
3agaBaembie ypasHernamH (4.7) n (4.11).
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10.3.5 ITocTpoeHne TPaeKTOPHH MyJILTHIICPEMEHHOI

Korna maM HyXHO MHOCTDOMTR TpAGKTOPHH KOPPENMPOBRHHBIX BHHEPOBCKHX
TIPOLIECCOB, Mbl MOMEM KOMOHHHPOBATE PaxNHIHBIE METO/IbL, YTODBI CKPOHTS [OIXOAALIME
MeTon mna  coeugduyeckod nmpoGuemsl. Hanpumep, €cIM Mbl XOTHM  BLHIOTHUTH
moznesmposanne Monre-Kapio ana mpobneMst oLeni, H2 KOTOPYIO BECbMa 3HAMEHATENLHO
BIMACT OOBEIUHCHHOE PACTIPENENEHHE MHOXKECTBA CHITHHO KOPPEJHPOBAIHBIX TIOMTKAIMX
BHHEPOBCKHX IPOUCCCOB HA IICPBOM BPEMEHHOM TOPH3OHTE IO JHCKDETMSHPOBAHHOI
TPAEKTOPHH, Mbl MOTITH bl 2aXOTETh HCMOME30BATE TIOCTPOCHHE TPAEKTOPKH MPUPALLCHHCM,
HO Ha KaXioM TOPU3OHTE BPEMEHH MCNONB30BATE CIIEKTPATBEHOE PAIOKEHHUE, YTOBBI YUecTh
KOPPEJIALNIO. YuUTHIBAA PA3MEPHOCTE d BHHEOBCKOTO NPOLECCA M UHCIIO TOPHIOHTOB
BPEMEHH 11, 110 KOTOPOMY HO/DKHA GEBITH TOCTPOSHA KOPPENHPOBAHHAS TPACKTOPHS, MbI
AOIDKHBL BBITAIHBATE CTAH/ATHLIC HOPMAIBHEIE BEKTOPLI NEPEMEHHON pa3MepHOCTH d-m.
Kanast 3 3THX BEKTOPHBIX BHIGOPOK 3aTeM HCIOML3YETCS, 4T06H [IOCTPOMTH BCE PEATH3ALHH
BCEX d BUHEPOBCKHMX MPOLIECCOB TTO BCEM YMECTHBIM /2 TOPH3ONTAM BPEMEHH A OTHOTO
HOBTOpeHAA B MoxenHposanuy Mowre-Kapro. [Hasaiite onpesenum marpuuy KOBAPHAIHH
C{(), 4bH EMENTHI 3a[AI0TCA

cu(t) = []’”A-(S)Ul(ﬁ')/)kl(s)ds- (10.39)

Jntst IOCTPOEHHS TPACKTOPHH TPUPAIIEHHEM CO- CIIEKTPAILHBIM pasnosKeHHeM HHGOPMALMU
KOPPEHALIMH, MOXKHO ObL10 Obl B3ATH [1EPBBIC d MEMEHTOB JAHHOIO Cial YIBPTHOIO HOPMAJILHOIO
BeKTOpa-BLIGOPKH nepemeto z € R™™. Jru riepsie d 3nemexTos Torma YMHOKAUCH Ol Ha
CHEKTPAIBHOC PA3IE/ICHHE, TO CCTh CIIEKTPANBHBIH NCEBAOKBAAPATHEIH KopeHs 13 C(t), 4ToOs!
TOCTPOMTE BEKTOP X PEAM3ALMK KOPPETHPOBAHHBIX BHHEPOBCKHX NPOIIECCOB BO BPCMA 1.
Peannsauus B ropHsoHTE BpEMCHH f, 3areM mnonyuaetcs, Geps x| M nobasiss k JTomy
TPOM3BE/IEHHE  BTOPOIO ' MHOWECTB2 d TNEPEMEHHBIX (M3 BeKTOPHOH BBIGODKH z) ¢
ACEBAOKBANPATHBIM KODHEM TIOIIATOBOH MATDHUEI KOBAPHAUMU OT BPEMEHH [, 10 f, 4TO A

obozrarate 4/C(2,) —C(f|) . D10 nzer Ham x», W BCe peammawk B TIOCIEAYIOMIUX

TOPH3OHTaX BPEMCHH BBIMHCIAIOTCA COOTBETCTBEHHO. KOHEUHO, CCNM Yy Bac ecTb Npianna
TO7Arath, UT0 PawoNEHHe JUOGOM H3 NOLIATOBBIX KOBAPHALHMI Tydlue JeNaTh IIPH [OMOLH
anroput™a HoIeCKH, BBl MOYKETE NIPOCTO MCAOJL30BATH €10 BMECTO 3TOrO (xors, st He cMor
TIpHAYMATh NPHMEP, KOrAa MeToZ, osecky /s TIOLIAroBoro CrnuTa KOBAPHALIAK GBI ObI Goniee
TOAXOASLIMM),

Jnn Gombuummcrea cumynsumit Monre-Kapno B dpumarcax, KOTOpBIE BOBNEKAIOT
MHOIOMEDHEIE KOPPETPOBAHHBIC BUHEPOBCKHE MPOLECCEL, 51 HCTIONB3YKO GPOYHOBCKUI MOCT B
COCIMHEHHH C OLIATOBEIM CIICKTPAILHBIM pasnioskenneM. ITpHUHHA 9TOT0 B TOM, 4TO MBI PEIKO
HMEEM COTHH M TEICAYM KOPPCIIMPOBAHHBIX BHHEPOBCKHMX npoueccos. HauGombiree unco, ¢
KOTOPBIM A CTANIKHBANCS — HECKOJIBKO MIOXKHH, He 0OJee, YeM NATh JFOMMHH WK OKOJIO ITOTO.
OpHako, BNOMHE BOSMOKHO HMMETh COTHH WIH  JAXe  THICAYM KOHTPOHHPYEMBIX
COOTBETCTIBYIOWIMX  BDEMCH M CHEKIPAILHOE MOCTPOEHME TPACKTOPHH  CTAHOBHTCA,
HCHCTBUTCBHO, OYeHb. JOPOTHM, KOTAA MEI HMEEM AEI0 C THICTYAMM IIArOB BPEMEHH.
TocTpoeHHe MYNBTHNEPEMEHHBIX KOPPENMPORAHHELX BUHEPOBCKHX MPOLIECCOB NIPH  TIOMOLLH
OpOYHOBCKOTO MOCTa H CTIEKTPANTEHOTO PAOMKEHHA HA KAYKIOM BPEMEHHOM TOPH30HTE, YTOGBI
yHecTh HHQOPMALMIO O KOPPEMAIMH MOWKET GbITh, TAKUM OGPA3OM, CAETAHO CTIE Ay HOLUHM
o0pasoM. BO-TiepBEIX, MBI CTPOHM ¢ HEKOPPENMPOBAHHBIX HOPMANH30BAHHBIX TPAEKTOPHIA
BuHepoBckoro npouecca W(t) € R® u3 sapannoro BekTopa-eIbopkn z € R™ mcmomayn
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6poyHosckuit MocT. [yia sToro, Ml GepeM NepBbie d MEMEHTOB Z, 4TOOB! NOCTPOHTH
peaTH3aUMI0 BCEX HEKODPCIHPOBAHHBIX BHHEPOBCKHX TPOLECCOB HA  33KHOYHTEABHOM
TOPU3OHTE BPEMEHH 7,. 3aTeM, Mbi GEPEM BTOPOE MHOXECTBO d MEPEMEHHLIX OT Z, 4ToDbI
TIOCTPOUTE PEATH3ALMIO BCEX HEKOPPETMPOBAHHBIX BHHEPOBCKHX MPOLIECCOB B IPOMENKYTOHHOM
IIIATe BpEMEHH Iy C k=m/2 W T, Cciesysi anropHtMy OpOYHOBCKOIO MOCT, BBIICJICHHOTO B
paszene 1083 (cm. mpamep mporpammel  10.1). Torma, u3 37T0ro MHONXecCTBE d
HEKOPDPEHPOBAHHBIX pEAIH3AIMi TPASKTOPHH BHHEPOBCKOTO TIPOLIECCA TI0 /1 TOPH3OHTaM
MHTEPECYIOIIET0 BPEMEHH, NIOTyHacM TPHPALICHHS BUHEPOBCKOTO NPOLECCA OHSBHIIHLIM
criocofoM. 3ateM, KDKIOE MHOMECTBO HEKOPPEIMPOBAHHBIX NPHpALeHHH Npeodpasyercs K
MHOXECTBY KOPPEJIMPOBAHHEIX M MaCIUTaOHPOBAHHBIX ~ BOJATH/ILHOCTBEO ~BHHEPOBCKHX
TIpHpaLeHHH, depe3

AB = Ay AW, (10.40)

e Ap ABIAETCS CHEKTPANLHBIM TICEBJOKBANPATHLIM KOPHEM KOBADHALMOHHOM MaTPHLIEI
npupauiennit C(ty)- C(ti-1), upu anemenTsl onpeneneHsl B ypasHenuH (10.39). OGparure
BHHUMaHNE, 410 A; COIEPKAT i MacLITal JAns AeiiCTBUTENBHON BEMUNHEI LIara BpeMeHH (BCe
HEKOPPEJIHPOBaHHble NPHpaIeHHs Wi ObUtH NOCTPOCHSI B MPEATIONOXEHHMH, YTO BCC Liard
BpeMeHH MMeloT pasmep At =1), n MacirTal BomaThabHOCTH. Y HakoHell, KOppeNHPOBaHHbIE
TIPUpAILEHHs TPACKTOPUH BHHEPOBCKOTO NPOLECCA CKIAIBIBAIOTCS CHOBA, Kak Gyaro Mbr
CTPOMJIH KOPPEIMPOBAHHEIE TPAEKTOPHH CIIOCO00M NPHPALICHHA C CAMOTO Hayana.

Besxkuii pa3s, KOraa KOppessilys My BHHEPOBCKHMH NPOLECCAMH MOCTOAHHA [t
BCEX LIaroB BPEMEHH H KAKBIH H3 MPOLECCOB HMECT NMOCTOSHHYIO BOJIATHJILHOCTS, BO3MOXKHO
HECKONBKO YIPOCTHTB 3Ty HpOLEAYpy. B 3TOM ciyuae, MOXHO H30exaTh NOCTpOCHHS Ha
OCHOBE TOLIATOBLIX [pUpaiicHuil koBapuaumy. Jlapalite 0603HAYMM BONATMIBHOCTS j-ro
TIpOLIECCa KaK O H IycTh R Gyner MOCTOAHHAA 1O BpeMEHH MatpHua xoppensuun. Teneps,
yeTaHoBuM Q, KOTopoe GyIeT CIIEKTPanbHEIM NCeRI0KBAIPAaTHRIM KOPHEM U3 R Takoe 4To

R=Q@'. (10.41)
Jpyrumu cI0BaMH, MBI HEMEEM CJIEAYIOMICE COOTHOMICHHE Mex Ty anemenTamu R 1 O
= Y Gk A (10.42)

J

Takum 06pa3oM, MPOLEAYPa, KOTOpast CTPOMT KOPPEAMPOBAHHLIE BUHEPOBCKHE MPOLECCHI,
HCTIOJIb3Ys BGPOYHOBCKHIA MOCT, KOrZ2 BONATHILHOCTH H KOPPENALMH OCTOSHHb, CIICAYIOIas.
Bo-nepBbix, CIPOMM HEKOPPENHMPOBAHHBIC CTAHNGPTHBIC BHHEPOBCKHE MpOLECCHl Ui
KOPPEKTHOTO BPEMEHH MOHHTOPHHT, KAK NOKa3ano B cexuuu 10.8.3, yperynupys v; = ; s
Beex j = 1..m W npearionaras eAMHUYHYIO BONATHIBHOCTE (T0 ecth 100 %). Taxum o6pa301v!,
MBI OCTPOHM TaKH€ TPACKTOPHH, y KOTOPBIX BapHauys Wy, To ecrb BapHALIs PEATH3ALAH J-
TO BHHEPOBCKOTO TIPOLECCA BO Bpems k, paBHACTCK f, a kosapHauvsa moGoit napst Wy u Wy,

Oyner

Covit g, wy,] = 8 miu(te. 4,) . (10.43)
Torpaa, ycTaHOBHB
b =0 > it - (10.44)
!
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Gnaronaps ceoiictsy (10.43), Moxco noxazars, yTo
COV[hjk, I),‘].] = 0i0;Fi; ll]il](f.k, th) (10 45)

KaK 370 JOWKHO ObITh AMs
KOPPE/IHPOBAHHBIX BHI
BONATHIILHOCTEIO H KOpPESLHei:, HCPOBCKMX MpOLECCOB C TOCTOAHHOM

10.9 Npunoxerue

10.9.1 Xapaxrepucrudeckne yucia u BEKTOPLI IMCKPETHO-BPEMEHHO#
MATPHIbI KOBAPHALHH

Konapnaum)ﬂﬂaﬂ MAaTpHUa PCANH3aIMH OIIHOMepH()lO BHHEPOBCKOTO npouecca W i BO
C
MHOXECTBE AHCKPETHBIX BpPEMCEH, BBleaHHle TaK, 4YTOOB! 65['['5 FOMOICHHBIMH C ILIATOM {; = A
i

s i = l..., n 3apaerca

111 I
122 2
Co=1]123
K 3 (10.46)
123 n
XapakTepucTuyeckoe YHC/Ia 3a0aHE!
Da(A) =0
c (10.47)
1—X 1 1 1
1 2- ) 2 2
D\ =] 1 23— 3 (10.48)
1 2 3 - n-X

Briunranse nepsoit
CIDOKH MaTpHUBl BHYTPH O
HOCETYIOHIHX, AROT neparopa jetepmuHanta |- mio meex

1-x 1 1
A -2 1 1

DN =] A 12— ... 2 (10.49)
X 1 2 n—1-2X

Y 3arem BerauTas BIOPOit PRI H3 1EPBOTO, MEI ToJTy4aeM

1-2) X o .. 0
A 1-A 1

DNy =| A | S J 2 . (10.50)
A i 2 n—1-A)

PaciuspeHye Ha NEPBYIO CIPOKY acT

A1 | T 0
A 2=-A 2 .- 2

D.(A) = (1 =20 D2 (M) — A A2 3=X - E (10.51)
A 2 3 . on-l-2A

Bhruyras A U3 KOJOHKH SBHOTO JICTEPMUHAHTA HA MPaBOA CTOPOHE ¥ NOBTOPRA npouenypy
uMTAHHEM BTOPOTO

BHIMHTAHMS [[EPBOTO DA H30 BCEX MOCEAYIONIHX, CONPOBOXIACMBIX BB
PAAA U3 IEPBOTO, Mbl NOTYHacM

I A [ ]
01-A 1 - 1
(10.52)

D3y = (1 - 20D, () = X¥| 0 1 22X 2

. H : : . :
0 1 2 e o =2=A

PacimipeHue SBHOTO NETEPMMHAHTE Ha TPABOA CTOPOHE TEMeEPh JAET HaM PEKYPCHBHYIO

Gopmyy
Da(A) = (1 =20 Dai(X) = X DiaA) (10.53)

C HayaJbHBIMH YCIIOBHSIMHA

D) =1 (10.54)
D) = 1-2A
Hcnons3ys
D) x [V (10.55)
Mbl TIOJTY4aEM
- (1=20)a+ N =0 (10.56)
U Takum obpazom
a«;:é(x—zu\/l-m\) . (1057
TockonsKy AeTepMHHanTBL Dy, Dy # D, BCE JIMHCHHBL B YPABHEHHH {10.53), MBI 3aMeHACM
nHHEHHY10 KOMOUHAUMIO
‘ (10.58)

DAy= p o'+ 2.0

1a (10.54), pewaem s ¥, H X, 1 TOTyHasM
DA = <___——1 —A- "*) o - (——f—l —A—o ) P (10.59)

ry — g e
Tlp#t MCRONBIOBAHMH (akTa, JTO 0, 0r=A%, KOTOpBIH MOKHO JAMETHTH U3 YPABHCHH) (10.56),
MBI TETEPb, NOJyYaeM
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A
Dy = — X1, — oy -
W= [( +V1 “‘)(,\) (1—\/1~4,\) (T*) } . (10.60)
Hazaiite renepr onpenenum '
o a;(A)
=5 (10.61)
4TO O3HAYAET
A= Y
af oy (10.62)

XapakTepHcTHYECKOe YHCIA MatpHiibl G, AAIOTCA BBIP&KEHHEM D,(Ay=0 xotopoe, BMmecTe ¢
BbILIEYTIOMAHYTBIMH ONPEAENEHHAMH, YMEHBILAETCA 10

- S
w =1 (10.63)
Orxyna cnenyer, yro
iR
w=e"% T for m=1.n. (10.64)
310, B coeueHnH ¢ (10.62), HAKOHEI, YNPOILAETCH K
A= 1
food (2] (1069

Hpocroit ananus ypasrenns (10.65) TIOKA3bIBACT, YTO C YBENUUEHHEM 711, CAMOE MANIEHBKOE
Xapaxrepuctuieckoe 4ncno D, cxogurea k Y%  cepxy, B TO %ke Bpems, camoe Gonbiuoe
XHPAKTEPHCTHYECKOE  MMCNMO pacTeT Kak n. TakuMm o6pasoM, BaKHOCTS MEHBIIMX
XapaKTEpPHCTHUECKOE HHCEN YMEHBINAETCA oA06Ho /1,

VuursiBad onipenencane
oo (B =1
“\m+1/) 7

Ma1 Moxcem nepenucars (10.65) kax

=

(10.66)

3

1

T .
dsin®w,;

Ao 1= (10.67)

3aka3 — Temepb TaKoH, 4To A, sEaveTCs caMmsiM GOMBILMM  XApaKTEPHCTHYECKOE
auciom C,, a A, — caMoe MaleHLKoe XapaKTePUCTHYECKoe uHeno. UTto xacaercs
XAPAKTCPHCTHYCCKUX BEKTOPOB, KOTOPHIE ABNAKTCH BEKTOPAMH-CTONOLAME MaTpuisl S B

PaIOKEHHH
Cn=258,-A, S% (10.68)
€ Ay, ABNAOIIEHCA JHATOHAIIBIO, MBI HMEEM IS MEMEHTOB S,y MATPHLBI S,

s = sin (2kw,,) - )

Tockonbky
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o 1 1
sin” @ = 5 - 5 cos (22) (10.70)
u
o 5
cos [Qn("’ 1)] S (10.71)
RITE| 2
j=1
ypasHenue (10.69) ynpomaeres K
2 o
Sprt = Ve sin (2hwn) (10.72)

310 03HAYACT, UTO JIEMCHTBI d,yy CIICKTPATBHOTO TICEBAOKBAAPATIOrD KopHs A, Matpuist C,
YOBIETBOPAIOLME

C” = All ' A;‘

333107

£y 1 sin (lnr‘

Qg = === T"FH ] 2\

' V2n+1 s (——5"”1] . 3)

JU1s TOMOTEHHOM JIHCKPETH3aUMH BPEMEHH [POH3BONBHBIMH 1iaramMu Af BMECTO 1, aneMeHTbI

MAaTpHIBI KOBapMauu C, TNPOCTO [OMKHBI ObITh YMHOMEHBI Ha Af, a 3JIEMEHTHI
CIIEKTPANBHOTO TICEBJOKBAAPATHOr0 KOpHA 3ajarotea Tawke, kak B (10.73), Tomsko onu

(10.73)

TpebyloT ymMHOxenuA Ha v/ At . K coxanenHio, 1 HeroMOTEHHBIX IIATOB BPEMCHY, JTyHiliast

JIOCTYNHas ATIPOKCHMAIHS — TAKast Xe, KaK [ HeMpephIBHOIO CiTyyast B ypasHeHu (10.28).

10.9.2 YcinoBnoe pacipeeienye 0poyHOBCKOro MOCTa

JlasaiiTe HauHEM ¢ TIPSAMOIOKEHHUS, YTO BHIIEPORCKAS TPAEKTOPHA OT #; 10 £, M 3aTeM
10 1, ObLId NOCTPOEHA ¢ NPHPAIGHHEM M3 [BYX HE3ABHCHMBIX CTAHJAPTHBIX TayCCOBCKHX
MEPEMEHHBIX X M }!

Wy, =W, b/t — b (10.74)

W, =W+ Jle—hy=W, + [ —het+ -ty (10.75)

O6BENMHEHHAS MUIOTHOCTH BEPOSTHOCTH BEKTOPHOH BHIDOPKHM (X, ¥) — 3TO HMPOM3BEACHHE
[UIOTHOCTEH MEPCMEHHBIX X H ¥, TO eCTh (XX)¢(y). Kax Mbl 3HaeM, TIOTHOCTb B3BEIICHHOH
CYMMBI TayCCOBCKHMX TIEDEMEHHBIX, TAIOKe TayCCOBCKAs IEPEMCHHAS M, TaKUM 06pasoM, Mbl
vosxeM nepenvicats (10.75) xak

W = Wy Vi — 6o (10.76) :
Iepemennas |
e+ =Ty [ . |
P & ‘\/lk—if = (W, = W) (10.77)
Vi — 4 Vil — 4

KOHEHHO, #¢ HE3ABHCHMA OT X M Y, HO ed MIOTHOCTh BEPOATHOCTH CHOBA TAKAs XKE, KaK Y

CTaH/|2PTHOH HOPMAILHOH NEPEMEHHOMH.
Venosnas niomuocms BEKTOPHOM BLIGOPKM (x,y) koropas yaosiacTopser (10.77),
3amaerc ¢é Ge3ycnoBHOM IUIOTHOCTHIO, pasiciieHHON Ha mioTHocTh Beposthoctd (10.77),
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KoTopas sirnsierca ¢Fz). JpyruMy crioBaMH, ecam mul paccMaTpuBacM

Ve —tiz— /"1 x
Yz, 2) = ‘xz,\/_l—"—'i (10.78)
“k T L

KAK 3aBUCUMYI0 MEPEMCHHYHO DU TIOCTPOCHHH TPACKTOPHH, C YCIIOBHSMH X H Z, MBI TIOTY4aEM
YCOBHYIO INTOTHOCTH GPOYHOBCKOTO MOCTa

(afz) = £ 2))

¢Brmnbfi(
e 0 (10.79)
- ! -4 (Al
2
(,_ 5T
_1
1 2
=——e T
27
I.[pyX'HMM C/IOBaMH, X — HOpPMaJIbHas HEpEMEHHAn CO CpeHUM
_ ft; =t Vi -t ) B
Elx] = \ t—k—:;:z = TJ-—, (W, — W) (10.80)
W BapHauueit
te — L
Viz] = —2 '
1] ol {10.81)

Hoxcrannsn 310 B ypasnene (10.74), Mb1 ony4aem

7 o =t ., , (t; — )t = t;
Wo =Wt f=, W - W)+ \/—’—~)(—‘—~')v (10.82)
ey (10.83)

(e — 1)
trzj) ) (r—r
- LA (e Al TV
(ﬁk—ti ! ik—fi) ot (T — L)

¢ v~ N(0,1), ur0 3aBepIIacT JOKAATENLCTRO YPaBHEHHMI (10.33) u (10.34).

(ti =t — )
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11.1 BaxHocTs "rpexos”

DyHIaMEeHTAIBHBIH K09 K OLEHKE ONMUHOHOB NEHT B BBMMMCICHHH CTOMMOCTH
PpeTUHKAUMK IPOAAHHOTO HPOH3BOIHOTO KOHTpaKTa. J{% HEKOTOPHIX OTIHOHOB, Mbi MOMXEM
HOCTPOHTH CTATHYECKYIO CTpaTeruio perumnkatpy. lena, KOTOpYI0 HaM HY)KHO B3ATb 3a HHX,
TOTAa MPOCTO 33[aCTCA CTOMMOCTHIO YCTAHOBJCHHA HAYAIBHOIO Xemka. Chenas 370, Mbl
MoHceM 3a0bimb 06 MOt no3uyuy’ , NOCKONbLKY MBI 33XE/DKHPOBAHBL, OTKYJa H NPOHCXOIMT
Ha3BaHHE 3TOH CTPATETHH 3aXe0NCUDOsab-u-3a6bimb. Jind GOBIIHHCTEA ONIMOHOB, OHAKO,
HE CYIIECTBYET HHKAaKOHW CTATHYCCKOH PEIUIMKALMH M MbI BEIHYXKICHBI HCTIONB3OBATH
CFpATETHIO IMHAMHYECKOTO XE/DKUPOBaHHS, YTOOBI 32IMMTHTE ce0st OT PHIHOMHOTO DHCKA,
OTIENENEMOT0 HamIeit KOpOTKol nojuimeli no omumoHy. BriSop mpouecca-Monem A
MOVICKAHMX LCHHBIX OyMar, YCTAHOBIEHWE DHCK-HEHTPaIbHOH MEDhl M BhIYMC/ICHHE
MATeMATHYeCKH H YHCIIEHHO O)KHIAHHA, NCHOMUHHMPOBAHHOTO OTHOCHTEILHO OE3pHCKOBOTO
axTvBa (numeraire)’, 1aeT HAM TOLAA CTOMMOCTH CACIKH. B HEKOTOPOM CMBICIE, MIs
KOJIRYECTBEHHOIO aHANMTHKA, paboTa Ha ITOM 1 3aKAHUMBAETCH, B TO BpeMA Kak /Ui Tpefizepa,
KOTOPBIH JOJDKEH YIPABIATS NO3ULMeEH, Pa3BICUEHHS TONbKO HauuHatoTcs. Tlosuuma Teneps
JAODKHA OBITH peXePKMpOBAHA AHHAMHUECKH, MTO TpeOYeT 3HAHHA DARMHUHBIX XEIKEBBIX
NapamMeTpPoB, H3BECTHLIX KaK "zpexu”, BCICACTBHE PBHIHOYHOH NPAKTHKM HCIONL30BAHMS
Ha3BaHHil rpeuecknx OyKB (pealibHbiX # H300PETEHHBIX), YTOOL! 0603HAUHTE ITH MAPAMETPbI
pHCKa. DTO 03HAYAET, YTO Mbl JOIDKHbI HE TONLKO ObITh CIOCODHBIMEM OLEHHTE ONLIMOM, HO
TAKXKE M BHIYMC/IUTb, KAK €r0 3HAYCHHE 3aBHCHT OT HW3MEHCHME B NapaMerpax MOJENH H
TOpryeMoil LieHe MOMIekKALero aKkTHea. B criemyrommx pasgenax, s BBIJEMIO HEKOTOPbIE
Metoapt Monte-Kapno, KoTopsie NOAXOMIT st IT0H LenH U 0OpPHCYIO COOTBETCTBYIONIHE HM
TIPEHMYINECTBA U HEROCTATKY. [IpH 3TOM, MEI COCPENIOTONMMCSR Ha BblUHCIeHH Jeabmbl, TO
€CTb MepBOit MPOM3BOHON OTHOCHTENBHO NOMIEKaled neHHoH OyMarn u Iammer, TO ecTh
BTOPOK [IPOM3BONHONH OTHOCHTENBHO NOMIEKAINEro akTHBa. Mutatis mutandis’, meToms,

lCTporo TOBOPH, Mol MOXEM 3a0uTb TOSbKO O DHHOYHOM PUCKE, MPEACTaBASHHOM 3TUM
onuuoHoM. BCe ewe OCTABTCA PACYETHON PUCK ¥ KPEAMTHWA DUCK, MOCKONbKY
ACTOMHVMKOM HAWMX XEOXEBbX KOHTPAKTOB OyAeT [pyroit KOHTPareHT, a He KAMeHT,
KOTOPOMY Mbl MPORANA OMNUNOH.

“ My 3HaeM, Ha OCHOBAHWM HOBATOPGKOM TeopeMu lappucoHa u fnaucka [HP81], uTo Mu
MOXEM WCMIONB30BATh NGO TOPryeMuil akTWe B Ka4ecTee 0e3puckosoro axTusa. [ns
BHHUCAEHMS CTOVMOCTH MHOTWMX aKUMM W BANOTHBX ONLMOHOB My vChONs3yeM obavraume
C HyfeBbM KyNOHOM B KavecTse OE3pUCKOBOrO akTwsa, a 3TO 03Ha4aeT, HTC Ml
[ONXHN  BoMMCIWTD  OXMAAHWE W 3aTeM  AUCKOHTMPOBATh €r0  BubpanHbM  $akTOpOM
pvckoHTvpoBakua. B obwem cnysae, opHako, Be3puckoBui akTuB MOXET OuTb OYeHb
PA3NMYHBIM, TUNA AEHEXHOW PEHTH, KOTAA Mbl BHYMCAAEM CBONUACHB WM [axe Apyroi
DOHOOBHA AKTMB, KAK B CNY4ae MAKC-ONUMOMOB, Kak nokasan. Marpafe [Mar78].

ie COOTBETCTBYOUMMIA U3MEHEHVSMA (naT.) - (npu. nepes.)
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NPEACTABNICHHBIC 3/ECh C FOTOBHOCTHIO NEPEXOMAT K ApyruM "rpekam”, Tuna Beeu, To ecThb
{IYBCTBUTENEHOCTH BOJIATH/IBHOCTH, KPOCC-I'aMMaM Jy1s ONUIMOHOB HA MYJIETHAKTHBE! 1 T4,

11.2 Up-out konn-onuuon

Tlepen nauanom oOCYXIEHHS Pa3HMHBIX METOMK BBIMHCICHUS TPEKOB METOOM
Mowure-Kapno, rossosTe MHe Xpatko ONpeJienHThL CLeHapwii Tecta, KOTOpbIH A BeIGpain B
Ka9eCTBE HIUIIOCTPATHBHOTO TIPHMEPA Ui HHX. MBI paccMaTpuBaeM OMUMOH TaKOTO THIA,
KOTOPBIH, (haKTHYECKH, ABJIAETCA BECbMA OOBIMHEIM B MHPE NPOM3BOJIHBIX aKTHBOB, XOTA H
TPYAHO TOJJAIOLIMHCA TOUHOMY aHATH3y: 3TO AMCKPETHO nposepsemsiii Up-Out-koni-
onupoH. ONUKOH €BPONEHCKOro THIA M HMEET Ty XKe CaMylo (YHKIHMIO BOSHAMPRXKICHHS, 4TO

H NPOCTON BaHW/IBHBIH KOJUI-ONIMOH TPH YCIOBHH, YTO TOANEXAIIMH AKTHB HUKOTAA HE °

PaBeH MM HE BbILIE NPEAONPEAENEHHOTO YPOBHA BRIXOMA, HY B OfHY H3 KOHTPOJHDYEMbIX
Lar, (410, O6BIHO, NOJPA3YMEBAET CPOK €0 KH3HH), B IPOTHRHOM CITyHae BOSHAPOKACHHE —
PaBHO HYMO. JTOT HPOAYKT MOXKET ObITh MPHONM3UTENALHO OUEHEH, HCMOMb3Yys (OpMYIy
HENPEPLIBHOTO Gaphepa C MONCTPAHBAEMBIM YPOBHEM BbIXOJA, COMIACHO AMMNPOKCHMALMH
Bposw u np. [BGK99] mauwoii B ypasuernn (1.3). Onnako, Komia 4acToTa MOHHTODHHrA
CPaBHHTENILHO HH3KA WIIN KOT/a CIIOTOBAS CTOMMOCTD HAXOAMTCS OKOJIO (GaKTHYECKOro ypOBHS
Gapbepa, owmOka anmpokcuMauMm Moker GLTL [OBONBHO 3HAauHTENbHOM. S He Gyay
oficy#ats Kax ¢ 3THM OOpAlllaThCA NOIKHBIM 00Das’oM, HO . BMECTO ITOTO, BO3BMY
CTaHAapTHbIA npouecc Broka-Illoynsa . reoMeTpudeckoro GPOYHOBCKOTO IBHKEHHA C
TIOCTOAHHOH BONATHIBHOCTBIO O = 30 %. TTOCKONBKY HH JCTePMHHHPOBAHHAS TMPOLEHTHAS
CTaBka, HH HENpepbIBHAA - [IMBMJCHIHAS JOXOJHOCTH HE MEHSIOT (DYHIAMEHTANIBHbIE
napaMeTpel OGCYXIeHHs', Ml NDOCIO YCTAHABIMBAEM HX B HOMB, 4TO COOTBETCTBYET
NPEAMONOKEHHIO, YTO KOHTPAKT (PaKTHYCCKH BhITHCaH ¢ Gy/yiueil CTOMMOCTBIO TAKOH e, KaK
y nomexawero aktHBa.  CTOHMOCTh ITOATEKAWETO aKTHBa MOZCIHPYETC Tak, UTOORI
Pa3sBHBaTBCA JIOTHOPMAIIBHO, Kak B

5(1) = S(0)e™ i) (L

tne W, ABsiercs CTaHJapTHHIM BHHEPOBCKHM MNpONECCOM. [IOCKONbLKY MBI JOMKHDLE
KOHTPOJIMPOBaTh TOJILKO CHOTOBYIO LEHY B 1 MOMEHTOB MOHHTOPMHIA, Mbl MOXEM
paccMaTpHBaTh OJHY TPACKTOPHIO Pa3BUTHA NOMIEKALIETO aKTHBA OT Hauana /0 3pEeNoCTH,
KaK BEKTOp 71 3Ha4YeHHit oT S 710 S, TO ecThb

S:(Sl, S2s~",SIl)

Jlrobass tpaektopua MoxeT ObITb, Takum 00pas’oM, MOCTpOEHA M3 MHOXKECTBA 7
CTaHJAPTHEIX HOPMABHEIX TIEPEMENHBIX Z), Zp..., Zy ¥ Z; ~ N(0,1). UnTaTens HABEPHAKA 3HAET,
4TO CBA3LIBAIOLIEE HX ypaBHEHHe Oyaer

142 5
v v _ g2 .. . "3otltae 3 VAL
8 =877 At /B Spe = 5 {11.2)

D; h

! Mpumeps B daitne Excel GreeksWi thMonteCarlo.xls Ha COMPOBOXAAKLEM KOMAAKT-
AMCKE HE [IenaiT 9TOr0  MPEANnONOXeHWs ¥ AONYCKAT —CReundukaumo HeHynesoro
6e3DMCKOBOTO NMPOLEHTA W HOPME AVBKAEHAA.
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ECTeCTBEHHO, YTODHl OLEHMTL JTOT ONLMOH, MbI MPOH3BOZHM MHOXECTBO, CKAMXEM, Mi
paextophii S, §7,....8™ M ka2 W3 ITHX TPAEKTOPHIL B S (aKTHHECKH, IOCTPOEHa n-MCPHbIM
BEKTOPOM CTAHAAPTHEIX HOPMATIBHbIX [IEPEMEHHBIX Z; TO €CTH MbI MOJKEM BEIp@XATS of KakK /i-
3HAYHYHO QYHKUMIO BHITAHYTOrO BEKTOPa Z M 3a/JaHHbBIX [IAPAMETPOR

S/ =8(Z: 50, H.K,0,T\ ). (L3

Jlin KaxIoro M3 5THX BEKTOPOB TPAcKTOPUM S Mbl 3aTeM oueHmBaeM MOAENHPYEMOC
po3HarpaxkicHne AS), ¢ YCIOBHEM, YTO TPAEKTOPHS HE BCTPETHIA HHKAKOTO BHIXOXA
(DOCTYKEHHS LIEH! AKTHBOM) M YCpEJiHsIeM, ITo0BI Oy MTh npubmmkenie Mowte-Kapio no
m BuiOOpKaM. B o01ieM cMBICIC, MBI MOYKEM BBIPAKATH LEHY Mowre-Kapno v" kak

m

#(So H, K, 0. Tom) = % PIRICHE (11.4)

11.3 Koyeuxoe authchepeHuupoBaHue ¢ peumupKynALnen TpaeKTopum

TTono6HO ApYyrUM MeTOJaM OLEHKM OMLMOHOB, €CTh OAHA PE3epBHas METOAMKA A
BhIYUC/IEHUs "Tpexos”. Ml BCEria MokeM MOBTOPHUTE BCIO MPOLIEAYPY OLIEHKH C PasiH4ibiMH
BXO;IHBIMHU MTAPAMETPAMH, OTPAKAIOIINMH [OTEHUMAIbHbIE HIMEHEHHS B NOJICKALICM AKTHBE
M MCNIONB30BATH MOAXOA KOHEUHOTO Au(QEpeHUMpoBaHUs I8 BBIYHCICHUS “"TPEKOB”,
KOTOpBIMH MBI HHTepecyemcs. [l JebTel MBI MOXEM TIPOCTO NOBTOPHO BBHIMHCIIATE CABUI
BBEPX B MOMIEKANIEM aKTUBE, Sy > So+ASp, 3aKAHUMBAIOLANCA HOBLIM 3HAYEHHEM WSp +

ASy) u 6pars

du_w(Se+ ASy) = v(So) (11.5)
Delta = X,” ~ AS, .

ATETEPHATHBHO NOAXOLY AH(MQEPCHUUPOBAHHS BIEPes], (D03HAUCHHOMY BBILIC, MBI MOKEM
CHOBA BBIMHCIIATH JB@X/6l — ONMH pa3 Tl CABUIA BBEPX M ONWH pa3 Jyis CABHIa BHH3, H
aNIPOKCUMHPOBATS XKeNmaeMyHo Jensty

du Sy + ASy) — v(S — ASy) ‘ e
98y 2A8,

Delta =

Hcriosb30Banke LEHTPATEHO-IHbdepeHuMpyOnero nofxosa B ypaskerun (11.6) umeer 1o
JOTIONHUTENBHOE — NPEMMYILECTBO, 9YTO MBI MOXKEM  TOTJA  HEMOCPEACTBEHHO

anmpoxcuMHpoBats [aMMy Kak

v Z’(S() + ASQ) - 2(—'(31.) + ‘l'(Sn = A-Sn)

—_— — . (11.7)
O ;‘; A.Sé

Gamma =

XoTa 310 caMmo 1o ceBe O9eBHIHO M NMOHATHO, €CTh OAHH BAXKHBIH BOMPOC, KOTODHIA
4acTO He YKasblBaeTCi B y4eOHMKAX, OMHCHIBAIOIIMX BBULEYNOMAHYTYIO NpOUEIypy.
Bonpoc B TOM, KaKk M5l Bei6upaem ASy? UroGsi OTBETHTE Ha 3T0, JABANTE PACCMOTPUM
MOCNEACTBUS HCIONb30BaHHA ASp, KOTOpOE SABASETCA HIM CIMUIKOM GOJNbIMM HiM
CAMUIKOM ManeHpKuM. LleHTpansHO-auddepenunpyOnMi TOAX0A TOYCH BINIOTbH N0
(BKIIOUAR) JNEMEHTOR BTOPOTO NOPAAKA B paciumperud Teittopa, To ecth [amma ne
oxa3sniBaeT HHKakoro d>ddexta Ha ouesky (11.6) ana [Jembrer. Oanako, Koraa Mhl
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BEIGHpaeM ASy, KOTOpOE ABNAETCH CIHUIKOM GONBIIHM, MEI MOXEM HAGMIONATE 3(dexT
Tperbero mopsaka B pacuupenun Teiinopa u mame npubmmxenue oia Henbtel Gyner
HETOUHBIM, KpoMe TOro, NOCKOALKY MBI JOIDKHEI [IOBTOPHO HMCHONB30BATD, TC KE CAMBIE
TIEPEMEHHBIC VIS IOCTPOCHHA TPACKTOPHH B KaWIOM M3 BLIYHCIIEHHUM v(Sy), v(Sy + ASy) n
V(8o — ASy), kax 06BACHINOCKH B pasaene 10.2, Bapuaums Haureii CIGHKH YBETHUHBACTCS
[OTOMY, YTO KOPPENAUMA MHAMBHAYANBHEIX BLIYHCIEHKA YMEHBILAETCH C pocTtoM ASy,
cM. ypasuenne (10.5). C ppyroit cTopoH:i, ecnM Mel BuiGHpaem AS; CIHLIKOM
MAJIEHBKHMM, TO BCTYNET B HTPY TOT (akT, 4yTo GOMBIIMHCTBO IPOH3BOMHEIX KOHTPAKTOB
umeloT GunanbHyio GYHKUHIO BO3HATDaX/ICHHA, KOTOPAs ABANETCA B, Ny4NIcM CIIyyac,
HEMpEpLIBHOH, HO penxo Besne Auddepenuupyemoil. Ecmu me1 BLIGHpaem oucHb
Manenpkoe ASp, CKameM, CaMOe MafeHbKOE, KOTOpoe MoxeT 06paboTars Ham
KOMIBIOTED, TO AaKe A4 KOHIPAKTa CTONL K€ OGnaronpuaATHOrO, Kak [POCTOi
BAHHIIBHBIA KOJUT-ONLMOH MBI, [0 CYIIECTBY, YCPEAHACM N0 NOC/IEAOBATENLHOCTH HyIEH
u enuamn’. Toraa, ana onuuoHa rnyboko "6Ge3 nexer”, RHArpaMMa cXoauMocTy MouTe-
Kapno jans  JMlenbTsl HanoOMMHAET, rHnepbosudeckoe 3aTyxauue MO  YHCIY
HCIIONB30BAHHBIX TPAEKTOPHH, CO CITy4aifHEIM NOACKOKOM BCAKHI pa3, KOTAa OTAebHAA
napa TPacKkTOpHH 3aKaHUMBACTCA "B-ACHBrax" M, TaxkuM OGpAa3OM, BHOCHT BKIAN B
BLIMHCIEHHE HyBCTBHTCNABHOCTH. Jna TaMMEl, curyauus jaxe eme xyke. B stom
Ciay4ae, Mbl MO CYIIECTBY YCPEAHAEM 1O MOCICHOBATENBHOCTH HyNEH M 2/EMEHTOB
sennunBbl O(ASp'), Tombko ma ceit pa3 OHH HE DPE3YNBTHPYIOT H3 MapBI-TPOHKH
TPACKTOPH#H, 32KAHYMBAIOIUKXCH "B AeHbrax" wmu "Ges Lener" (TO ecTh Kak 6YATO MbI
ZAenaem Buibopky dynkumH X3BHcailipa), HO, BMECTO 3TOrO, 3Ha4EHME, OTIHUHOE OT
HYNIS, NOABISETCA TOMLKO TOTAA, KOrAa (UHHWIHGIE CIOTOBbIE YPOBHH TpOHKM
TPAeKTOPHil HAKPHIBAIOT LEHY UCTIONHEHMS ONuHMOHA. [[pyrHMH ClIOBaMH, BRIMHCICHHE
TaMMbl #BHBIM KOHEYHEIM AMGEPERIMPOBAHHEM JUI1 ONMLUHOHOB ¢ (YHKIHAMM
BO3HATPAXCHUS, KOTOPHIE NOKA3BIBAKT rAc-HHOY b 3arub, JKBUBANEHTHO MPOBEACHUIO
Bhraucnenuii MonTe-Kapiio no mozenuposanHio Bemiecka Jlapaka, To ecTh anauenue,
OTIHYHOC OT HyJA, MOJIY4YaeTCs TONbKO TOLAa, KOTAA CHOTOBAsS CTOMMOCTh TNpH
HCTEYEHHH CPOKa TOYHO PaBHA LUEHE HCMOMHeHHA. CHTyauns CTAHOBHTCH eile Xymuled,
ec QyHKLMA BO3HATPAKIEHHS AKE He HENPCPLIBHA, KaK MOXHO 65110 BooGpazuTh. K
TOMY K€, H 3TO OTHPABHAA TOYKA /IS CNEAYIOWICTO AHATIH3A, A1 OYCHb MANCHLKOrO ASy,
HeusbexHag uucnennas omuGKka OKPYIICHHS HCIOPTHT pesynsTaT. UToGsl NOTy4HTH
pasyMHOE MpaBuiIo GONBIIOLO NaNbla VI8 YMCIOBOM BelH4HHBI ASy, KOTOPYIO HYXHO
MCIONB30BaTh,  JaBafiTe  BCIOMHMM, YTO Ul  QnnpOKCHMALMH  KOHEYHBIM
IMdpepeHUMpPOBAHHEM NPOUIBOAHON YHCIGHHO ONMPEACTEHHOH GYHKUHH = HYKHO
ONTHMANBHO HCIONB30BATh YHCIO, ONPEASHAEMOE ypaBHEHHEM, OANAHCHPYIOIIHM
OwWNOKy H3-32 YHCIOBOCO OKDYIJIEHHA HENOCPECTBCHHO B BEIYMCICHHH (YHKUHHM M
ommbky u3-3a Gonee BHICOKOrO mopsika pacwupenus Teitnopa. Jing Toro, #roGhi
annpokcHMHposanHas ['amma, 1o oxupasuio, Gsna 6bl Tak  GiMIKO K TOHHOMY
3HAYEHHIO, HACKOIILKO 3TO BO3MOXHO, B HAEANE, HYXHO HCION30BATh TAKYIO WHPUHY
kOHeYHOro AHG(epeHHHPOBAHUA

! Townogﬂ 3HaseHne, Ha camom pene, OyneT [lenbToR ¢OpBApAHOrO KOHTPaKTa, KoOTOPas
pastHa g™,
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—
ASy = 4\/1 e (11.8)

o . 1
e € ABJACTCA MOMXOMALIMM TPEACTARICHHEM MAIUHHHOH TOYHOCTH . Yrolbl YBHAETH 3T0,
Mb1 HaurHaeM ¢ paciumpenns Teilnopa /IS BENHUMHBL v, IPHHKMAS BO BHUMAIME TOT axr,
4TO MOGOE YHCIIOBOE NPEICTABIEHHE CTPATACT OT OWMOKH OKPYTTICHUSN

1 2 1w 3 Lo 5 5
¥(Sp + ASp) R v + v ASp + 51"/!356 + EU' ASy+ EYd ASy + O(AS)) +ev (11.9)

Tocnemmuit MEMEHT TPECTABISET HEMIGEKHYI0 YHCHOBYIO MOrPEIIHOCTD, KOTOpad HMEET
TOT € CaMblit TIOPS/IOK BENMUKHBL, YTO U JIEBAA CTOpOHA. Vicrnone3ys ypaBHEHHA (11.7), urobut
NOyYHTL OLEHKY f(SQ;ASO,e) s Tammel, KOTOpas, O4YEBHIHO, Gyne'r 3aBHCETH M OT
BHIGDAHHOM IIHPHHEL KOHEYHOTO SH(IPEPEHIMPOBAHNS, U OT MAIIMHHOH TOUYHOCTH, Mbl CHOB2
HO/DKHB! TIPHHATh BO BHHUMAHHE, YIO BCE YHCHOBBIC AGHCTBMS TOTYUHAIOTCA oumbram

OKpyrieHHs
A 1 2 & " '
‘ SR S ) 2 e (”.]0)
, ['(So; ASp.€) =" + T AST + ———Asg + €t
3pech, MOCHCAHMI JJEMEHT OMKCHIBACT BBEICHHYIO oum@cy OKpYIJIEH!A, CBASAHHYIO C
BBITONHEIHEM ASRCTBUH, 3a1aHHbIX ypasHeruem (11.7). Teneps BUAHO W3 ypaBHEHM (11.10),
2 -
yro I OYeHb GonblLore ASp, JMEMEHT v ASy mpreoanT K owMbke B HauwleH OueHke
TaMMbl, a Ui O4YEHb MalcHBKOTO ASo, ~HHCIOBad outMOKa OKpYIJIEHHs H3-33
€Y nomummpyer. Takum o0pasoM, B WAcane, 5TM [Ba ONEMCHTA  JOJDKHBI OBITH
2]
0
COATAHCHPOBAHBI, UTO BEJiET K ypapuenuio (11.8). 3
SlcHO, 4TO TIpAKTH9ECKH, Y Hac HET JOCTAaTouHOH HH(OpMAUHH, y1o0bl OLCHHTH
poipaxenue (11.8). Bes mpemyGexacHMs, MbI MOXEM JCHATE TONBKO NPE/HONOREHHAS.
PasyMHBIM npeanonoxenteM Gyjier To, 4T0 BCE NIEMCHTH! B PaCIIMPEHHH Teiinopa HMEIOT

g
PABHYIO BEHYHHY, TO €cTb Ov) =(v""Sp ), 4TO BEAET K
ASy Ve S ar
Hcnone3ys BBIUCYNOMAHYTOE 3HAUCHHE JIA ASe, MBI MOMKEM TEMEph BBIYHCIATH
npubnkerna Monre-Kapio KoHEdHbM migdepeRLmpoBasyeM Uit JenbThl ulaMMbr:
‘IF(S[)-FAS()) — {8y —A8y) (L12)
2A8,

1 ) io5 LA — a2 (8(27: Sy~ ASo)
- 2171A.§0§[N(S(Z ; So+250)) (8(=': % )]

Delta

' Ins noscreHus aBCTPAKTHOW KOHUGNUMM . MAUMHHOA TO5HOCTA HACTO npeanaraeTes

CRenyolas WAeA - 9TO CaMOe MAfeHbKOE MONOXATENbHOE HMGN0 £ Taxoe, HT% 1C|;Clia
ABNRIOTCA  BCE EWE  PA3NMUYVMBMA - HMChamu B  NPEACTABACHWM  MALMHLL. ,
NPenpoueccopHas  BVPEKTHBE #include<float.h>  ofecneunsaeT MaKppkoma:gé
DEL EPSILON, koTOpas onpefeneHa Takum cnocofoM AAs 4ucen ¢ nnasapuew TOH

Tuna double.
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GecKOHESHO Mallble M3MEHEHHS CIIOTOROIO YPOBHS B 1100Y10 M3 KOHTPOJIHDYEMBIX JAAT.
MoxHO 1M0Ka3aTh, YTO IS HEMPEPHIBHBIX IO Jlummuuy §yHKuMil BO3HarpakeHus, To
€CTb TeX, KOTOPHIC ABNAIOTCSE HETIPEPLIBHBIMH' BO BCeX aneMeHTax BEKTOPa S ¥ WMEIOT

KOHEYHYIO YaCTHYIO TPOH3BOAHYIO gg < o0, NOPAROK JAHQDEPEHLHPOBARHA H OKHIAHUA
i
MOXHO B3aHMHO NoMeHsTh. JUis Takux QyHKUMi BO3HArpaKieHHs COBEpLICHHO Pa3yMHO
HasHauuTh JIeNBTY PaBHOH HYMIO IO BceM TpaeKTOpHsM, KOTOpBIE 3aKaH4HBaIOTCA "Oe3
aexer", u JleneTy, paBHyro 95; ¢ St NOCTPOEHHO coracko ypasrenuio (1 1.2).
0

OTOT METON HA3LIBACTCH  JUHELHbIM Ouphepenyuposaiuem WM anasuzom
beckoneuno Manbix 60IMywenIal i MOKET JIETKO GLITh PacrpoCTPaHEH K ApyruM "rpekam”
THna Beru [BG96, Cur98]. Opnako, ans BeMHCICHHS Tammbl, MBI BCe elle AOMKHbI
MPHMEHHTE CXeMY KOHEUHOro AH(QepeHMPOBAHKA ABYX HHAMBHAYAILHO PACCHHTAHHBIX
JeavT pnst cABUIOB BEPX M BHHS3, H 00¢ U3 HHX MOTYT GbITh UHIMBHAYANIBHO BhIYHCIIEHSI,
HCNONb3y# NuHeliHoe mnddeperimpopanne.

YBBI, V15 BHOPAHHOTO IPUMEpPa MCKPETHO nposepsemoro Up-Out -ko-onuHona,
ST0T METOA HC MOXCT Cpasy XKe NPHMCHATHCA, MOCKONbKY (GYHKIHS BO3HAIPAXACHHS
ADXKE HE HENPEPLIBHA, HE IOBOPA YXKC O HenpepwBHocTH no JIMwMMy u3-33 cBojicrsa,
OBYCIOBACHHOTO BOIMOXHBEIM "BLIXOTOM". OnHako, NPHMEHMTL TEXHHKY NUHEHOro
By hepeHIIPOBAHNS K TPACKTOPHAM, ROCTPOEHHBIM € UCIIONL30BAHHEM METO,1a BLIOOPKH
BAKHOCTH, TIPE/ICTABRCHHOTO B OPEABIAYINEH CEKLHM, BCe Ke BOSMOXKHO. [TotoMy wuto
FOCTPOCHHUC TPACKTOPHIE, HCHIONB3YIONWMX YPaBHEHH OT (| 1.15) no (11.18) mpeacrasnser
npeobpasoBanne NEpEeMEHHBIX B Takoi HHTerpan no e/MHHYHOMY runepky6y (0,1)", o
NOJBIHTErpanbHas GYHKUME SBASETCH, (BAKTHYECKH, MOBCIOAY Jlunumi-HenpepuBHOii,
Jpyrumu crioBamu, ypastenue (11.19) gomxno paccMaTpHBaTh Kak

s =/ M Sis(w)) - 7(Sis(u)) du” . RIED
@1

Korza Mbi Be1unc/iseM i—,mm ITOre YpaBHEHHSA, MBI MOXKEM Cpasy e MOMEHSITH
0 .

FOPANOK  MMG(EPEHLHPOBAHHS M MHTErpHpOBanws. OFHAKO, TOTJA Mbl JOMKHB
TWATCALHO HAGMIONATh TOYHEIC 3ABHCHMOCTH OT/ENBHLIX 37EMEHTOR OTHOCHTENBHO
HapamMeTpa, KOTOPbIi COOTBETCTBYET TOMY "Fpexy”, KOTOPOTO MBI XOTHM BBIMHCIHUTE. Kak
CRCACTBHC, MBI 3aKaHYMBAEM C CYMMOH 3IIEMEHTOB, NpPEeACTABISIOLMX BO3IMOXKHOCTH
"CHTyallMH BHIXOKA" B KOKAYIL H3 KOHTDO/IHPYEMBIX 1aT, YTO AENaeT 3TOT MOAXOL
HECKOIILKO TshkesIoBaThiM. B crienytomtem pasnene, s npeactasmo apyroii meton, KOTOpbIH
TAKKC HCmONmb3yeT Maerd npeoGpasoBaus. Ho B ommume OT  JHMHeHHOrO
AndOepeHUHPOBANHS, TEM HE MeHee, OH HE TPeOYeT HHKAKOTO BHAA HENPEPBIBHOCTH
(YHKUMH BOIHArPWKAEHHS H ABKE 3aKAHYMBACTCA yAHBHTEIBHO NPOCTHIMH YPaBHEHHAMH.

' 9To  ynpouenHoe  onpepenerue HENPEPHBHOCTY N0~ vnwvlly, HO  3AeCh  BRonHe
A0CTATOHHOE.
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11.6 MeTop koachdhuumenTa nopobun

- - HCNIEHHAs
Peluenude 381a4H LEHO00Pa3oBaHHs ONUMOH METOAOM Mom Kapno - 210 4

aNIpPOKCUMALMS KHTETPATA
o= f (S) $(S)dS (11.22)

AHX  AKTH CTARNIEHHBIX BEKTOPOM S
YHCICHHO, Mbl. CTPOHM Pa3BHTHE TOJUIEK: BOB, MpeJl Cel-m - ::eﬂmé
3a7ABACMOTO PHCK-HEHTPANBHOH IUIGTHOCTEIC PacnpeaciCHUs w(S) m:;nmamx Bl

' MHOKECTBA CTal ‘
(11.2), Mbl, OGBIHO, CTPOHM TPAEKTOPHH TIPH MOMOLH M oIX
TepeMEHHBIX, KOTOPbIE COOTBETCTBYIOT

v= /w(S(z;a)) w(z)dz, (11.23)

M BCS 3ABHCHMOCTB OT AATIbHEHIINX N1aPAMETPOB LEHOOOPAs0BAHNS (3necsxggﬁaﬂaqzx{ﬂ:x'rz);
MM YPOBHSA LEHBl CHOT B Hayale, BONATWILHOCTH, BPEMCHH :.1:30; = pc;a;rocmm
aGcopGUpOBaHO TIOCTPOEHHEM TPACKTOPHH S(z; o). Jhobas npom e S
moBoro w3 ilapamerpoB, TakuM o0pasoM, 6ymer cTpajsarb ;

HEOPEPHIBHOCTH TTB S o
o /E‘T((S(:’;ﬂ)) p(s)dz . (11.29)
e ] Oc

epast : HH
Kmiou HIcs MeToa Koaghguyuernma nodobus [BG96] 3axmouaercs er::l;:en:iﬁ.l;}; "
3aBHCHMOCTH  OT MOGOro M3 NApaMeTpoB. B (YHKUMIO TUIOTHOCTH. Hpy! iy npoﬁnem):
npeofpasoBaHue IUIOTHOCTH Tpebyercs anm  ToOrO, qrofbl  CMOTPETH

LEeH000pa3oBatns B cbopme‘ypasﬂemm (11.22). Taxkum oBpasom, MpoOneMa OLCHKK “rpexoB

CTaHOBUTCH &y:(sm)

Oa

’ . iy, . .‘-5
f)_’f:[x(S) D‘%msmas:fx(a B es. (11.25)

o

CHUE KENa Ka rerieph BHIIVIAAUT TOYHO TAKOKE, KaK OpHI HHATTbHASL
f pe P! 1] s ’
BaiucneHH EMOTO B

npo6nema OLEHKH, HO ¢ HOBOH (yHxumeH BOSHATPOKACHAA

x(8;0) i=(8) w(Sia) (11.26)

(Six)
deioi)

w(§ia) = z_i'(gf;ﬂ) '

Kkoauruenm rodobus, TOCKONLKY ITO
eT ¥ Hassanve MeToa. Mcmonesys Ito

(1127

Snement @S;0)) MOXHO HHTEPIPETHPOBATH KaK

yacTHOE [BYX (yHKIWil IUIOTHOCTH, OTKYA3 CHCIY
R "

ONPE/IENIEHHE, BHIYHCTIEHNE "TPEKOR" CTAHOBUTCH

o _ /X(S:(v) ¥(Sia)dS (£1.28)

da
» ron, 7 bIC MBI
Kpacora T0il HIGH COCTOHT B TOM, YTO JUIi byHKIMA TIOTHOCTH Beﬁﬁumpﬁzﬁz o
i, YTO COOTBEICTBYET. FEOMETPHY

OOLIYHO MCTIONB3yeM, THMA TOH, Soynome
newxenmo, $yskupa (S o) C” no napamerpy O M, TaKuM 06::3:'0 ;KOB“ s

HETPHATHOCTH, KOTOPbIE MBI HMEEM TPH NOJXOAC K nipobieme REIYHCIIEHHS TP

2
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[image: image103.png]I'napa Nell

nrpe“"n

ypasHenus (11.23). Tlpumenense, B TakoM CiTyuae, Teneps npamoe. BMeCTe ¢ BbiuHCeHHEM
UCHRLL ONUHORA AR KOKMOH MOCTPOCHHOH TPAeKTOPHH, KPOME BEIMHC/ICHHSA BO3HAMPAKIEHHA

7(S), TaKkke BHIYHCIAAIOT W koauument nopobus w(S; ). Annpoxcumauua Jlennrol,
HanpHMep, TaKHM 06Pa3oM, CTAHOBHTCA

g 1 e ) )
Delta = — D (s s) i (87:80)] - (11.29)
i=1

Meron xosddmpenta nonoGus Moxer (axmmuecku PaccMaTPHBATECA KaK CHELHMANbHBIH
ciryyait Gonee obiero xnacca mpuCKeRHit ucuucrenun Maimasuna (Malliavin) x npobneme
BLIYMCIIEHHS "TPEKOB”, HCTIONB3YI0n MeTouk Monre-Kapno [FLL+99, FLLLO1]. B ctpyxrype
ucaucnerus Maminasuna, npeolpasoBaHHe HHTErpasnos, COAEPHMALMX NPOH3BORHBIC, THITA
ypashenHs (11.24) x dopme, nammoii B ypasnenmn (11.25) BHIIISANT KaKk uacTHYHOE
MHTETPHPOBAHHE MHTCTPAIA, BOBJICKAIONICIO CTOXaCTHUECKHE NMPOLEcchl. MOXHO noKasats,
410, 06BINHO, CymecTByeT Gonee OIHOTO Crocola BLIGpaTs BIBEIUHBAIOLLYIO (DYHKUHIO O A
aosnarpa»(nem, uT06bl BLIMHCIHTE 1106YI0 380aHHYIO NBpaMETPHYUECKYIO NPOM3BOAHYIO, TO
ectk “rpexa”. OfHako, H 3T0, BOODWE roBOps, camad GOmbLuas npobnemMa HcHUCIEHns
Mannnaenna, He, Bce M3 Hux obecneunBalor Gonee OBICTPYIO CXOUHMOCTb YCM, CKAXKEM,
npocroe KoneuHoe audpepenuuposanye. [iin reoMetpuueckoro BpoyHoBckoro gemenns,
BLIGOP (0, KOTOPEIH 0GECNIEYHBAET HAHMENBLIYIO BAPUALIIO pesynbTaTa — 310 TOT, KOTOPbIit
MOXeT GbITh oY 4eH, HEMOCPSACTBEHHO, B PE3Y/HTATE REIMHCIICHHS ko3hdurmenta nonobus,
KaK 3T0 CcmenaHo 3jeck. Jinsi JPYrHX NpPOLICCCOB MOTYT GhITh OTAMYAA WM NOJIHOBECHOE
Hcamcrense ManinasiHa MOXET TOTIA BECTH K IPEBOCXO/AILIMM B3BCHINBAIOLIHM byHxaM
@ OznHaKo, BOBNEHEHHE CTOXACTHYECKOTO HCUMCIICHHA MOMKET GBITh BechMa OTTYTHBAIOLIMM H
TIOAPA3yMEBATE BBICOKO HMCKYMICHHBIE BHANHTHYECKHE BBIMHCIICHHS, 4TO HENAET 3TOT METO
HECKOJIEKO CIJTOHHBIM K OIIHOKE, KORIA OH IPHMEHAETCA K BOJIee CIIOKHBIM NPEITIONONEHHSM
0 Apoliecce ¥ st Goliee GOKHEIX NPOH3BOHBIX KOHTPAKTOB. Jl1s HALIETD TECTOROTO CITyyas
AucKpeTHO npoBepaemoro  Up-Out-Kownm-onumoHa, TeM He MEHee, BbIMHC/ICHHE HRIAETCH
NPAMBIM M, OCTAaBIAA HHMTATENNIO BOSMOXKHOCTh CAMOCTOATENLHO TNPONTH BOBIEYEHHOE
HCUHCJICHHE H anre0py, 5 MPECTARNIAIO 3/1ECh TONLKO Pe3ynbTaThl. Haunnas ¢ onucanms (11.2)
OCTPOEHHSA TPACKTOPHH, MBI RPUXOAMM

(USSR |

el Swo VAl (11.30)
e = 2} — 2108 - 1 )
Gamma W (11.31)

TO BLINTAAMT YAHBUTE/IBHO MIPOCTBIM, Y4HTBIBAS BCE BRILETIPHBEACHHbIE 06CYsiaeHUs. CTOHT
OTMCTHTB, TO HCTIO/B3YETCA TOJIBKO NIEPEMEHHAN 2) OTBETCTBEHHAS 33 CaMblil MEpBLIH Luar.
KpoMe TOro, ecii MCIONB3YeTCs KyCOUHO-TIOCTOSHHAS CTPYKTYPa JJEMCHTa MIHOBEHHOMH
BOJIATHILHOCTH, TO JUIA JICPBONO 1UAara MpHMeHsercs Koo(pHUMEHT BOJATHIBHOCTH.
HNonobnas dopmyna moxer Gbrb momywema M mis Bern, To ecte ans  LeHOBOH
YBCTBHTE/IGHOCTH OTHOCHTENBHO KO3(QHIHMEHTa BONATHIBHOCTH, YTO CACNAHO B CEKLMH
npwioxenus 11.9.1, a TaoKke A8 YyBCTBHTENBHOCTH OTHOCHTENLHO NIPOLEHTHOM CTaBKK M
AMBHICHIHOTO A0X0na (cM. cexuwmio nprunoxenus 11.9.2). Uro xacaerca orpaHuueHuH Meroa,
TO % ROIDKCH YNOMRHYTE, HTO TIOCKONIbKY KODOHUMEHTH NOROOMA Wpew ¥ (oumm B

ypasteHuax (11.30) u (11.31) ofpamio nponopumHoHansHel O At n O’zAt,,
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COOTBETCTBEHHO, BAPUALWS, MOpOXIAEMan 3THM BhiuucnenueM JIensTel u TamMer MoxeT
IpaMaTHYHO YBEJMYHBATECA JUIA HU3KHX BONATHIBHOCTEH HIM OYEHB KOPOTKUX MHTEPBANOB
BpEMEHH MEXY AATAMH MOHHTODHHIA.

B kayectse NpHMeyaHus, s xoTell Obl ykasars, 4ro MeToZ, NPEACTABICHHBIH B 3TOM
CEKUMM HE 3aBHCHT, KOHKPETHO, or BosHarpaxaesus Up-Out-xonn-ompona. B
JCHCTBUTEIBHOCTH, PE3YJIbTUPYIOLICE PAsTIOKCHHE Ha BOHATPAXKICHHE 7, YMHOXKEHHOE Ha
K03HUMEHT HORO6HS (3 OCTALTCS TCM KC CAMBIM A JTioGOro Bo3HarpaxaeHus, Gyner nu
3TO AMCKPETHO MpPOBEPAEMBIH, OIIAALIBAACE HA3ad, a3MaTCKMil MAM KaKoit Bu1 TO HM GbliO,
ONMUHOH. DTO MOMXHO TAKKE PAaCIIHPHTH Ha GONCe BEISHIBAIOIUHE MOJIGTHPYHOLIME [IPOLECCHI,
tina BGM/J cTpykTypsl N NPOLIEHTHBIX CTABOK, KOTOPHIE BORJEKAIOT B PACCMOTPEHHE
croxactiuieckue koadunments! apeipa [GZ99].

11.7 CpaBHMTENbHbIE YUCHA

Yro6el MPOACMOHCTPHPOBATE MMOJIESHOCTh METONO0B, OOCYXIAEMBIX B IPEABLAYLIMX
pasnenax, s BLIGpai 1Ba TeCTOBBIX cleHapud. O6a omHocsTea K ToMy e camomy Up-Out-kosn-
onuuoHy. GueHapuit a) MpeICTABAET CITydal, KORAa €CTh TOYHO T=1-neTHuil o IKCTIUpaLH
ONLHMOH, ¢ TCKYIHHM CTIOT-yposHeM — 100, uesoit nenontenus — 100 1 noporom (Gapsepom) —
150. TTonexaumii aKTHB Pa3BHBACTCH JOTHOPMATTEHO C TIOCTORHHO# BONATHILHOCTEIO 0 =30 %
H MOHHTODHHI NPOMCXOIMT B KOHLIE KX/I0T0 MecAua. B cueHapuu 6) ecTb ONIHMOH Y, KOTOpOro
T = 0.52 0CTaBIIMXCA O SKCIMPALIMH, LEHA CMOT NOBBICHIACH K YPOBHIO 160, a Mbl HaxoaHMCH
32 5 ToproBeix aeit (u3 250 B rog) A0 KOHUA MECAUA, BKJIOYAIOLLETO JATY MOHMTODHHIA.
TocKoNbKy pazUUHbIE METOB HCMIONB3YIOT Pa3HbIC BLIMHCHTENIBHBIE YCHITHS, BCE AMarpaMMbl
CXOQMMOCTH TpUBEJEHb! OTHOCHTENBHO BpeMeHH LITTY, Tpebyemoro npoueccopom AMD K6-
111, ¢ TaxroBoii yactoroit 400 MI'LL. Creayer ynomsHyTs, ONHAKO, YTO BCE TPEACTABJICHHBIE
BBIMHCACHYSA TIPOBOMMIIHCE C MCTIONB30BAHHEM TOCNCIOBATENBHOCTH € HH3KHM PACXOMCIEHHEM
Co6ons B COSOMHEHHN ¢ GPOYHOBCKHM MOCTOM, KOTOPBIi 0BECTIEYMBAET OCHOBHOE MOBBILLICHHE
CXOJMMOCTH.

Lens Puc. 41 saamovaerca B ToM, 9T00bL TakuM 00pasoM NPOJECMOHCTPHPOBATH, YTO
pbrumcnenve M Henwtel, W [ammbl, Hapany ¢ JeHCTBHTCHBHOM LEHOH, He Hasaraer
MPENsTCTRYIOLHX OrPaHHYEHHH HH Ha O/IH H3 METO/I0B. YHTaTenb MOXKET 3AMETHUTB, YTO JIHHHA
aHANHTHUeCKOT® NpUGIKEHAA OTCYTCTBYeT Ha rpadmuke AN CUCHApHs G) Ha 9TOM H
TIOCAEAYIOWMX PHCYHKAX. DTO MOTOMY, YTO QHATMTHUYECKAs anPOKCHMALMA, MCIONB3YIoNas
CKOPpEKTHpPOBaHHbIH ypoBeHb Oapbepa B QopMysne ONLMOHA C HEMPEPHIBHEIM [IOPOrOM,
PE3YNETHDYET B TONKAECTBEHHYIO HYIIIO CTOHMOCTB, TIOCKONEKY CTIOT YPOBEHs 160 — HaxoawTest
BHE CKOPPCKTHPOBAHHOFO MOPOroBoro ypoBHA 157.8. Kpome Toro, crouT 3aMeTHTh, 4TO B
cuenapuu 6), noao6HO ONUMOHY [IyGoKo "Ge3 MeHer", MeTol BGIGOPKH BAXKHOCTH BEChbMa
3HAMEHATEJIBHO YIyULIaeT MOBEACHHE CXOAMMOCTH HENOCPEICTBEHHO JUIH CTOMMOCTH.

3arem, Ha Puc. 42 noka3ano noseacHHe CXOIHMOCTH it JlensTal. [1oCKONbKy pasnuuns
B HCTIO/IHCHHY TPYHO NOKA3ATh B OAHOM MacliTaGe, f TAIOKE NOKA3LIBAIO APYroit MaciuTab Ha
Puic. 43. HakoHeu, AHarpamMmst cxoaumocty yis ammel gatorea Ha Puc. 44 u Puc. 45.

B uesioMm, BeposTHo, OyZeT CHpaBeA/IMBBIM CKa3aTh, YTO B TO BPEMA Kak MpAMOS
KOHEYHOS () depeHMpoBaHHe (aKHuecku GecronesHo AN BBMHCIEHHS [ammbl (Mbl
oueHHBaeM, uto rotpeGoBanocs Obl Heckonbko Mecaues paboter LITY npexae, uem
YIORIETBOPHTENLHAS CXOAUMOCTb MOrIa 65l GBITh NOCTHTHYTA), H OCYLLECTBICHHE BRIGODKH
BRKHOCTH ¥ MeTOA KoxddrumenTa nofobus, paborator 3aMeHaTeNsHO XOPOUIO H MOTYT GbITh
CKOMOHHHPOBAHBL.
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11.8 BuiBogs!

Combine et impera! KomGuaupyit u snactsy#! EcTe pasniuunble METOAbE H Bbl MOXKETE
BBIOKpaTh H NpoGoeats. KpoMe TOro, METOb, ONHCAHHbIE B ITOM IMABC MOFYT OBITb JIEFKO
OLITL MPUACNIOCOGIIEHBE K HEKOTOPBIM OMHCAHHAM NMPOLECCOB, KOTOPHIE [EHEPUPYIOT CMELICHHE
Wi GOPMBI, NPEACTABIICHHEIE B rase 3. Bo MHOIMX ciyuanx, MbI MOKEM OGHEAMHATD 1Ba
uiH GONbILE MPECTABIEHHBIX METOLOB JUI JOCTHXKCHUA GONbIUCH CKOPOCTH CXOUHMOCTH.
Kak s TONBKO 4YTO NMPOAEMOHCTPHPOBAJ, HUYTO HE MEIIAeT BaM HCIOIb30BaThk KOHEHHOS
avddepeHumrposanye 8 koMGHHAIHH C BHIBOPKOi BakHOCTH. Taloke, MOXHO KOMOHHHPOBATE
MeTOn KO3dHUMEnTa MOAOOHS C OCYLUECTBICHHEM BBIGOPKM BAXHOCTH. B mupe mHoz0
PA3HBIX GOIMOICIHOCEN.

11.9 Npunoxenue

11.9.1 ®opmy:a kodrddpumuenta nogodusa Anst Bern

B mopenit Braka-Hloynsa ¢ nocTOSHHOHM BONATHALHOCTBIO H T.4., W €AHHCTBEHHBIM
MHTEPECYIOILMM FOPH3OHTOM BPEMEHH, TO €CTb, HETIOCPEICTBEHHO, BpEMEHeM dKenupaumu T,
k02 uLMeHT MoKo0Hs J/151 BEIUUCIENHA Bern BhipaxaeTces

S T 32
i —— VT, (11.32)
TlepeMennas z 31€Ch — CTaHAPTHAA HOPMATBHAS IEPEMEHHAS, HCTIONL3YEMAs I IOCTPOEHHA
BEI0OPKH 3HAYCHHA CROT-LEHB! JIMKBHAAUHH

Sp = & -elr-dmie?)TrovTs (11.33)

Bonsiuuii HHTEPEC BHI3HIBAET CITyuaii, KOTAA Mbl HMEeM GYHKIIHIO BO3HAIDAN/IEHHS, KOTOpast
33BYICHT HE TOJILKO OT 3HAUCHHA [O/UIEXKALLErO AKTHRA B 3AKTIOYHTENILHON 3PENOCTH, HO TAKKE
H OT peain3aluil B MPOMEXYTOYHBIE BPCMEHa /; wmi=1..,ncty:=Tuty;=0. B crangapraoi
cipykrype Bnaka-llIoynsa 1 npenponaraio, YTO TPaeKTOPHH MOTYT DAacCMATPHBATECA Kak
HOCTPOCHHBIC MPHPALEHHEM )

85 = §() = Sy - oZbmil e bod) 200 ro VAT (11.34)

¢ At = t; — 1. Koahdurmentsr 3aTpaT Ha TIONIEPKAHUE [IO3HLMH [l; 330AI0TCA BBIPIKEHHEM
li=r—d, TEe r; TPEACTABIACT HEMPEPHIBHO  KOMNAYHAMPYCMylo  GE3puCKOBYIO

! Gopmyna Ans kodduuveHTa nompobua Bera npueesennas 8 [FLLLO1], k coxanewqs,
asnseTca  crerka owubouroi. OpHako, Ta ke caMan  QopMyna  KoppektHa B
NPEAUECTBYWE CTaTbe TEX *& CaMbiX aBTOpoB (TpeTbe ypasHeHue Ha C. 405) B
[FLL+99].

2 310 O03HA4WaeT, 47O, €eCAM BH AGWCTBMTENLHO WCMOAL3YETE APYrod MeToh Ans
NOCTPOEHKS TPAEKTOPWM, Tuna OPOYHOBCKOFD MOCTA (cM. cexumo 10.8.3), Bu OOMKHY
ONYCTUTH MHOKECTBO Z NEpeMeHHsix, 4TO0W 8o MOTMW  COOTBETCTBOBATL  YPaBHEHMIO

(11.34).
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(xpenuTer/3aiver) dopsapaHyio cTaBKy TPOLICHTa LI WHTEpBaNa BPEMEHH OT I, 10 # H,
AHATOTHYHO, d; 0003HAYAET HEMPEPHIBHO KOMIAYH/MPYEMYIO JHBHACHARYIO AOXOIHOCTh, B
(11.34) a1 Talke DOMYCTHN KYCOMHO-TIOCTOSHHBIH 3eMeHT CTPYKTYPbl MTHOBEHHOM (MiH
NOJpasyMeBacMoi) BONATHIBHOCTH. B Topromne mul, 0bbruHo, Haubonee uHTEpecyemcs
XC/DKCBBIMH  MaPaMETPaMM  OTHOCHTENBHO  YKasaHHOH  pBIHKOM HOJpa3syMeBaeMOi
BOJNIATH/ILHOCTH, TO eCTh KO3(QHUMEHTAMH NoapasyMeBaeMoit BONATHULHOCTH, KOTOpblE
00paIAOTCA K MHTEPBANY BPEMEHH OT CErOAHs JIO ONPEENIEHHOr0 FOPH3OHTA BPEMEHH.
Teneps s Gymy, Bo-nepshix, momyuars k03(pHuUMEHT NOKOGHA, KOTOPSI MO3BOMMT Ham
BEIMHUCIUTE yBCTBMTEHBHOCTb JAHHOH (YHKLUMH BOSHATDAXIEHH OTHOCHTEIBHO BCEX
HHAHBUAYANEHBIX KO3GQHUHEHTOB hopBapaHOH BOTaTWIBHOCTH B ypaeHennu (11.34), a

3ateM, npeolpasylo HX K 0BbMHOMY (opmaTy mogpazyMesaemol BONATHIBHOCTH "W3
ceroaus”.

Jlodeeporenmocms bydyweii soramunsrocmu MHOZOKPAMHBIM WA2AM EPEMENt,

O6BbeaHeHHAT MIIOTHOCTS PACPENENICHHS ¢ BEKTOPA 1t HE3ABHCUMBIX CTaHJAPTHBIX
HOPMAIIbHBIX TIEPEMEHHBIX 330aHa BEIPAKEHHEM

#(=) = [T etz . (1135
k=1
Ord MIOTHOCT MOXET OhITE MpeoOpasoBaHa K ILIOTHOCTH BeKTOpa S peanusanuii

TO/NCKALIErD  aKTHBA  BACAL TPAaCKTODMH NpH TOMOLIM  SKOGHAHA ASTEPMUHAHTA
npeobpasosanusd z -> S, To ecTo

_ A=)
¥(8) = o¢(2) ‘m : (11.36)
Pewas (11.34) s 3aBHCHMOCTH Z OT S, MBI NoJyqaem
1 « 1.,
zj = Z\/T’J (lnSj ~mSy - (y; ~ 5-7;)Alj) s (11.37)
H, CIIEOBATENBHO,
0z; 1 S L
T = —F—— g = djrt—1. 113
I5x /AL (IJij ! ”Si—l) —
a(z) .l
370 O3HAauAcT, 4TO MATPHLA AKOOHaHA 3(S) SABJIACTCA TPEYrOBHOH , W MbI [OAYYacM
CIICAYIOIEE BEIPAKEHHE ISl ILIOTHOCTH:
(8 =TT —2) (11.39)

jl;:[ Sz, /AL
TIe zj RODKHO pacCMATPHBATECA Kak ABHad QYHKUMA §; S;.; n napamerpos cornaco (1 1.37).
Kos(uumenT noxodus mis HyBCTRHTENEHOCTH OTHOCUTENBHO JIOGOIG 13 Oj 3aaeTcst

' Ha camom gene, 3T0 MpOCTO AMaroHanb.
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i S)
o = (11.40)
g ¥(S)
1 (11.41)
O

BenmoMHEM, uTO ((Z) — CTaHAapTHas HOPMalbHAs IUIOTHOCTR pacnpeieneHus, AaHHas
ypasxenueM (2.23) u, Takum obpasom,

Ae(z))

S = (11.42)
~J)
M3 (11.37), Mbl MOYXXEM BLIMHCIIATH
-C‘i-;’; = (—;—: + ALJ-) . (11.43)
COBMCl.U,aﬂ BGE 3TO BMECTE, Mbl IPHXOAHM K
o, = AL /AR (11.49)

o
Koadppuument nogobus oueHounoil dynkumn Monre-Kapno s HYBCTBHTE/BHOCTH
NPOM3BOJIHOTO KOHTPAKTA CO CTOMMOCTBIO Vv OTHOCHTENBHO Kod(duunenta Oyayweit
BOJATHABHOCTH O} OT MOJEHPOBAHHA C 71 TPAEKTOPHAMH, TakKnM 00pazoM

o 1 [x(8%: S0, 0) - we,] (11.45)
do, — m T b
L J=t
C W KAK JIAHO BBILLC.
W@Wmmmapawwﬁmmmmmumm@mmmwmapmmu
VuuTBIBaA BEKTOP KOB(DGHIMEHTOB BONATHILHOCTH O, TPEICTABNAIOWIMA KyCO4YHO-
TIOCTOAHHBIN 3JIEMEHT CTPYKTYPhl MTIHOBEHHOH BOJIATHISHOCTH, Mbl MOXKEM:- BBIYHCIIUTSH

JKBUBANICHT NOfipasyMeBaeMoi BoiiaTuiIbHocTH Biska-lloynsa 6% ot #;=0 10 #; cornacHo
L

.
ST /g(,)'-’d[ = Saiay. {11.46)
= i=1

Taxum oBpazom,

G _ o8 g (11.47)
()O'J (/0%

Teneps,
2 “L v 06y
ba; ; B0 Do
UL v ;AL
= ZT < ,'ll(jiﬂ
Lt D6y, fiicly
- iﬂ"f“i (11.48)

Do Tite

k=j
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Inasa Nell
Kotopriit naer nam
1 v 1 de 1 e
5~ e ——— 20 L 11.49
a;4t; Doy li< ,Uj“Atj vt 00544 Git; 06, ° ( )
Y, Takum obpasom,
(7.3 Gits O AN
= G OOl G (11.50)
J6; 0;88; do; O 1Dy Dy

Toaromy koaprumenT NoKo6Hs orenounoi by Monre-Kapro ans YYBCTBHTENBHOCTH
OTHOCHTENBHO 1M0/PasyMCBACMOH BOJIATHIRHOCTH 07 13 MO/IEJIHPOBAHHA C /1 TPAeKTOPHAMH
paBen

. L '
_— e~ 1. g
3o = 2 [7(5%: S5.0) - w,] (1131
_ (& ity ,
w, = (UkAtk-) wop = Lk (m) Waryyy - (11.52)

11.9.2 ®opmyna xoadpuumenTa nonobus ans Po
YuutsiBas Ty xe camyro ymHOBKy, KaK H B npensiayeit éekunu

S;=5(t)=5- e:;.--l[((fk"'lk)"%”E)Alk'l'dm/mzk] (11.53)

The s; 0003HAYAET HETPEpLIBHO KOMNayHAHpYEMBIA  QopeapaHBIA npoueHT, KOTOpBIH
NPHHHMACTCA TOCTOSHHBIM OT #ij K 7, MBI MOXET BBIMHCIHTE Ko3(epHIMeHT Dono6HA L
ONPEAENEHHs YYBCTBHTENBHOCTH OTHOCHTENBHO opsapaHBIX NPOUEHTHBIX cTaROK. Onnaxo,
MBIl ROMDKHB! OBITb OCTOPOXKHBI: CTAaBKA NpPOUEHTA NOABIAETCH He TOABKO B TIOCTPOEHHH
TPacKTOPHH, HO Taioke H B JHCKOHTHDYIOWEM (akTope, KOTODBI IOJDKEH NPHMEHATHCS K
KoMy  BosHarpakicHu. B nocneayiomenm, s TIDEANONATAI0, YIO €AWHCTBEHHBIH
AEHEeKHBIH NoTOK, 06pasyroLHii BO3HarpakKaeHHe (3aBHCHMOE OT TPACKTOPHH) NPOU3BOIHOIO
KOHIPaKTa, 4bsl CTOHMOCTD ¥, BHITLTAYMBACTCA B 3aKINOYHTENBHON spenoctd T = b, Tlpusamas
3TO BO BHUMAHHE, MBI TIOJIy4acM

2
W = | ———=—=~ 1Al . 11.54
* ("‘kv Aty ) k ( )

Tawie, xax ans Berw, s peanseix neneit XEIDKMPOBAHAS YA3BUMOCTD K H3MCHEHHIO CTABOK

Bymar ¢ HyNIEBBIM KYNIOHOM Ha CETOjHA Gonee ymectHo. Tlp 0603HaYernH crioTogoit CTaBKH,
CBA3AHHONM C CEroAHAIHUM (aKTopom AVCKCHTHDPOBAHHA JICHEKHOTO 110TOKE, KOTOPBIiL
AOIDKEH GBITS BBIILTAYEH BO BPEMS 14 KAK 1}, MBI MOYKEM [PHPaBHATE

e = e Ty (11.59)
Torza, nocne ananusa npeoGpasosanms, noxoGHoro TOMY e i Beru, msl nonyuaem

<k Lk
wp = = = L - L [ — iy . 11.56
* (ffk\/A’vA» ) , R (0'1.-;1\/3/ g1 ) ¢ ¢ )

B atom nynkre, 1 ypepen, Bu TNOBEPHTE MHE Oes panbHeliluedt nucaHmmbl, yTo
OKBHBAICHTHBIC YYBCTBHTENBHOCTH  OTHOCHTENbLHO COOTBETCTBYIOUIMX  KOMDDHIMEHTOB
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OWBMACHOHOW  JOXOAHOCTH
K03hQUUHEHTOB 10700HA:

Wy,

HX
MOryT 61>ITB paCC‘ﬂflTaHbl Ha OCHOBaHHH CICAYIOUL
v/ B (11.57)
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ale (11.58)

Zppale
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12.1 PuivouHan mogens Bpaiica-Tarapeka-Mysuena/bxamumanHa

OleHka ONUHMOHOB DHIHKA TPOLCHTHBIX CTAaBOK SBJACTCS MPSAMETOM MHOXECTBA
mybnukaumi B GuHaHCOBOH JMTeparype. B To Bpems, xak GonbliMHCTBO OONiee paHHHX
MOJieNiell  Paspemlano KPAaTKOCPOYHBIM CTaBKaM PA3BHBATBCA COIVIACHO HOPMAaJbHOMY
pacnpezenennio [Vas77, HL86, HW90], Gonee mozgHue pa3paboTky H30eKail BO3MOKHOCTH
(B NpHHUMIE HEOrPaHMHMEHHOM) MOABIEHUS OTPHIUATENBHBIX CTABOK H3-33 JIOTHOPMANBHOTO
MOJIE/MPOBAHMS KpaTkocpouHslx cTasok [BDT0, BK91]. C nosrnenuem obuiero ycnosus
OTCYTCTBHS ApOHTPaKa, CBIILIBAIONIETO Ipeiid) KPATKOCPOUHBIX HiH (JOPBAPAHBIX CTABOK CO
CTPYKTYpOH napameTpa MX (YyHKUMH MrHOBeHHOH BosmatwiabHocTH [HIM92b], npaxruku
NOoNyywIM OOLIYIO CTPYKIYpY /i KanuOpoBKH MOAEHCH NPOLCHTHBIX CTaBOK C
NoApa3yMeBaeMOil BONATUIIBHOCTBIO ONIHOHOB, KOTOPbIe AOCTATOUHO JIMKBHAHDBI HA PhIHKE,
qT100bI CITYKHTh XCIDKEBBIMU MHCTpYMeHTaMU. Korza onuMoHs! Ha IMCKPETHYIO (HOpBapRHYIO
CTABKY HJIH CBOII-CTABKY WCIIONB3YIOTCA, YTOObI 3Xe/DKHPOBATH YS3BHMOCTD BOJNATHIIBHOCTH
IK3OTHUECKHX MPOM3BOMHBIX Ha CTABKY MPOLEHTA, HHTYHTHBHO XOUETCA PACCMaTPHBATh T XKe
caMbie JIMCKPETHBIE CTABKH KaK QYHIAMEHTANBHYIO CTOXACTHHECKYIO BEMHUKHY, NIOKALLYIO B
OCHOBaHHH KOHTpaKTa. BMecTto MozenuposaHusi MOBENEHUS MCHOBEHHOW KPaTKOCPOHHOM
craekH, Bpatic, ['atapek, Mysuena v Hxamumasd (BGM/J) 1 HeckoNbkHX IpyTHX aBTOPOB
[MSS97, BGM97, Jam97, MR97] onucany 3BOTIOLMIO HENOCPEACTBEHHO CAMHX (hOPBAPAHBIX
CTABOK, 3AAaHHYI0 JOTHOPMAJIBHEIM CTOXACTHHECKUM AH(HEPCHIHANBHBIM YPAaBHECHHEM. JTa
(opMynHpPOBKa, OJHAKO, BEAST K MOTHOCTHIO 3aBUCALLMM OT COCTOSHHS apamerpam apeiida
U MHAMBHAYaIBHBIX (POPBAPIOHBIX CTABOK M, TAkHM 0Dpa3oM, [ENaeT HEBOIMOMKHBIM
noCTpoeHUE  PEKOMOMHUpYEMbIX JApeecHbix pemnerok [Hul97, Reb98, Reb99]. Tloka
IK30THYECKHH MNPOM3BOAHBIA KOHTPAKT HA HPOLEHTHYIO CTAaBKY, KOTOPbIA. HEoOX0AHMO
OLISHHTb, HMEET €BPOMEHCKHIi CTH/Ib, TO €CTb HE BOBJCKACT B PACCMOTPEHHE HHKAKOIO
PCLLCHHS JIepXKaTels ONLMOHA O ero MCMONMHeHHH, Metoskl Moure-Kapno moryt nerko
[PUMEHSATECS, NOCKONBKY HA HHX He JefiCTBYET BBICOKAs PA3MEPHOCTE POOIEMBI .

K coxanennio, omHako, OIMH U3 HaubOJee BAKHBIX JEPHBATHBOR HA pbliKe
MPOLEHTHBIX CTABOK — 3TO KOHTPAKT, H3BECTHBIH KAk GepaydcKutl contoH, KOTOPhIH naeT
HEpXaTeNio TPaBoO BOHTH B CBOM, YCTAHOBJICHHBIA fpelenbHOl [JaToil IKCMHpauuK Ha
MHOXECTBE 3apaHee ONpeleNeHHbIX JAT BOIMOXKHOCTH MCronHeHHA. [lake mpHTOoM, urto
HECKONBKO CTaTell 110 npoOneMe pPaHHMX BO3MOKHOCTEH WCMIONHEHWS B KOHTEKCTE

' 3ro roBOpMT O TOM, uTO MeTomw MonTe-Kapno He cTpagawt oT  npoxnaTma
DAsMEPHOCTU™, 143-33 KOTOPOrD HWUCNO OUEHOK B3PHBARTCA NO OKCNOHEHTE C  DPOCTOM
4ACNA WAFOB BPEMEHW #M BO3MOXHOCTEN WCNONHeHWs. B xyawem cny-ae, BbMMCAMTENBHOE
YCANNE PacTeT AMHEAHO G DPa3MEPHOCTBI0 M YACNOM BPEMEHHHIX WAros AN METON08
MonTe~Kapno.
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MonTe-Kapao s mogean BGM/J

Mozennposanys MonTe-Kapno fns OUEHKH NPOH3BOMHBIX, GITH OMyBNHKOBAHE! B TIPOLLIOM
(cM., nanpumep, [BG97a] kak npeBOCXOZHBIT KpaTkuit 0030p), BCEe M3 IMX JIMHIb
TPHORMSHTEIEHB! M K2XK/1AA HE CIHIUKOM OfpeienéHHA OTHOCHTEEHO OWMGKH, GaKTHYECKH
BO3HHKAIOILEH [PH NPUMEHEHUH J06oro H3 Merono Moure-Kapio ofuero Hasnauexus x
cneuuduyeckod  mpoGieme. Xapakrep KOHTPaKTA GEPMYACKOrO CBODLMOHA Ae/aer
BOIMOXHbLM n3obpererne MeTosioB Motre-Kapito, KoTOpbIe SKCILTyaTHpyHOT crieLaducckue
OCOBCHHOCTH 3TOr0 MPOM3IBONHOFO KOHTPAKTA, HTO OCOBEHHO XOpOMIO JEMOHCTpHpyeTCs
Jlourcradpom u Irapuem [LS98] u Arnepcesom [And00]. B To BpEMS KaK HOBBIH METOx,
TIPEACTAB/ICHHbIN 37€Ch, CIPYKTYPHO HECKOTBKG NOHOOEH MOCTeHEMy, KOTOpBHI B CBOIO
OHEpeb NPEBOCXOAMT MpeAblayniuit, oH He TpeGyeT npHONMKEHHBIX OUCHOK 3HAYEHMIl
ONIHOHA B TEYCHHC CaMOLO MOJENHPOBAHMA. BMeCTo 310ro CrTparerss peumienus of
HCTIONHEHHH OCHOBAHA HA NapaMETPHYECKOH (GYHKLHH petienus 06 HCMOMHEHHS, BhIGPaHHOH
Tak, 49T06bt COOTBETCTBOBATH HACNMIONAEMON SBDHCTHKE B IBYX TLIATENLHO 0TODpaHHBIX
koopauHatax. CBoGOIHBIE MapaMeTphl  3aTeM  ONTUMHIHDYIOTCS Uil K&XKIOTO
MHANBHYaLHOTO PacieTa 1IeHo0Bpa3oBaHHs.

Teopetuteckn, K ueHe BepMyICKHX CBONLMOHOB MOXHO BCERa NPHMCHUTS METOM
HEPEKOMOMHHPYEMOro Jieped, Ha MoJ06He 0OBACHAEMOTO B ri1ase 13. TTpakTHyecku, oguako,
ST TCXHWKA MOXET MPHMEHATBCA TONBKO K KOHTPAKTAM JOBOJIBHO OrPARHYEHHO#
TIPO/IOMKHTENBHOCTH, WK GONee TOYHO, HOBONBHO OrPAHHYEHIIONO HHCNIA BO3MOKHOCTEH
HCHO/HEHNA ¥ AEHSXHOro notoxa. B oroff rmae, s npencrasnsio meton Monte-Kapno,
KOTOPBIA MPEOOIEBALT ITO OrPAHHUEHHE K YMEET IPOM3BOIHTS LICHB! 3AMEYATENBHO GIIH3KO
K TEM, KOTOpbIe JaHBI HEPCKOMOHHHMPYEMbIM ACPEBOM BE3IE, IJe HOCHEAHHI METON MOXeT
NpuUMeHATECA. HoBas MeTolpKa oCHOBaHA Ha (YHKIMOHANBLHOM NapaMETPH3ALHN IPAHUIIEL
HCIIO/IHEHUS B MOAXOAAUICH CHCTEME KOOPIMHAT, TLATEN:HO OTOBPAHHOH MPH MOMOLLM
HEPEKOMOHHHpYEMOTO epeBa.

TlpakTvkaM NpOM3BOIHBIX TPOLEHTHOH CTABKH XOPOIIO HM3BECTHO, YTO OCHOBHMIC
BBIFO/IE! OT HCTON30BaHKS MozenH BGM/J He cmIKOM CyLIECTBEHHEI, KOTIa AENO IOXOMNUT 10
HHCTPYMEHTOB, THIIA EBPOICHCKOr0 HIK fdxe GepPMYICKOro CBOMUHOHA, TIOCKONBKY 3TH THIIbI
KOHTPaKTOB HAaHGOIEE IYBCTBHTENBHEL K HIMCHEHUAM KPHBOH JIOXOOHOCTH, KOTOPhIE XOPOLLO
TPECTARNOTCS CAMBIMH HH3KHMH KODHEBBIMH BEKTOPAMH DAVIOKEHHS MATPHLL! KOBAPHALIHK
9TOH KPHBOH JI0XOAHOCTH, ECIH COOTRETCTBYIOlIEe MOIETHPOBAHHE H3MeHe il B YPOBHE H,
BO3MOXHO, B KPHBH3HE KPHBOH HOXOZHOCTH TOMHO OLCHHBACT JEPHBATHBSI, TO, CKOPEE BCErO,
STH KOHTPAKTh! MOFYT GArONOAYYHO OLCHMBATHCH, WCTIOLIYS ONHO- M IBYXdakTopHy1o
MOJIEN NPOLEHTHOH Craku. OmHAKO, WA APYIHX NPOH3BOOHEIX NPOLEHTHOM CTABKH, TWMA
TPHITEPHBIX CBOTIOB M (DTEKCHKANOB', HCTOpHS COBCEM Jpyras. JUIs TPUITEPHBIX CBOMOB,
HAMPUMED, IPYAHO MPHOIMSHTENLHO CMOJENHPOBATh IIOBEJIEHHE KOPPENAlHH OGO
dpopsapaHOif CTaBkK (SRIANILEHCA HHIEKCHON CTABKOH, OTpelesioueH cpabotan nu csomn) u
dopapnHOl  CBOMOBOIT CTaBKOH, HauMHalomeiics ¢ TOH e camoit dopapaHoil cTasku
OZHOBPEMEHHO 1A BCeX Nap (opBapiHas CTaBka/popBapiHas CBONOBAA CTABKA, €CiM HE
AOMYCKAeTCA NOHAst (HaKTOPH3ALHSL, TO ECTB KOTAA HCTIONB3YETC OAMH MOEeNbibIit dhakrop ms
Kakzoil (opBapaHOli CTABKM, COCTABNANOLMA KDHBYIO NPOLEHTHOH AOXONHOCTH. Jna Tex

' OnuvoH ¢ rubkod UEHOW MCRONHEHMS W noporosoil  CTOMMOCTbID 6a3080ro  akTusa

(npum. nepes. )

184

MHCTDYMEHTOB, Ukl LieHa CHIIBHO 3ABHCHT OT ((DCKTHBHON KOPPEALMH MOIIY CMOKHBIMH
(opBapHBIME cTaBkaMH H (POPBAPAHBIMK CBONOBBIMH cTaBKamu, BGM/ crpyicrypa f{e TONBKO
obecnieunBaetT cnocod Gosee ajJEeKBATHOrO ydeTa BCEX BO3MOXHBIX IBOJIOLMH  KPHUBOH
JIOXOIHOCTH, ITO MOYKET 3aTparuBaTh 3HAYEHHE NPOM3BOIHOMN, HO NPH ITOM TAIOKE NO3BOMACT
NPAKTHKY TIONYYHTh Jlydillee NOHHMAaHHE (PHHAHCOBBLIX MEXAHW3MOB, JIEXALHX B OCHOBC
CTOMMOCTH OIIMOHOB. B 3TOM pakypce, MBI MOXKEM CKa3aTh, YTO MOJACIB BGM/J ocobenro
[OJIE3HA M BLITOJHA TaM, I HIPacT BOKHYIO POJib 3aBHCHMOCTB OT '[paempﬂﬂvﬂﬂll Tam, Fﬂ?
3HAa4EHWe CHIGHO 3ABHCHT OT BBICOKOYACTOTHBIX KOMIIOHEHTOB H3MCHEHUH: B KPHBOH
JOXOAHOCTH, TO. €CTh 3TO XaPAKTEPHCTUYECKHE BEKTOPHI MATPHIbI  KOBapHALMH ‘KpHBOPI
HOXOIHOCTH, ACCOLMHDOBAHHBIE ¢ GOJiee BBICOKHMH MOJAMM H, TakuM 00pasoM, ¢ Bonee
HH3KMMH  X@pakTepHCTHYecKHMH mciamy. - Hecmorpa Ha 310, A XOTeR 00BACHUTD
3aMBICTIOBATOCTS MOAHpOBaHHs Monte-Kapro inst BGM/J mozenn na nipumepe GepMyacKux
CBOMLMOHOB 110 CNEAYIOIMM JBYM INpHuMHAM. Bo-nepsbiX, 310 OZMH H3 (Scnu He cambiif)
HanbOIee BAKHBIX [POM3BO/THAEX MHCTPYMEHTOB NIPOLICHTHOMN CTABKH M NE000H HOBBIH [OAXOA
JOIkeH 0BECTIEMBATD CrI0CO6 OLEHKH JTOTO KOHTPAKTA. BO-BTOpLIX; OLeHHBAHHE GepMYJIcKHX
CBOMUHOHOB B MOXSTH BGM/J HeMeMeHHO BHIHYKIAET MpaKTUKa 3aHUMATHCH Hanbosce
TPYIHOH npoéﬂe‘moﬁ B MHpPE MOAC/IHPOBAHHMA DHIHKA, & HMEHHO, cyulecmolsaﬂuem
BO3MOKHOCTeH panHero HenonHerns. Onucanne BGMA monenmn Moure-Kapno B 3T0H. rnase
JIeTKO . IPHMEHUMO KO BCEM HHCTPYMEHTaM, 3aBHCHMBIM OT TPACKTOPHH H, TAKHM obpasom,
MoBOf MHCTPYMEHT CHYXHT NPAMEPOM OIHHAKOBO Xopowo. IToxoa, KOTOpbIH A NPHMEHS0
3meck k paspaGorke Metoga Monre-Kapno st OLEHHBAHMA MHCTPYMCHTOB, wsuc:sh:%rx or
CTpaTeruil JOCPOUHOTO HCIONHEHMA, THNa GepMy/ICKOro CBOMUMOHA, JOCTATOUHO Ifl‘eH,
TOBBI €r0 MOAKHO BBUIO JIETKO NEPEHECTH HA JPYTHE [IPOM3BOJHBIC, THIA (ICKCHIAMOB 1 T,
KOTOpBIE MOAPA3yMEBAIOT BOIMOMKHOCTE IOCPOIHOIO HCITONHEHHA.

B 310ii 171aBe, 5 [OKa3bIBaI0, Kak Moennposanue MonTe-Kapio MPX(BT HCHOIIbSOBaTbCiI
UIS OLIEHKH 1POM3BOIHEIX TIPOLIEHTHOM CTAaBKH B PLIHOTHOW MOJENH Libor. Xapakrep Taxo#
PLIHOYHOH MOZEIM 3AK/TIOYACTCS B TOM, 4TO JI000C MHOKECTBO CTABOK, KOTOOS [ONHOCTE
ONpEIeNAET CYUIECTBYIOMIES 3HAYEHHE OTHENBHOTO HEKOTOPOTO JICHEKHOTO MIOTOKA BO BCEX
MHTEPECYIOIIMX TOKAX HA KPHBOH JOXOMHOCTH, MOMET HCNOML30BATHCA KaK OCHOBHOE
MHOKECTBO MOJCJMPYEMBIX BelliduH. Hanpamsiomuil : CTOXaCTHHECKHH MPOLECC AT 3THX
TepPEMEHHBIX COCTOSIHMS KPHBOH JOXOZHOCTH TOrna Moxer GeITh Bribpan l'lpOH3BO.VILH60(; :
apeiihhl  (CMELIeHHs) CISAYIOT W3 - YCTOBUI - MapTHHTANa, n‘iponctexalomm;r U3 BHIOOP:
Bespuckororo axtuea, HanGonee obiHe crocoGhl 3a71aHus KpHBOii JOXOAHOCTH COCTOAT B T;;:;
4TOGbI MCTIONB30BATH ITONHOE MHOKECTBO CO-PENENLHBIX HIlH CO-HAUANBHbIX CTABOK CBOMA HIH
MOJIHOE MHOKECTBO 0XBaTbiBaeMbix FRA-korTpaxTos . B 5ToM rnase, s HCNIOJB3YIO MOCHIE/HHH
TIOJXO, NOCPEACTBOM YEro MOJIENMPYEMBIE TIEPEMEHHbIE COCTOAHMA — 3TO0 (opBapHbIE CTaBKH
Libor. TIpuuuta, 1o KOTOPOH £ A€ HE KACAIOCH CBOMOBBIX CTABOK 3AKIHOMACTCA B TOM, 4TO TI0
MOEMy [IPAKTUYECKOMY OMBITY, JOCTYIHbIE anipOKCHMAIMK —ANA nucxpegfosam—;;r;
napameTpos Apciiha M ANNPOKCHMHPOBAHHBIC HEHb OMNUHMOHOB HA OCHOBS B0 enm-lxdee i
NePEMEHHLIX COCTOAHHA — BCE ABAMIOTCA BECHMA HCY/ORNCTBOPHTENBHBIMH. L OTIHY

' FRA - Forward Rate Agreement - Cornawenve © (OpBApaHOA CTaBke - q>0piz;pﬂm:
KOHTDaKT, KOTOpWi 0ONpemensetT RpOUBHTHY CTaBKy, KOTOpaA ﬁygeg (‘)jnnBaqg a
nonydeHa no 0683aTenbCTBY, HadMHaowemycs € AaT Hadana Korpa-Hu vl YAYWEM.

{npuM. nepes. )
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JT0r0, CYWICCIBYIOT BBICOKO TOYHBIE ATNPOKCHMALIMH /i €BPONEHCKUX CBOMLMOHOB B
6azupyroweiics na FRA BGM/J CTIPYKTYPE H OUCHb HAAEHKHBIE METONHKH MOLIATOBONO npeiida.

Ota riasa CTIpyKTypHpoBana cienyloummM o6pasoM. B cexumu 122, s pao kparxoe
omicanne Mozien peika Libor 3 BGM/ cipyxrype u OOBACHAIO, KAK MOKHO YMEHBLIHTS
“IHCIO HANPARBTIONX (PaKIOPOB, €CIM MOABATC JKENAHAE AGTaTh IT0, 9T00B! CPAaBHHTL C
MOZEINSIMH KpaTKC:CpO‘lHOﬂ CTaBKu Gonee HHIKOH Qairopmsaunn. B cexumu 12.3, s xpatxo
ODPHCOBLIBAIO MOE BHICHHE NpoOJeMb] OLEHHBaHHS BepMyickoro comupoua, a B cekuuu 12.4
Haercs  Qopmyna, kotopad  ofecnieunsaer 3aMCYATENBHO TOYHYIO LeHy. eBponeficKux
CBOTLHOHOB Jy14 GOJIBILMHCTRA PHIHKOB MPOIEHTHOH CTABKH HA MOMEHT HAMHUCAHHSA KHHTH, Oe3
HEOGXOZMMOCTH B CHMynsmaX. O6paboTka 3aBHCHMOrO or COCTOSIHHSI TapameTpa upe,i'uba,
Bo3Hukatowero 8 BGM/ crpykrype, onHcana cekumnu 12.5. 3arem, B cekumm 12.6, s
ACMOHCTDHPYIO peasibHyio IPAHHLIY HCTIOTHEHHS GepMy,ICKONO CROMIHOHA it cneumi)mecx(;ro
npumepa. Tlomxonsman napamerpusauna s 1o TPaHHUBI [pefyTokeHa B cexm 12.7. B mpyx
CICRYIOUWX pasfaenax, 1 obbicHmOo (akTHuecKknit amroputd Monte-Kapiio u npexcrasnsio
HUCICHHDIE PERYBTATH IS PA3THYHBIX NpUMEPOB. B konle ITIABLL, JIAETCS PE3oMe.

12.2 dakropusaums

B prmoynoit Mogems BGM/J-LIBOR NPHHNIMAETCH, YTO KaXIAA M3 72 OXBATHIBAEMBIX
QopsapaHEIx  cTasok  f;  paseHBaercs JIOTHOPMATEHO,  COTVIACHO  CTOXAaCTMHECKOMY
In(depeHIHATEHOMY YpaRHEHHIO

df; ~
A (£ )dE + o, (0)dIV; . (12.1)

Koppensmpa yunrteisaercs tem daxtom, vro n CTaHJAPTHEIX BHHEPOBCKUX NPOLECCOB B

ypaprennH (12.1) ynoenersopssor

E[d?ﬁ; d'rTf,] = gydt . 7 (12.2)

. ONEMEHTBI MrHOBEHHOH MaTpHUB! koBapuaumk (1) n dopeapaHbix CTaBOK, TAKHM
obpazom

ai(l) = ai(t)ay(t)e;; . (12.3)

Hcnoms3oeanne pasnosxenns () ua TICEBAOKBAAPATHHIE KOPHH' A Tak uToGbI

C=AA", (12.4)
Mbl MOXEM NpeoBpasoBars ypasHenwe (12.1) k
dfi .
= widt & E diydiv; (12.5)
4

rae d"VI ABJLIETCA 1 HE3aBHCHMBIMH CTaHAPTHLIMH BHHCPOBCKHMH npoueccaMd, rae
3aBUCHMOCTH OT BPEMCHH 6112 OMYIICHA AN ACHOCTH.
Tatoxe Bo3MOXKHO BCCTH 3BOJIIOLIKIO 1 (bOpBaleHbD( CTaBOK C MEHBUINM KOJIMYECTBOM

1
YaoBHse npoueayps s 3Toro - METON Honeckn u
CNEeKTPanbHoe pazrokenve.
nocneaHerc faeTca B cexuum 6.2, . P P ° Onucarve

Monurte-Kapao B mopenn BGM/J

NOMICKAUIMX HE3aBHCHMBIX CTAaHIAPTHBIX BHHEPOBCKMX MPOLECCOB, Y€M E€CTh  ITHX
(hopBapIHBIX CTABOK, CKAXEM, TOJIBKO M M3 HMX. B sroM cnyuae, Matpuna xodhduumeHTOB
AeR™ nomiuia 65rTs 3amenena Ha A € R"™, koropas jo/pKHa YOBIETBOPATE

"

St = : (12.6)

j=1
4TO0BI COXPaHATE KAIMOPOBKY OMLMOHOB Ha FRA-KOHTpaKkTel, TO eCTh KamieTs! (caplet).
IMpakTirdecku, 310 MOXET OBITH CACMAHO OHYEHB JIErKO, BLIYMCIAA PAIOKEHHE COIJKACHO
ypagreHHIO (12.4) ¥ OBTOPHO MacIUTabKPYs COrNACHO

EIE G (12.7)

Sthdexct 310i MPOLEAYPLI 3aKTIOYAETCSA B TOM, YTO HHAMBHAYAJILHbIC BAPHALMH KAXIOH
H3 CTABOK ABIIAKOTCA BCE €LIE KOPPEKTHBIMH, JAXKE €CIlH Mbl YMEHBILHIH YHCIIO HANPABNSIOLIHX
¢akTopos 1p omHOro, Ho 3pidexrusHbe KoBapuauuu Gymyr ommuarcs. Haopumep, mis
04HO(AKTOPHOH MOJIEH, BCe KOXPOHUMEHTHI KOPPeNsIH GYTyT eUHHLAMH, 2 KOBADHALIHH —
HPOCTO NPOM3BEACHHAMH I1ap CBA3AHHBLIX BONATWIBHOCTEl. I[Ipoueaypa, omucanHas Bhiilie
AOJDKHA TapaHTAPOBATHL ITIOCHEOBATENBHYI0 KAMMOPOBKY K LeHaM kamneroB. CylHecTsyer
MHOXECTBO JPYIHX BapHaHTOB, KOTOPHIE MOKHO BBIOPATh, THITA KAMHOPOBATE NO eBpOTIEcKHM
ceomuKonaM M T.1. TIpeamer kanubposky — NEHCTBHTENEHO OYCHDb TOHKHH M B CIICAYIOMWEH
CektMM A OOBACHIO, KaK MOMHO KamubpoBate 10 eBponeickdM  CBONUHOHAM  6e3
HEOOXOIUMOCTH B cuMyiaumax Monre-Kapno. 31ecs, & TONbKO XOTEN yKa3aTh OAMH M3 CaMBIX
MPOCTBIX AO/IXO/I0B K KATHOPOBKE, COXPAHAIOLIMH EIaeMyIo He3aBHCHMOCTS KaTHGPOBKH OT
4KCNa (PAKTOPOB, YUHTHIBACMBIX B 3BQJIIOLHH KPHBOH JOXOAHOCTH.

Ecnn kpyBas dopsapIHOH HOXOMHOCTH 3/2€TCA 72 OXBATHIBAEMBIX (BOPBAPJHBIX CTABOK
[, TIOCPEACTBOM |ero BOSHArPaXGICHHE i-TO cormaieHnss O GopeapaHOi craske Byner fy, a
BPCMST BEITIATBI £yt, H OONHIaLHs ¢ HyJICBLIM KYNOHOM, KOTOPad [UIATHT OfHY €AHHHLY Ba/IOTH!
B MOMEHT [y MHCNIONB3YETCH B kauecTBe Ge3pHCKOBOTO aKTHBA, YTO CXEMATHYECKH
HPOMTIOCTPHPOBAHO Ha Puc. 46, Torma apefidsl 4; 8 ypasuenusax (12.1) u (12.5) MoryT 6biTs
PACCYHTaHBI IPH TOMOILH Nemmst Hro:

N-L
i 202 7Y
—mkgl I%Y)‘Ttakﬂik for i<N -1

w(f(8).1) = 0 for i=N-1 (12.8)
o3 %ﬁ,"k?zk for. i>N
k=x
f" fl f;l-l
o A S W
’” f', t!\" -l "
e
L
I Zero coupon bond as numeraire

Puc, 46. KpuBas 10X0AHOCTH ONPeRelIsETC MHOYKECTBOM OXBATHIBAEMbIX (HpPBAPAHEIX CTABOK.
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12.3 Bepmyackue cBONLMOHD!

Konrpakr GepMyznckoro ceonuuoHa, o6ossauaemsii "X-non-call-Y" JIAET CBOCMY
AEPIKATEINO NPABO CACHATE CBOI MO 3aPaHES ONPE/IENCHHON CTaBke McnonHenus K B pamy
BOIMOMKHOCTEH HcnoiHeHHs. [TepRast BOSMOXKHOCTB HCTIONHEHHS B 3TOM Clydae Gbuia Ob1 ¥
JIET NOCAE Havaila KOHTpaKTa. CBOIL, KOTOPbI MOeT GEITh [IPOM3BEEH, BCERKA MMEET Ty e
CaMyro NpefeNibHYIO JIaTy 3PEJIOCTH, & HMEHHO X, HE3aBHCHMO OT TOrO, KOLA2 MPOHCXOIHT
Henonuenue. bepMyICKHii CBOMUMOH, KOTOPEI /16T NPABO JEPXATEMO BCTYNAT: B CBOM, B
KOTOpOM OH IUIATHT YCTAHOBJICHHYIO CTABKY, M3BECTEH KaK CGOMYUOH MAQMeTbuguXa, B
HPOTHBHOM CITYYaE, KaK CeONYUOH NORyHamens.

Jns Bramensua  GepMy[cKOro CBONLMOHA IUIATE/IBIIMKA, TeKyllas CTOMMOCTb

HCTO/HEHHA BO BPEMA /; 331aCTCA BHYTPEHHEH CTOMMOCTEIO /(1;) cBoMa, KoTopsiit Gyaer cacnan
B 3TO BpEMS:

n—-1 - - n—1 k
(L) = Z[ Ueii(ts) ~(filty) — K)m = Z [(H[l + fl(fj)'rl]‘l> (fulty) = K) Tl.] - (12.9)
k=j k=j I=; . )

3xech H fasee, 5 IOCTOSHHO MONAralo IUTaTex | i uto KOHTPAKT ABIACTCSA OepMyacKHM
CBOIIUMOHOM AATENLIIHKA, YTO0B! YIPOCTHTE 3amuch. Takum 06pasoM, Py./(f;) o6osnavaer
TEKYIYIO B MOMEHT 4 CTOHMOCTE OG/THIALIAH C HYJIEBBIM KYTIOHOM, BHITLTAYHBAIOILYIO | B fyy
HIIH, APYTHMH CIOBAMH, AUCKOHTHPYIOLWil PaKTop oT £ 110 U 11, PEATIM3OBAKHBIH B MOMEHT 1

Yol ONTHMANLHO IPHHATS PELIEHHE O PAHHEM MCTIO/THEHHH BO BpeMS [, [epKaTens
HAODKEH CPABHHTH CYWIECTBYIOULYIO BHYIDSHHIOI CTOHMOCTh C OXMIAEMONH MpHOBLILIO,
KOTOpas OyneT NOmydeHa, eCiH HE OCYHICCTRISNTh MCROMHEHHE B 3TOT MOMEHT BPEMEHH.
Taknm 00pa3oM, cToMMOCTD 6¢pMyncxom CROMUXOHA B MOMCHT f; — V(1) 3amaerca

Vit = max {I(t;),E, [V()} for j=1...0n—2 3 o
. max {I(¢;),0} for j=n-1

HeobGxomumo  ymoMmaHyTs, 410  BRIIEYNOMAHYTHIS CHEUHOHKALMM  OUUCHIBAIOT
AOBONBHO [IPOCTSIE BAHMIIBHBIE GepMyAcKHE CBOMUHOHLL Ha phbikKe cymiecTByer MHoro
Pa3HOBHIHOCTEH, KOTOPBIE OTIHYAIOTCH YACTOTAME BBILIAT MEXIY (HKCHPOBAHHOH M
TUIABAIOWCH YaCTAMH, MapKMHATBHBIMH TIPEAETAMH IUIABAIOIICH OIUTATH, M3MEHSEMbIMMU
TIOHSITHAMU  (AMOpMUsUPYrouste CBONUMOHBI MV CBOTIHOHBI AMEPUKAHCKIX 20pOK He
ABASIOTCA YEM-TO HEOOBIKHOBEHHLIM), BAPBHPYIONIMMACA MO BPEMEHH CIpaiikaMy CEOMA,
KPOCC-BAMIOTHBIMH  BO3HArPaXICHHWAMH (quanto) M MHoro gpyrux. Opsaxo, MeTOoa,
TIPE/ICTARIIEHHLIA HHKE, SBIAETCS JOCTATOMHO OOLMM, YTOGE! BHITh MPHMEHHMBIM [IOYTH KO
BCEM 3THM CIIELHANBHBIM CITy4asM.

12.4 KannbpoBka no eBponeickuM CBONLIMOHAM

Kak ankTepnatuy MHOMKECTBY OXBATBIBAEMBIX (JOPBAP/HRIX CTABOK IS onpeneneHus
KPHBOH ROXOJHOCTH, TAKKE MOKHO BHIGPATE MHOXKCCTBO co-npedenshbix  (hopeapinbix
C60n0BbIX CMasox Kak u3o0pakeHo Ha Puc. 47. JHxaMIMIAK MCTIONB30BAT TAKOE MHOKECTBO
KOOPAHHAT KPHBOH JOXONHOCTH JUIS PHIHOYHOH MOJIEITH Ha OCHOBE CBOTIA [Jam97]. Henoneays
AHHYHTET, CBA3AHHBIA C OmpeiesieHtbM (GOPBAPIHEIM CBOTIOM KaK GE3PUCKOBBI aKTHB Ans
IBOMOUHH, IPOUCXOMALLCH BHE YCTAHORIEHHOTO BPEMEHH ITOTO e CAMOrO CBOIIA, MBI MOXEM
MOJICNHPOBATS CBOMOBLIE CTABKH KAK COBCPILEHHO JNOTHOPMA/IBHBIC M, TAakMM OBpasoM,
NoJy4aTh KAIHOPOBKY MO €BOMEHCKMM CBONUMOHAM TO NOCTPOCHHIO. Ognaxo, y storo
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MOAXO4d €CTh MHOKECTBO HEZOCTAaTKOB. Bo-mepBbIX, HE OYEHb JIErKO NpHAYMAaTh
MapaMeTpH3auHI0 MTHOBEHHBIX BOJNATHWILHOCTCH CBOMOBBIX CTaBOK, KOTOpas Y4HTHIBAcT
HEKOTOPYIO CTeNeHb NOMOTeHHOCTH BpemenH. 1o cymecTsy, Hyxna (hyHKUMOHaNBHaA Gopma,
KOTOpas cpelid BCeX OPYTHX NapamerpoB TAICKE YYHTHIBAET BHYTPEHHHC DalfH4MA MEOXAY
pasmuyHbIMH  QOPBApAHBLIMH  CBOTIOBbIMH ~CTaBKamu. IToToMy IO, B TO BpEMd, Kak
(opBapHbIe CTABKH BCE OJHHAKOBO CBA3AHBI C OTAEMBHOH NCHEXHOH OIUIATOH C TEM XE
CaMBIM TIOPAAKOM BEJIMUAHbL, AHHYHTETH], CBA3AHHBIC CO BCeMH (DOPBAPIHBIMH CBONOBLIMH
CTABKAMH, W3MCHAIOTCA BEChbMA 3HAYHTEIBHO BMECTE C OCTATOMHBIM -BO3PacTOM HIH
TIPOOIDKHUTENEHOCTBIO HHIHBHIYIBHOH (hopBapAHOi CBOTIOBOH cTaBKH. BO-BTOPBIX, Henerko
COTBOPHTB TIAPAMETPH3AIHIO KOPPEAIHH CBOTIOBBIX CTRBOK, KOTODAs SBIAETCS ORHHAKOBO
YOBJIETBOPHTENEHON H MPOCTOH, 4TO MPOHCXOMMT TAKKE Gnaroaaps BHYTPEHHHM PasiHUHAM
MEXAY HAaTYpPaIbHbIMH AKTHBAMH, CBS3aHHBIMU C (OPBAPAHBIMA CBONIOBBIMHM CTABKaMH, TO
ecTs auHyuTerami. B-1persux, napamerpst apeiitda, BoTeKaloitHe U3 yeroBHA MapTuHrana 6e3
apbuTpaxka ropasfo 6osiee TPYHBI, YeM I PHIHOYHOM MoENH, ocHOBarHoOMH Ha FRA.

Puc. 47, Kpupasi 10X0IHOCTH TRIOKE MOKET OLITL GHpefeeHa MHOXEeCTBOM
32KAHYHBAOLMXCH OJHOBPEMeHHO (co-npeaeNbHBIX) GopBapAHBIX CBONOBLIX CTABOK

CerofHANINME IK3OTHHECKHE NPOM3BOLHBIC NMPOLCHTHOH CTABKH DEAKO OCHOBaHbI
HCKITIOYHTENBHO TOJBKO Ha (OPBapAHBEX CraBkax wiu (POPBRPAHBIX CBOMOBBIX CTaBKax.
Knacchveckuil mpHMep 3TOrO — TDHITEpHBIE CBONBf, [IC (PHKCHpOBaHHOE 3HaueHHe
cneupuueckoil  (OPBAPAHOH CTABKM OMpeReNseT, NpoHcxomut nu csor. [laxe AR
GepMyACKHX CBOMUHOHOB, PCUICHHEC 00 HCMONHEHHH 3aBHCHT HE TOBKO OT caeayrouei
TepEYCTAHORKH CBONOBO# CTABKH, HO Taloke M 0T (opMB! (M MPEKIE BCErO KPHBH3HBI) KPHBOH
JIOXOIHOCTH, HTO JYYILE BCETO BHUIHO 10 BAPHALWMAM MEXKIY BCEMH (GOPBAD/HBIMU CTABKAMH.
Taxum 06pasoM, KOTAa MBI OLCHHBacM GepMy/ICKHE CBONLIHOHBI, MbI MOXKEM PAa3yMHO XOTETH
NPEACTABUTH TMONHYIO CTOXACTHYECKYH0 AWHAMHMKy (OpBapAHbIX CTaBOK H,B UYaCTHOCTH,
AMHAMHMKY HX KOPPENALIHH B OKOHOMETPHYECKH YCTOHYHBOM peXHMe, a Taoke oTKanubpoBaTh
Tak, yToOB! MbI BOCTIPOH3BOAHMH [IAHHBIE PLIHKOM LIEHB! €BPONICHCKHX csonuuouos.“

Teneps 51 OMHULY OQMH BOIMOXHBIH MoAXoA AnA Kanmmbposku GasupyeMoil Ha FRA
mozaenn BGM/J k esponeiickuM conupoHaM. Bo-nepsbix, MBI JIO{DKHH OCTAHOBHTHCK Ha
noaxosei QYHKUAH MIHOBEHHOH BOJIATHIIEHOCTH 1t (POPBAPIHOH CTABKH U A HCTIONIL3YIHO
npeanoxeutyio PeGonaro [Reb99]:

al(t) = ky [(a +b(t — t))e—c(l-vl) + d] Ap<y - (12.11)

O6ume napameTpsl g, b, ¢ u d ONpenensioT NOMHYIO QOPMY CTPYKTYpBI 37€MeHTOB
MrHOBEHHOH BonatwisHocTH, Creumoduunsii gt FRA  napamerp If' MO3BOJSET  HAM
MacITaGupoBaTh KPHBYIO BONATHNBLHOCTH A KaXIOH topBapaHOit  CcTaBKH, 4TOGHI
COOTBETCTBOBATS 33/JAHHOM PHIHKOM NOAPa3yMEBaeMOii BOMATHILHOCTH JUIsl aCCOLHWPOBAHHOIO
Karieta. J1a (yHKUMOHANBHAA (OPMA, TI0-BHAHMOMY, A€T XOPOILYIO NOJIOHKY K CTPYKTYpe
OCHOBHO} BOATH/BHOCTH GOMBILIMHCTEA OCHOBHBLIX PHIHKOB, HTO NOKa3aHo Ha Puc. 48,
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Puc. 48. auubie poIHKOM NoApasyMeBaeMbie BOIATHILHOCTH [IISl KATLICTOB W Hanay4mee
COOTBETCTBHE COINIACHO ypaBHenus (12.11) ck;=1.

Crenytomas  ¢yniams, KoTopyio Hazo BmGpars — 310 aprokoppenauus FRA/FRA.
TMoaxoasmuii BLIGOp NS Hee

043 (1) = e ) (12.12)

¢ =035 u y=0.5. Onnaxo, sebupas y=1u f=0.1, (4TO PE3yNLTHPYET OHEHD MOXOKHMH
HAYANBHBIMH 3HAYCHUAMH [JI1 SNEMCHTOB KODDESSIMM M HE JIENAcT HHKAKUX 3HAYUMBIX

panauui s ueH HepMyACKHX CROTLHOHOB), MBI MOXEM aHATHTHYECKH OLEHHTH NapHbIc

HHTerpatsi Kopapuaups ¢, (¢,T) = I 0,(u)o ()6 ; (w)du npu t < T < min(r,t;), nockonsry

Mbl MOXEM BBITAIIATH HMEMEHT KOPPENALUH M3 MHTerpana, Torma MpUMHTHBHLIA, TO ecth
Heonpe/eNeHHbIA HHTerpan O, (4)0 , (1)G,; craHoBHTCR

/g,‘jn,-(l)zri(L)dl- = e A-tl gt

. k 40‘

: (4acs3r1[e"<"'~‘-r> + o) 4y (12.13)
— 4beddet i [r:(l —t) - l] — dbedecti—b) [(:(I —4) = 1}

4 ¢ (@~ (2{12(:2 4 '2(1]1('[1 F et + [ '2!,)]

+IF[1 263 — )= 1)+ oft; 4+t — zt)]))

Monre-KapJyo B mogens BGM/J ‘

SIcHO, 4TO MBI BCETAa MOXEM HCHONb30Bath ¢opmyiy (12.13), uyrolst BHIMHCAHTL
i o
MOAPA3yMEBAEMYIO BONATHALHOCTL o",(t,-)=.[] 0, ()dt /1, moboro Kannera, COBMECTHMOND ¢

napamerpuzaneii (12.11). Tlpakrnueckn, MoxHO wncnonezoBath 3Ty Gopmyny, “ToOwl
BBIYHCIHTD k; TAKOE, YTO O'(?;) PAaBHACTCA NAHHOH PHIHKOM BonatunbHocTH brioka.

Yrobsl YCTaHOBHTB CBS3b MCXKIY BOJATHILHOCTAMH (OpPBApAHON CTaBKH H
(opBapaHOi CBOMOBOIH CTAaBKH C HENBIO KaMOPOBKM K CBPONEHCKHM CBOMUMOHAM, MBI
HanoMuHaem cebe, wto dopBapaRas ceonoBas craBka SR; (HauMHaAlOLMICA C MOMEHTA
nepeycTaHOBKH GOpBapAHO# CTaBKH f) MOKET GBITH 3anHcaHa, kak KoapHuHeHT

A

SR; = F (12.149)
CTOMMOCTH M1aBAIOWICH YacTH
/l;=§1’,~,.fir,1\"j for i=0...n~1 (12.15)
J=i
M aHHyHTeTa '
B, = "z—:f,-l.,]\ for i=0..n—1. (12.16)

=
N; 10 cMBICTy CBA3AH C NMEPHOAOM HapallMBaHHA 7; TTOCKONBKY DHIHOMHAA KOHBEHUHA ©
KOTHPOBAHHH LiCH )15 €BPOTIEHCKHX CBOTILIMOHOB HCTIONB3YCT KOHUETIIHIO NMOAPa3yMeBacMbIX
BonaTHibHocTelt Biska mnst opsapiHOit CBOMOBOI CTABKH, HMEET CMBICH JyMaTh O MatpHlie
KOBaPHALIMH CBOIIOBBIX CTABOK B OTHOCHTENLHEIX TEPMHHAX HACTONBKO 2K€, HACKONBKO H WA
caMuX (OPBAPIHEIX CTABOK. IMEMEHTH MATPHLbI KOBAPHALMH CBOTOBOH CTaBKH C° MoryT
OBITL NOITOMY 3aITHCAaHbI KAK

o _ (9S8 dSR;
Yo \SR SR;

-1

i—1 Q‘_& Sk
oh " g <d/Adfl>

2 S, SR, A
i=0
n- |
_ OB S Sy OSR )
= Z on Sr S sm o (1217
Onpeaenss deMeHTb MATPHLUB) ZF .
gipa—sn L 99 fe (12.18)

Of SR’

oTobpaetie FRA-Matpuiis: koBapuanun C' B MaTpHIy KOBAPHALMH CBONOBOH CTaBKH C
MOET PACCMATPHBATHCA KaK MAaTPHYHOE YMHOXCHHE

OSR = ZFRA-SR PR girA-sT (12.19)

Hcnonsays
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InaBa Ne12
0P I
=-Fur— L 12,
Of T T iy L (12.20)

rac 1 » i ecrb equHMUA, eclM k> H HOML — B NIPOTHBHOM Clyuae, H ypaeheHus (12.15),
(12.16), (12.14) M1 nmMeem ‘

JSR; PoameNy, T3 Ag T A;B,

e - Be==op 0 3 Yoy -

of B; 1+fime B 14 fime B

3T0 NO3BONAET HAM ° BHIYMCAMTL  SIEMEHTH  KOBADHALHOHHOM MaTpPHLBI

npeoGpasosannst oT QopeapiHOM CTaBKH Kk cBonoBoiH craske Z' ' PF yrofm MOTY4HTH
BBIPAKEHHE

(1221

R Pryi Nefim (A:By — ApBi) frm
#FRASSR +1 Ve Sk T 5 Bi) [x T .
Zix = A AL+ Jore) Tieziy - (12.22)
e — R LA
constant weights approxismativn shape correction

Bropoit anmemeHT BHyTpM KBanparHbIX cKOGOK ypabHeHus (12.22) HaseiBaercs
Koppexyueti ¢hopmoi. TepennCEIBas ero Kak

(A:Be — AeB) frmi fime L el .
= : Pt Puc s NN (S 12.23
AiBi(1 + fiy) ABi(L+ fim) gmgk 11 Bt A NNt () = fin) ( )

BHJUM, YTO 3TO — CPEAHCS, B3BCIICHHOE 10 HENOMOINEHHOCTH KPHBOM JOXOAHOCTH. B
AEHCTBUTENBHOCTH, NS TUIOCKOH KDHBOH JOXOJAHOCTH, BCE 3/IEMEHTbI (fi-fo) TOXIECTBEHHE!
HY/I0 | MaTpuL@ npeobpazopanna Z' 7 *F sxausanenria AMIPOKCHMAUHH ¢ NOCTOSHHBIMH
Becamu (11.7) 8 [Reb99].. B 310M myHire Mb| umeem oTobpaKeHye Mexy MIHOBEHHOj
FRA/FRA wmatpuueli KOBapHANMH M MATpHUEH KOBAPHALHH MTHOBEHHBI cBon/ceon. K
COXATEHHIO, TEM HE MeHee, OTOGPaXCHHE BOBICKAET COCTOAHHE KPHBOMN JOXOAHOCTH B IGO0
3a7aHHOH TOYKe BO BpemenH uepes matpHuy Z. Llena esporeiickoro CBOTILMOHE, OAHAKO, HE
TOJBKO HE 3aBHCHT HM OT ONHOTO OTHENLHOIO DEANM3OBAHHOFO COCTOSHHA, HO &KE OT
TPACKTOPHH MIHOBEHHOH BONATHIBHOCTH. T'opasno Gonee nojxopasie gyMats o HEKOTOpOH
CpedHeli 6ONamuILHOCU UHME2PansHOT mpaexkmopuy. Hcnonesys aprymentni (paktopoB
PAANOKEHHS H DPABHYIO BEPOSTHOCTh JBIKEHHS BBEPX M BHM3 (B JIOrapHdMHuecKoM
npocrpacTee), Peonaro nokassisaer B [[RO0], uto onpenestentas CTPYKTypa 0ToBpaXkeHus
TO3BOMACT HAaM  aNNPOKCHMUPOBATh 3(IEKTUBHBIC TOAPA3YMEBACMBIE BONATHABHOCTH
CBOTIUMONE, TPOCTO  MCTIONB3YS CCTONHAUIHEE COCTOAHHE KDHBOM JIOXONHOCTH s
BLIMMCTIEHHA MaTPHLB! ipeobpasoBanHs Z:

n-1 T
TSl (ot It . §
G, (1, T) = ZFA-Sk(g) M - Zim=stgg (12.24)
it 7T f

k=i d=i

OTOT aNNpPOKCHMHPOBAHHBIA SKBUBANEHT MOPA3yMEBAEMOil BONATHIBHOCTH MOXKHO
TeTeps MoACTaBHTEL B (hopmyity cBonikona Bidka, 4ToGs! onpesenuTs ueny be3 nompebHocmii
6 omoenbhoti cumynayuu! Tlpaktuuecky, dopmyna (12.24) paGoraer sameuarenbio XOpOLUO.
3710 JleMOHCTpHDYETCS i LENOH  IOCIEAOBATENBHOCTH  CO-TIPEHCTBHEIX €BpOMeHCKHX
CBONLMOHOB Ha PHc. 49. OOBACHEHHE 3aMeaTENBHON TOUHOCTH IPHEIIKEHHS (12.24) nexxur
BHE BO3MOXHOCTEH 3TOH CeKLMH, HO ero MoxkHO HaitTH B [JROO].
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Moy

Puc. 49. Omnbxa oneHKH ypasHenus (12.24) npu HCMONL30BARUH TOJNLKO ANTPOKCHMALHY C
NoCTOAHHLIMH Becamu B Qopmyne (12.22) WIH TONLKO KOpPekuHH Gopmbl ANs KPHBOH
noxonuoctu GBP na 10-oe aBrycra 2000 r.

Hcnons3yst  BBILEYTIOMSHYTYIO TIOAFOTOBKY, # TeNeph IOKa3bIBAIO  MOAPOOHO
npouenypy kanuGpoBxi. Jnsm 3agaHHOro 1ara BPEMEHW OT [ JIO T, 3amonHuTe
HEMaCIITabHPOBAHHYIO O BPEMEHH MATpHIty kosapuaunn FRA/FRA

N nk(t’)o,(t’)iz,:,(t')df’ _ P
(T -t

3ateM, OTOOpasHTE DTy MAIpHLY B HEMACIUTAOHPOBAHHYIO IO BPEMEHHM MATDHIYY
KOBAPHMALMH CBOIVCBOM, MCIIOIb3YA MATPHily Z, PACCHHTAHHYIO MO HAYATBHOMY COCTORHHIO
KPHBOU IOXOMHOCTH

FHA _
Cu™ =

Sk = 7. oFrs ZT (12.26)

R
M BbIYHCIHTE M3 HEE MaTpHLy KOppeaLUH CBOI/CBOI Rs 33/laHHY 1O
Cz‘{ll
2]

—_—t . (12.27)
v(‘:‘?‘”(.'-?'!‘
£ Ai

SR
R =

o SR "
Teneps, MbI BEIMKCIISEM CTICKTPAJIBHBIA [ICEB/I0KBAAPATHBIH KopeHs B u3 R koroperit
YZHOBJIETBOPACT

R pR Bs:ﬁ . (12.28)

B stom NYHKTE, Mbl TIPHHHMAEM BO BHUMAaHHE [ICHBI CBOTNILHOHA, 33JIaAHHEBIE PLIHKOM.
O6o3HauuM PBIHOYHYIO TI0APasyMCBACMYIO BOJMATHJBHOCTE CBOIIUHMOHA, UCTEKAIOLIEro BO

BpEMSA 1y KaK O e, 1 OTIE/e/IMM IMarOHANEHYIO MATPHLY E uepes
h
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maket | Ty (1. T)

Sok = Tk, T, (U, 1) O ezl

rize 8, — 310 cumBon KpoHekepa (xoTopiit paseu 0, noxa g=h, nHaue oH pasex exuHuue). U
Oy, (t,T), u & s, (0,2,) pACCHMTRIBAIOTCE M3 MIHOBGHHOM  IApaMeTPH3ALHH

BONaTUAEHOCTH FRA uepes IypaBHem/xe (12.24). Ha 3axnountenstom

.24). lare Tereph HYXKHO
NOCTPOUTE  HANPABRASIOLIYIO FRAR-MM'pnuy A™ MacIITabHpys BBEpX HANPABMSIOUYIO
MaTpHHy KoppensumH caor/ceon B i obpatHo ovobpaas B koopaunarel FRA:

AFRA _ o7~
AR < Z= .= g (12.30)

ad)qJCKH{BHa}{ (HEMdC lIIaﬁHpOBaHHaﬂ 10 BPEMCHH FR PHLA KOBAPHALUH
A/FRA marpu YHAL
) >

CERA . qFRA AFRAT

effoctive (12.31)

RA A
] ‘{To6_s)t ;cnonmosam marpune C e 1 AT 1w 3BomIOUMH B Teuenne wara
peMeHHU ¢ € MHOKECTBOM CTAHAAPTHEIX HOPMAJIBHBIX MEPEMEHHBIX, MBI CILE TOMIKHEI

ymuoxuts #x Ha (T~ 1) /(T — 1), cooteeTcTBEHHO. BHYTPH NIPEAENOR ANTPOKCHMALMH

(12.24), Mcrionb3ya 3TH MATPULB! BE3JE, T,
MOCEAYIOLHMX pasfieax, l\:fl oﬁwnefu;agfa :c‘::x:g‘;::xéy‘;:::):: pomeiiororD Cromtor. &m0
POIEHICKOro CBOMIIHOHA, B TO
HE BPEMS COXpaHAA HACKONBKO 3TO BOMOXKHO KamuBpOBKY K KaryieraM 6e3 3HAYMTEeABHOro
Hapyenus nonnoit FRA/FRA CTpyKTyps! KOppessums, 4To, 00bIMHO, H SBISETCS TEM, Yero
XOYET MPAaKTHK MM OUCHKM GepMYACKMX CRONUMOHOB. B kauecTse npHMeuaHus cn:myer
ggAMﬂH.be, '-m')7 Rfaanuqﬁue Apyr¥ie KOMGHHAIMM BBITONHEHHS paculeriienHs (CIUMTa) Ha
oficive H A” BOSMOMHBI, IIOKA BCE €IE COXPAHACTCS KAMHMODOBKA K CBPONENCKHM
CBOMLHOHRM. Tlo MoeMy ODBITY, OAHAKO, BBILEYNOMAHYTHIH MOAXOH MPCACTABNAET OGO
Ty4IHA MeToy, YTo0bl COXPaHHTL Kax MOHO Gonblue uHbopMaiiy M3 monsHoii FRA/FRA
CTPYKTYDEI KOPPE/ALHHK B KAMOPOBKE, HACKONBKO 3TO BOSMOXKHO.

12.5 CxeMa npeaukTopa-koppekTopa

HroGs! ouenuTs GepMyackuit caomumMOH B cTpyKTYpe MoHTe-Kapno, Mbl momser
Pa3sBHTL MHOXECTBO (DOPBAPIHBIX CTABOK f OT HX TeKyLIMX 3HAYeHHH B Gyayliee COrMacHo
CTOXaCTHYECKOMY AH(DEPEHIIMANEHOMY YPABHEHHIO

m

dfi() = L(0) - (0. 0dt + £:(8) - 3 aav (12.32)

j=1
HaMpaB/ACMOMY 1i-MEPHBIM CTAHAADTHBIM BHHEPOBCKHM nipoucccoM W. uementst apeitda,
3aaHHEIC ypasHeHHeM (12.8) ABHO 3aBMCHMBI OT coCTOSHMR M, TAKHM OBDA3sOM, KOCBEHHO
c'lroxacmqecxue, TO BLIHYAKJAET HAC HCNOIB30BATH HHC/CHHYIO CXEMY PELLIEHHS yPaBHEHHS
(12.32) no moGoii Tpackropun. B mieane, Mbr Gl XOTENM pasBuTh topsapanylo KpHByIO
JAOXOAHOCTH f TONBKO MO TOYKAM BPEMEHH, KOTOPHE Mbl, (AKTHYCCKM, RODKHEI

' Kapauac v Upee HaawsanT aTy MAaTpUUy MaTPHUEd aucnepcun [KS91] (p.284).

Monte-KapJie B Mmonear BGM/J

KOHTPONIMPOBATh, TO €CTh N0 BOMOMKHBIM JIATAM HCTIONHEHHA. Camasi ApoCTas YMCIIEHHaA
ut

CXeMa WHTErpHpOBaHWA CTOXacTHueckHx uddepeHupanbHEIX YPaBHEHHH — 2TO METOA

Diinepa

m

TP+ AL = {0+ (0 nlFO,08E+ Fi()- D w3 VAL ety
j=t

TIE 7j ARIACTCS N HE3ABUCHMBIMH HOPMATEHEIMM HEPEMEHHBIMH. JTO noapasyMeBano 6l, 410
MBI anIPOKCHMHpYeM Npeiid, Kak HOCTOAHHYIO HA IAre BPEMCHH f -> r+Ar. Kpome TOr0, 912
CXeMa O3HAYAeT, UYTO Mbl MCIIONB3YeM HODMATBHOC pAcHpefeneHue yid  3BOMIOLHH
(OPBAPIIHBIX CTABOK MO 3TOMY liary BpEMeRH. B To BpeMs, Kak MBI MOXKEM COTNAIATLCS Ha
KYCOYHO-TIOCTORHHY:0  (TI0  BpEMEHH)  anApPOKCHMAIHIO kodprimenta apeiipa  4;
HOPMANLHOE PACTIPEACTICHHE MOXCT GbITh  HEKENATEeILHEM, 0cO0CHHO, €ClIH  Mbi
Mpe/lyCMATPHBaEM ~ HCIIONb30BaHHE GONbLIMX  WIArOB  BPEMEHH At nO TpHYHHAM
BBIYHCIHTENBHOH 3¢exrusHocTH. OfiHaKO, KOTAAa MBI IIDHHHMAEM KYCOYHO-TIOCTOSHHBIH
ZIpeiich, MBI TRKOKE MOTITH Obi AHATIHTHHECKH BBITONHHTL HHICTPHPOBAHHE C 1UArOM BPCMCHH At
H MCTIONE30BATH CXEMY

mfNDA-Len +§l w2y

fi("onsl:mldrilt(f(l)ﬁt_'_ A = fi(t)-e N (12.34)

roe war BpeMeHH Maciurabupyercs no \/Kt- mis A u A g C u ero nornouait
COOTBETCTBYICLUMC MATPHLEL. JpyrnMut clioBaMH, s YCTaHOBUI A= A NJarn C'=C-At.
Vpasnenue {12.34) MOXET TaroKe PaCCMATPHBATECH KaK CXeMa Diinepa B NOrapHPMHIECKHX
KOOPAHHATAX.

BrieynomsHyTas npoueaypa paboraeT oueHb XOPOLIO FOKa 1Mard BPEMEHH At ne
C/MIIKOM JUTHHHbI, IHHPOKO HCTIONE3YETCA H YNOMHHaeTCS B MyOnukanusx [And00, GZ991.
Tockonsky mapamerp Ipeiida, MOSBAAIOMIMICE B NOKAATENBHOH (yHKUMH B YPABHEHHH
(12.34) ABIAETCS, B HEKOTOPOM CMBIC/IE, HETIOCPEACTBEHHO CTOXACTHHECKHM JNEMEHTOM, MBI
HEUHEM 3MEYATS, YTO HTHOPHPYeM HepaseHcTBo JUKCHCEHE, KOTA IEMEHT [4Af CTAHOBKTCA
0CTATOUHO GOMBILAM, TO TPOHCXOZHT, KOTAA Mbl BLIGHpaeM GO/IbIIOH war At vy xorza
cami (DOpBApAHbIE CTABKH MM HX BOJATHIBHOCTH SBASIOTCH GonpiuuMu. Tlosromy, Mbl
JIOIDKHE HCTIONMB30BAaTh METOA MPEAHKTOPA-KOPPEKTOPa, KOTOPbIH MOJCTHPYET apeid, kak
KocBeHHo croxactuueckuit [HHO01]. B obosauennsx Knemena u TInarena [KP99], 8
3aBHCHMOCTH OT MTHOBEHHOH (JyHKUMH BONATWILHOCTH, 3T0 — fBHAs cniabas cxeMa nopsjka
20 wm cnabuii MeToR’ MpenukTopa-koppextopa nopsagka 1.0. 3ra koMOMHAUMA CXeMbl

' Com. 8 [KP99] uenoe pa3Hoobpasve METOROB MHTEFPMPOBAHWMS  CTOXACTWHBCKNX
nddepeHLManbHEX ypasHeHHA . ’

2 Feny GbTh TOYHBM, TO 3AECh MCNONB3yeTcR rvOpupHui METOA. B npencTasneHHoM
noaxope, # OOLEemuHs0 B YPaBHEHWM (12.25) ¢yHKUMM BONATWUNLHOCTY HE38BUCUMO CT
wara BpeMeHyd, 4TOOM NONYYWTL OKBMBANEHTHYID AACKDETHYO MATpWly KOBapuau uara
BpeMEHM ¥ 3aTem 00pauanck C 3TUMM KOBADMAUMOHHbBMM MaTpuuamy, —Kak GyaTo OHM
BY/IAHN NPOUSCCOM BONATWILHOCTM (BYHKUMA, KOTOPYE SIBASITCA NOCTORHHWMA BO BPEMERM.
MoaToMy, He MCMONL3yeTcs Hu ABHO Ccnafam Cxema nopaaka 2.0, sagandan (15.1.4) 8
[kP99], wv cnabuil METOA NPEAWKTOP-KOPPEKTOpa nopapxa 1.0 cornacho (15.5.4)
[KP99]. B cny4ae nOCTORHHOW, TO €CTb HE3aBUCMMON OT  BPEMEHW BONATWIBHOCTH,
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Oitnepa B norapuMHYECKAX KOOP/MHATAX ¢ METOAOM IPEIMKTOpa-KOppeKTopa ans apeiida
JIaeT PEe3yNbTarhl 3AMEYATENBHON TOYHOCTH M HCNONL3YETCA BO BCEX BBIMHUCIIEHHSX,
OMHCaHHbIX B TOH rMaBe. MeTox TakoB. Bo-nepsbix, yuHTHIBas TEKyWwiee PasBHTHE KPHBO#
Jox0AHOCTH, 0Go3HAuaeMOe f{F), MEL BEIMHCIIAEM NpEICKasaHHoe petterue /" " (f{1) 1+ Ar),
HCTIONB3YS OHY M-MEPHYIO HOPMANBHYIO BBIGOPKY MEpeMeHHBIX Z, COITIACHO YpaBHEHMs
(12.34). 3areM, Mbl NOBTOPHO BRIMHCAAEM ppelid, HCMONB3ys 3Ty DasBHTYIO KPHBYIO
JIOXOHOCTH. ANNPOKCHMALMA NPEAMKTOpa-KOppeKTopa ﬁ,. s gpedida TOrna Jaerca

CPEeIHHM YHCHIOM THX IBYX PacyeTHBIX Apeiidios, To ecTb
(F@).t = 1+ A0 = Y F0.0 + p(F N F ).t + A, D) {12.35)

Haxkonel, 3B0mouHs NPeaHKTOPa-KopPeKTopa 3a5aeTes

(T = YA —det 3, w2y
J=1

f}'rcdic!orcmmclor(f(i)1' + Af) = fx(/) e (12.36)
rle Mbl NOBTOPHO MCTIONB3yeM TY XKe CaMylo HODMANbHYO BBIOODKY TIEPEMEHHBIX 7, TO €CTh
JIMILL HCTIpaBiIsieM Apeitd) NPeACcKa3aHHOIO PEILCHUS.

Boictpoe 00ocHOBaHHE IS BHIIICYNIOMAHYTOrO NPHOIMKEHNS MOXHO NPHKMHYTh
cneytolM ofpasoM. Ecim MBI ObUTH  BRIHYXZCHB! BBHIOMpATh, TO IS BBIYHCIICHHA
anTipoKCHMALIMH  NOCTOAHHOrO fOpefida, mna roboro mara BpemeHM, HH HauanbHble
thopsapaHsie craskH f{z), HH NONyueHHBIE B KOHLE mara Bpemenu f{t + Af), kaxercs, He
NPEBOCXOAST APYT APYTa I paGOTHL. DTO SKBUBAICHTHO COOOPAXKEHHAM O ABHEIX M HEABHBIX
METOMAX JUIS YHCIIEHHOTO peilieHnst OOBIMHBIX M 4aCTHLIX Ju(epeHUHANBHBIX YPaBHEHNH.
Mel, Ha CaMOM Jiefie; He 3HaeM Jpeiid B KOHLE XKeaTeAbHOro Lara BPEMEHH H PeLLeHue i
Hero, ecnu Gbl Mbl NPHMEHATH HEABHBI MeTol, TpefoBano Obl PELICHUS MHOTOMEPHOMH
HEJHHEHHOH CHCTeMBl kaXicObiti paz.- OAHAKO, MbI MOXEM AIIPOKCHMHDOBATL NapaMerp
gpefida B KOHLE Hiara BPEMEHH M 3aT€M B3ATh CPENHEE YMCIO M3 ABYX OTAENbHbBIX
npuGnKeHnit apefiha, N0 aHATOTHH C METOAOM NPEAMKTOPa-KOPPEKTOPa, HCTIONE3YEMBIM B
JIPYTHX 00HACTAX YUCACHHOTO aHATH3A.

MHOXECTBO HHCIICHHBIX SKCIHEPHMEHTOB IIOATBEPXKAAET, YTO 3TOT METOJ BECHEMA
yCcTOMuMB B paboTaeT oueHb Xopowo (owubia HUKOrma He npesbiilaeT aomo Oun-oddep
cnpaaa, KOTOPBIM, OObIMHO, paBeH OKOJNO OfHOH Beru: onuuoHa) Ans NpEeBaMPYIOLIHX
(POUEHTHBIX CTABOK M YPOBHEH BONATUNBHOCTH BCEX OCHOBHBIX PBIHKOB, J@XKe IS OMEHb
JONrHX (AECATKH JIET) OINUMOHOB KOTAAa MCHOMBb3YeTC® TONBbKO EHMHCTBEHHBIH ar o
3penoctd. Yrobbl 310 MpoAeMOHCTpHpoBaTh, Ha Puc. 50 1 Puc. 51 nokasano xak merton
npeNMKTOpa-KoppekTopa Apciida Bemer ceGa ans cuemapua "Libor-s-mpocpouke” mo
CPABHEHHMIO C METOHOM KYCOYHO-NIOCTOSHHOTO npeida, roe napamerp Apeiida no nobomy
ATy BPEMEHH 3a1a8TCs COCTOAHHEM KPHBO#H J0XOHOCTH B Havane wara. Ha o6onx pucynkax

0[H3KD, 3TU [1BE CXeMbl MAEHTMuHb. Takum ofpa3om, cneays ofueMy CMbCNy, 4TO BCerfa
BHIOAHO MCMONB30BaTh HACTONGKO MHOMC SIBHBX QHANUTMYECKWUX PEWEHWNH, HACKONBKO STO
BO3MOXHO B NGO YMCNEHHOW CXEeMe, MOXHO CKasaTb, YTO Mu MCMONb3YeM CXemy
NPEOMKTOPA-KOPPEKTOPA,  TONMbKO AR napaMeTpa JApedga, HO He ANs  NONHOro
CTOXACTUHECKOr0 ANPPRPEHUNANBHOTO YpaBHEHWS, HaNpaBnsonUero 3B0M0LUMIO.

Libor in arvears numeraire

ored T=30 years, f=8%, T=3mths

v ATM capIEt vEGA
050%

040%

.

:

Sth 10% 15% 20% 25% 30% 35% 40%

Ahsoluta arvor in <f> (not discounted)
§

0.40%
Impited volatitity

Puc. 50. CTabuibHOCTH METOA HpeAHKTOpa-KoppexTopa apelida kak QpyHKuss yposHs

BOAATHALHOCTH
== Constark drit Libor in amrears numeraire
s Priagictor-corrector 0=24%, £=8%, T =3mths
- ATM cADlEL vEQA

0.50%
0.40%

I
#

§

Absolute error in <f> (nok discounted)
2
2

0.00% s v — i

0.10%
xpiry [years)

Puc. 51. CrabunbLBocTh METOAA NpeanKTopa-koppeKxropa Apeiida kak GpyHKuus BpeMenH 10
IKCIHPAIHN.
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omMbxa OXHAAHHA KOHTpPAKTa "Libor-B-mpocpouxe” ofoux LIArOBLIX METOIOB A
€OUHCMEEHH020 1n2a K IPenoCmu CPABHHBASTCA C Mepoit cripaga Gua-odep, a umenro,
[EHOBLIM  H3MCHCHHCM, TNOABITIOLIEMCS B PE3YNBTATC M3MEHEHHS [IOJpa3yMeBaeMOii
BOJATHIBHOCTH Ha 1%. Kak BEI MOXeTe BHACTS, METOJ 3aMeHaTeIbHO TOYCH, JAXKE JUI OYEHD
JUIMHHBIX wWwaros. OfHAKO, KOIAA Mbl OLEHHBACM GepMyacKue CROMUHOHBL, MBI HHKOTAA He
ACIIACM TAKHE [UIMHHLIC HHIHBUAYANBHAIC IMATH, TIOCKOIEKY MbI JOJDKHBI MOJEIHPOBATH
IBOMONMIO ¢ KAXIOH Rarodl Mcmonwenus. 10 03HAa4aeT, wro annmpoKCHMaLKs apeiiha
TPEAMKTOPOM-KOPPEKTOPOM  HMCET  BBICOKYIO TOUHOCTE B KOHTEKCTE MONCIHPOBAHHS
GepMynCKOro CBONUMOHA.

12.6 IBpUCTUKA rPaHKLLI MICNONHEHUS

B ni06oe BpeMA MEpeyCTaHOBKH f; KAk OKa3aHO Ha P, 46, ocratounas Kkpusas
TPOLIEHTHO JOXONHOCTH NONHOCTBIO OIHCHIBAETCA BEKTOPOM, f{7;), YbH 3IEMEHTHI — 3T0 (n-1)
OCTAIOIMXCA (OPBAP/IHBIX CTABOK Ha KPHBOH JOXOZHOCTH NOCHE HOCAE/IHETO BPEMEHH
BHIIIATEl 110 GepMyickoMy cBOMUMOHY. Cpemu Muorux JPYrUX BO3MOXKHBIX CHOCOGOR
ONUCaTh KPUBYIO JOXOZHOCTH OT BPEMEHH f 10 £, — 310 BEKTOP P(1;), 4YbH 3NEMEHTHI
TpHRAMAIOT 3HAMCHHS CTOHMOCTH OGMHMrauMii C HyJCBHIM KYNOHOM B TeKyllee BpeMsa £,
CO3PCBAIOWINX HA fjy..., £, H BEKTOP 5(7;) COCTORIUMIE U3 CBOMOBHIX CTABOK BCEX CO-TIPEAIENBHBIX
(3aKaHUMBAIOILMXCA O[HOBPEMEHHO) CBOIIOB KO BPCMEHH 1, Bce 310 opiHo3Ha4uHO onpeenser
KpHBYto RoxoauocTd. Ilockonbky aro, Boofile rosops, Xopouras Hzes IKCIITYaTHPOBATL
ONPCNENeHHyI0 CTPYKTYpY crienmduseckoll MpoGaeMEl, KOTOPYIO HEOBXOaUMO PeLLHTS,
HCIIONIESYS METOJEL MOJICAHMPOBAHHA, TO GYZET pasyMHO, NPEXKIE BCErO, [OCMOTpETs Ha
TCOMETPHIO obnacTy menonHenmst B poliieMe GepMyICKOro CROMIHOHA, Crporo roeops,
TpaHna HCNONHCHHA BO BDEMS #; — 310 (n-i-1)-MEpHAs [HNEPOOBEPXHOCTL B (n-i)-MepHOM
TpectparicTee. Henonbsys poLeaypy HepekoMOHEHpYeMOTo Iepesa, OGBACHACMYIO B riiaBe
13, MBI MOXEM NPOM3BOANTE AUAIPAMMEL JABYXMEPHBIX NMPOEKLIUIA pelieHuit 06 HcnonHeHux.
Ecii Mb1 HaxofHM KOOPAHHATHYIO Tapy, B ubeii NPOEKUMY 00NacTs COOBITHIl pelieHns oT
HCTIONIHCHHH KAQXETCA Pa3yMHO OTACNCHHOH OT o6jMacTW, rie HCIONHCHHE HE 6bulo
ONTHMANBHEIM, Mbl BOSMOXKHO ~6yzeM cnocobHbl pemyumposars paumee peieHue 06
HCIIONIHEHHH /0 OUEHKH NapameTpuyeckod QyHMkmuM B Tex aByx KoopauHarax. Urobwi
TIPOACMOHCTPHPOBATE  BOSMOXKHOCTG  ITOMO, DEIEHHA OO HCNONHEHMH  OLEHHBAIHCK,
HCTIONb3Ys HeTHIPEX(AKTOPHOE HEPEKOMOMHKpyeMoe JICPEBO I €XKErogHoro 6-non-call-2
Bepmyncxoro csomimona. [lepeo 65010 NOCTPOCHO © NATHIO BETBAMM, HCXOMALMMH M3
KAMIOTO Y34, MPE/CTABNAOWMHX NATh PAMHYHBIX  BOIMONKHBIX 3BOMOUMH  KPUBOH
A0XOHOCTH. YFOOH YITyHIIHTS OHOPOIHOCTE PACHIpEEReHHs PasBHTO# KPUBOI JOXOAHOCTH
H YBEIHIHTE CXORHMOCTD HCHONE30BAMCH JBC METORHKH, NPEACTARIeHNble B cekuun 13.3, a
MMEHHO, 4epedosanue CUMNIEKCHO20 HONDASReMUS, W ORMUMANLHOE CUMIIEKCHO?
sbipasHueanue. Bee muckpernsie  dopeapambic craskm  6nuim ycranosnens! B 10% c
©HETOHON KaNuTaNH3alKeif, BONATHILHOCTH GBUIM IPHHATHI paBHbiMi 30% u KOppensLus ¢;
Mexay GOpEApAHBIMH CTABKAMH f; 1 f; GbLia CMopenMpoBaHa, Kak NpeXNE, NOCPECTBOM

0y = e MMl (12.37)

¢ 8 =0.1. Crpalik 6bU1 yCTaHOBIIEH, YTOOLI ObITH "B-JieHbrax", To ecTb Ha 10%. Jiepeso Geuno
noctpoero ¢ 10 waramu 1o nepsoro pewenns o6 Kenomtenny B =1 K 3atem no ORHOMY
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" ]
MEXITY KaXKI0H NOociaeIyIOmEeH BOSMOKHOCTBIO HCIIOTHEHMA .

30% T T T - T ¥,
e . YT L S 4
G inttinsic < discdunted expectatipn ++ 3 e, oy
H 4ty d
4+  intfinsic > discqunted exﬂep}a’flbn"r,q, AL
S
25% e % ;tg'

20% fr—

7]

= 15%

10%

5%

i
0% 5% 10% 15% 20% 25% 30%
Ja

Puc. 52. O6nacts ucnosnHenns B f-f,1 NMpoeKUHn pa3sBHTOH KPHBOI K0OXOHOCTH B =2

Ha Puc. 52 f-paseuBmascs KpHBas NOXOAHOCTH TNPEACTABIICHA MEPBBHIMH ABYMS
dopeapauevMu cTaBkaMmu f; M fii. 3areM, na Puc. 53 paseuTas kpuBad JOXOBHOCTH
NPOCKTHPYETCA HA TEPBbie ABA JIEMESHTA W3 MHOMNKECTBA OCTATOYHBIX CO-TIPEAEIHHBIX
CBOTIOBLIX CTRBOK §; H Si41- JiMarpaMma Ha Pric. 52 WNIOCTPHPYET, YTO HCO/B30BaHHE NEPBBIX
AByX (GOPBapIHBIX CTABOK I MPOCKIHMH 3aCTABIICT OONaCcTh HCHOMHEHHSA TICPEKPBIBATLCS C
oﬁnacrmo, /i€ HCIIOJHEHHE HE ONTHMANLHO. HcnonnsoBanne ﬂpOCKl.lli[‘H Ha TICPBLIE nBC
OCTaBLIMXCA CO-TIPSAC/THHEIE CBOMOBBIC CTABKH KOHYASTCA NPOEKLMEH, TAE BCE TOUKH
PacnoIOKEHb! OUCHB 6NIH3KO0 K JHaroHamu, '-I'I'O JenaeT OueHb TPYAHBIM ‘ll(’CHCHHO ONPEACIIHTL

' MposOAMNOCE MHOTO APYFMX BMHMCAEHWA C DA3NMHHBMM DACNDEACNEHUAMM WAFOB MEXLY
COOTBETCTBYOUMMA BDEMEHAMA MOMWTODMHIA M BCE NPUBOAMAM K TOM XE Camoi (¢opMe
rpaHuUe ucnondenws. 3Ta KoHKpeTHas ¢opMa Ouna BubpaHa ans redepauuu Anarpamu,
MOCKONbKY OHA Nyqwe BCEr0 BLCBEYMBAET MECTONGAOKEHME FPAHUUB W NEPEKPHTUR] B
-0765625 Todek, GReAyouMX u3 ATaro
pasnuyHuX npoexuvsx. Obuee konudecTso 8 5 R W
BHYMCNEHUA, ObfI0  YMEHbWEHD, NyTeM COPTMPOBKM N0 abCUMCCE ¥ COXpaHeHus fWib
Kawaof CeAbMoR To4KW, 4TOOM caenaThb O6bEM AaHHHX YNPaBNAEMbM.
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TpanHly mcrionHeHus. Kpome Toro, caM xapakmep CBONMOBOH CTaBKH TaKoB, YTO H
BOCXOMIALIHA, B HUCXOIALWMIA HAKIOH KPHBOH JOXOAHOCTH MOXKET DE3yNETHPOBATH TEM e
CaMbIM 3HAYCHHEM JUI1 CBOTIOBOH CTaBKM, HO HCIONHCHHE GePMyJCKOrO OMNLMOHA
l'maTBJlLLuHKa OysieT ONTHMANBHBIM C FOpasfe GonbiieH BEPOATHOCTHIO HAa HUCXOMALLCH
KPHBOH JIOXOAHOCTH, & HE Ha BOCXOMALLEH.
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Puc. 53. O61acTh MCNOJIHEHNS B NIPOCKINAH S1-5;,) PAIBHTOH KPHBOH IOXONHOCTH B f; =2

Hpyroit BribOp KOOPAMHAT MOF BIUIIOYATH aHHYWTET OCTATOYHBIX CBOTIOB B; U Biyj,
COOTBCTCTBCHHO, NpHAaBas HOBbIM  IIEPEMEHHBIM  3HaueHHd (5;B;) M (5iBuwi)
COOTBETCIBYIOLMX  IUaBaiolix  vacre. Xoms, 2710, Kakercd, He  yilydmaer
BBHLICTIPHBEACHHEIA BBIOOP TIDOEKLUMH, 4TO MOXHO BHACTh Ha Puc. 54. Onnako, ucnomesys
TIPOCKLMIO Ha NEPBYI0 GOPBAPAHYIO CTABKY f; H (OPBAP/AHYIO CBOTIORYIO CTABKY S,41, HAUHHAA
CO BPEMEHH TIEPEYCTAHOBKH fis1 M RO TIpenenBHON 3PENOCTH, MBI NONydaeM pe3ylbTaT, IpH
PasyMHOM pa3zfieieHHH PEIleHuA 00 MCNOIHEHHH H HEHCIONHEHHs, C OYeHb HEGOMbIINM
TICPCKPHITHEM, YTO BHAHO Ha Puc. 55. B upmeane, Mbi MOrmH 6Bl HCHONE30BaTh OCHOBHOC
PAVIONKEHHE HA KOMIIOHEHTH! AHHAMHKH KPHBOI JIOXOIHOCTH H NPOCUMPOBATH HA TICPBLIE [1BE
mofsl. U100l COXpaHHTE (HHAHCOBYIO HHTYMLIMIO OTHOCHTG/IBHO 3HAYEHHS CHCTEMBI
KOOpZMHAT, METOA Ut paspaboTal, HCNOAB3YR fi-siy MPOEKIMIO, TOCKO/IBKY, B YACTHOCTH,
KpaTKOCPOYHas CTaBka M JUIMHHas CBOMOBAS CTABKA, HA MPAKTHKE, OYECHL XOPOUIME
3aMCHHUTEIH A1 TIEPBBIX ABYX (NYHAAMEHTANBHBIX MOJ| KPHBOH JIOXOHOCTH.
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Puc. 54, O6;1aCTh HCAOTHEH A B TIPOCKINH (5B) — (5:1B:1) PA3BHTOIH KpuBail fox0MH0CTH B =2

12.7 MapameTpusaLms rpaHuLibl UCNIONHEHKA

[IPHHSAB BO BHMMAHUE BCE IBPHCTHUECKHE HABIONCHHSA O (POPME IPAHHULI HCNQTHEHNA
B PAaMMYHBIX NPOCKUMAX I PaMIMYHLIX (OPM KPHBOH NOXOJHOCTH H CTPYKTYDbi
BONATHIIBHOCTH, B CHMy.I71iH Monre-Kapno 6bu1a BiGpana crienyrowas GyHkums kax dasuc
AN IOCEAYIOMEH CTPATETHH PCIICHUS 08 HCTIONHEHHH:

[.L(f([l)) - (fi(ti) = [p” 5 _S'—'l(o)___ - 17:'.1]) . { +1 VIS CBOTHIMOHA 1UHTICIBULIKE } (|2,38)
sivi(li) -+ paa —1  mcsompona nonysIrens

Ora QyHxuma -~ THNEpOONMYECKas B Sy M 3aBHCHT OT TpeX KOO(HpHHUHEHTOB,
HAYanbHOro (TO €CTh B KAlEHJAPHOEe BPeMs OLCHHBAHMA MWIH 3aIycKa IPOH3BOJHOTO
konTpaxra) suauenns £(0) 1 5;u(0) H ¥X COOTBETCTBYIOIMX PA3BHTHIX 3HAUEHHH, NO/YHCHHBIX
B COOTBETCTBMH C NpOLEAYpoil Mojenuposatus. TloCKONbKYy MBI JODKHBI MPHHAMATH
peilieHye 06 HCTIONHEHHH B KAXKIOE BPEMS, COOTBETCTBYIOMICC BOIMOKHOCTH HCTIOAHEHUS 1
MBI YYHTEIBAEM HOBOE MHOXKECTBO KOS(D(ULHEHTOB GYHKUMM MCTIONHEHHMA JJIA KXKIOTO
TAKOTO Cpe3a BpeMeHH. [ HecTaHAapTHBIX GepMyCKHX CBOMUMOHOB, KOTOPBIE NPOU3BOJAT
TUTATEXH MEXIY JaTaMH MCTIONHEHHHA, Mbl HCTIOJIB3YEM CaMyl0 HH3KYIO CBOIIOBYIO CTaBKy OT
MOMEHTR /; IO CTEYIOMEro BPEMEHH UCTIoNHeHHs BMecTo f; TTapametputeckoe pewenne b
HMCIIO/IHEHHH JABAEMOE PA3BHTOH KPHBOH JIOXOIHOCTH HYXHO TOT/AA TIPOCTO HCIOAHHTD €CIIH

E,' >0.
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Puc. 55. O81acTh HCNOTHEHUS B NPOCKUNM fi-5;,1 PAIBHTOH KPHBOii IOXOIHOCTH B ;=2

B camoil mocnenHell BOSMOXHOCTH MCHONHCHHA BO BPEMA [, Mbl HMEEM TOuIOE
3HAHHE, KOFJA MCIIONHEHHE ONTHMANLHO, 8 HMEHHO, KOTA OCTATOMHBIN CBOM HAXOJMTCH B-
AEHBrax. JTO JIETKO HHTEIPHPYETCS B TAPAMETPHYECKOE OMMCAHHE, JAINOE YPABHEHWUEM
(12.38), ycranosxko# Pyl ¥ Py, 2 B 1O, & Py,3 PABHBIM CTPAKY:

Pw-ny1 = 0

P2 = 0 (12.39)
Py = I
12.8 Anroputm

Teneps mMoxuo omucate Metof MouTe-Kapino st oueHky GepMyacKux CBOMLHOHOB.

Bo—gx?psblx, OPCABAPUTENIBEHO PACCUMTLIBAETCS H 3a1I0MRIACICH MPEHUPOBOUHOE MHOICECIIBO
rnmg Y] s

P2 cocrosmee u3 Niminag 3BOMOUMH KPUBOH 10XOMHOCTH B Byiyllee H3 NOCHICIHETD

202

BPEMEHH HCNIOJIIHEHHSA 14!
Preiine = (f0 I =1 Nigiing k=0.on— 1 (12.40)

KpoMe 3T0ro, NPeHBAapHTENBHO PACCUMTBIBACTCS ¥ 3BMNOMHHAETCA IS KakKaoii
SBOMIOUMM KPHBOH JIOXOIHOCTH, OCTATOYHOE BHyTpEHHee 3Hauenne [y BLIGpaHHOMO
Be3pUCKOBOro akTHBA, HabIoAAEMOE BO BPEMA .

3arem, BHINONHAETCS MHOMECTBO -1  ONTAMH3ALMH, MO OfHOM I KaKIOH
BO3IMOYKHOCTH HCTIONHEHHS f, KPOME TIOCHE/HER' , YT06bI QrpeNeHTh JTyMue JHAUEHUS s
x03ddHMenToB p;. EcTecTBeHHO, ONTHMU3AUAH NENAITCA B 0OPATHOM TOPAAIKE, HAMHHAA C
TIPEATIOCTIEHETO BPEMEHH MCTIONHEHHS 1,2, Tlepesi kaiolt oiTMMA3aUMeH, MBI HAa3HAYACM
CTOUMOCTL-TPaekTOpui0 v, TPH  j=l...Nruining V1A KaXKIOH TPAacKTOPHH 3BOMOLMH B
TPEHUPOBOUHOM MHOXKecTBe P’ ™", KoTOpas npeictaBister cobol cToMMOCTH GepMyackoro
CBOILMOHA Ha TOH TPAEKTOPHH, EC/iM HHKAKOFO MCIOJHEHUSA HE NPOMCXOAMT BILTOTH [0 H
BIUIOUAs £, ITOT BEKTOP CTOMMOCTH-TPACKTOPHH ¥ HHHLMAIH3HPYETCS HYNEBbIM 3HAYCHHEM'
BO BCEX CBOHX SJIEMEHTAX [0 TOro, Kak MBI BOHJIEM B Cremyrowuii LMK, KOTOPbIH cuuTaeT
BHH3 IEPEMEHHYIO HiljeKca BpeMenHy { o (2-2) x 0:

e Jlna xaxnoit Tpaekropud fi P2 ecnm (Ep(fi)>0) w (Jy,1>0), HasHauaem

vi:=lj;p), HHAYE OCTABIACM V; HEU3MCHHBIM.

o OnTuMH3MpYeM CPEHEe 3HAYEHHS, 3ABUCHMOTO OT PEIEeHHs 06 HCITONHEHNH

Some (1 i (};‘i(fj,:pi)>())}

N Training =t 1 else

Uip,) = (1241)

TI0 TPEM NapaMerpam p, pp U Pi. B uacTHOCTH, OIS 3TOH ONTHMM3ALMH MOXKIO
HCMOMB30BATs METOI MHOTOMepHoOil mepeMeHHoil merpHki Bpoiinena-Pretyepa-
Tondapba-1lanso [PTVF92].

B 5TOM TYHKTE CTOHT OTMETHT, YTO, TOCKONIBKY abCOMONHO 6ce 3HAYERUs ™
npedsapumensHo  paccuumansl U COXpAHeHbl, ONTHMM3Hpyemas  (yHKUHS,
sanannas ypagaerueM (12.41) tpe6yer npocto Nrining OLEHOK $YHKLMY pelIeHus
06 ucnonuenns Effy; p) TaKoe ke uucno cnoxeHmit, TaxuM obpaszom, OHa
AUHCLIHA 8 YHCNE MPERUPOSOUHBIX MPAEKMOPULL U HE3ACUCUMU O POBMEPHOCIIL
e 3perocn (BAUSOCMY K IKCRupayu) npobaestsl.

e  VmensluaeM/ Hal 1 eco (i 20) MpofomkaeM cHOBA ¢ wiara 1.

DunansHoe 3HAYeHHE Uifpg) TOTa AAET OLEHKY CTOMMOCTH GCPMYICKOro CBOMMHMOHA ¢
HEGO/BIIMM BOCXOIAILIMM YKIOHOM. [103TOMY, B 3aK/HOUEHHE, Mbl MOBTOPHO 3ayCKaeM
CHMYSIALMIO C HOBBIM MHOMECTBOM Nnpling 3BOOLMH KpUBOH JZOXOJHOCTH, HCIIONB3Yd
YCTAHOBNEHHYIO [1aPAMETPH3ALMIO CTPATETHM MCMOMHCHHA, 3a/lallilyi0  MHOXKCCTBOM 71
yHruui pewenns 06 nenomHenun E;. Kak npaBuio, 8 HAXOKY, 4T0 Naampling = 2Nraining — 370
BIOJIHE JI0CTATOYHO, OCOBEHHO, KOMJA HANPABNAIONIMM METOIOM TeHepaTopa uucen Obuia
NOCENOBATCIBHOCTD ¢ HHIKHM PACXOMIICHHUEM.

' AR caMoh NOCNEAHEN BOIMOXHOCTW WCNOMHEHWS, ONTUMANbHLIE AAPAMETPbl MCNONHEHHA
3agacTcs  ypasHenvem  (12.39), OTkyma  Cneayer,  4TO0 HUKAKOW  ONTVMM3aumn  He
TpebyeTca.
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12.9 Yucnennble pesynbrath

HTo6k1 nokasate pesynsTar TPCHHPOBOYHOI NpoLeAypsI, ORHCAHHOI B NipepIyLIei
CCKUMH, NAPAMETPHYECKaA IPaHHIA HMCNIONHEHHs, nonyuaouascs' u3 Ntvining =32768,
Nraining =131072 H Nroging =1,048,576 nanowena na PELICHHS 06 MCRONMHEHNH, 3aaHHbIC
HEPEKOMOHHHPYEMBIM AepeBoM (yIKe TOKA3aHHBIM Ha Puc. 55), nemoncrpapyiores Ha Puc. 56.
Pesynbtupytoume uens 6Gbuim pasusr  5.062% na Nrninng =32,768 (0Buiee spems
BEIYHCTICHHIA 5.1 ch.z), 5.066% nns Nrvaining =131072 (26.5¢) 1 5.069% nns Nuining =1048576
(2t1c). HauBonee TouHOE uenoBOE HPHOMIKEHHE, KOTOpOe 51 cMor NOJYYUTh OT
HEPeKOMOMHHpYEMOro 1epeBa — 5.084%+0.015%, yro JEMOHCTPHPYET 3aMeYaTeNnkHyIo
TOYHOCTE  HOBOTO Merona Monte-Kapno. Jvor TIPUMED  TAKOKE MOKA3BIBACT, 4TQ
annpokcumaims Moute-Kapnio ans wemunnoii nenst (onpeneneHnoii B cooTmercTBMM ¢
abCoMOTHO ONMTHMATEHOM CTpaTerseH MCTIONHEHHS) B OKPECTHOCTH OITHMANBHOI cTpateruun
HCNONHEHH €120 3aBUCHT OT HEGOMBILHX H3MeHEHMI] B TPaHHLE. B KOHlle KOHLIOB, eciu Mpl
PAacCMATPHBAEM LIHOBYIO ALNPOKCHMALAID Kak BYHKUMIO MECTONOJIOXKEHHS NAHHOH rPaHHLs!
HCIOHCHHUA, TOMIA pearbhas UeHa GepMyICKOro OnLMOHa — Ta, KOTOP2s PE3yNLTHPYET H3
ONTHMH3ALUNH IO BCEM BOZMOMKHBIM MECTOMONOKCHHSM TpaHMubl Henondenus. TTockonbky
TIEpBasl NPOM3BO/IHAs OTHOCHTENEHO APIYMEHTa GYHKLUH B MAKCHMYME A0mKHa GbiTh paBHa
HYIO (B 3KCTPEMYyME), TO, TAKHM 06pazom, uerosast AMNPOKCHMANHA THWE C1a60 3aBKCHT (TO
CCTh, KAK VIS BTOPOIO DOPAAKA) OT HESHAMHTENLHBIX HM3MCHEHHIl B MECTOMONOKEHHH
TPaHHLIBI HCTIONHEHHA BOIH3H ONTHMANBHON TOUKH.

Teneps, moxno npencrasuts PE3YTETATH 1A NOMYTOR0BOIO GEPMYACKONO CBOMHHONA
nnatensiinka 6-non-call-2 s THimunoN KpuBoiE moxoanocth CTepanHra M OKpy*atoLueii
BONATUILHOCTH. JTO O3MAYACT, YTO KPMBAT JOXOZHOCTH KIOHHTCA CJIETKa BHM3 H
TO/Ipa3yMEBaCMEIE BONATHALHOCTH CBONLIHOHA YBEIHYHIHCH ¢ 19,53% Juia niepBoit 1o 22.46%
414 mocneAnel (KOTOpas COOTRETCTRYeT Kamety). Dopaap/HbIe, CTABKM CHOBA NONAFATHC
HMCIOUMMH  KYCOUHO-TIOCTOAHHYK)  MTHOBEHHYIO BONATHILHOCTE, HO B 3TOM ciiydae
Kambposka GblT caenana TaKOH, YTO LEHLI BEdywiux €BPONEHCKHX CBOMLUHMOHOB ObLTH
HE3ABUCHMBl OT  4MCNA MCTIONB3YEMBIX (akTopos. Onuwon Gsur CHOBA® B-feHbIax co
crpaiixom 6.63%. Ha Puc. 57 nokasama AuarpamMma ueHbl Bepmysickoro cponuuowa,
BLIYHCIICHHAS C HCNIOB3OBAHMEM NPEACTARICHHOTO METONA Moure-Kapno B cpasenuu co
3HAYCHHAMM, TONYYEHHBIMH OT MOJENTH HepekomGHHHpyemoro nepesa. na HHGOpMaLIHK,
30€Ch TAIOKE I0Ka3aHb! LIEHB!, TIONY4eHHsle 06OMMH cnocoGamu s Haubonee noporux

! Bce coobuaemsie pesynbTaTH MCHONLIYINT BHHUCAEHURA c MHOOMEDHON

NOCNEROBATENBHOCTHI Cobons, flpu UCnonb3oBaHmI 3Toro reHepaTopa
NOCREAOBATENLHOCTY, LUGHH @BPONEHCcKOro OnumoHa, 00bMHO, BNCOKO YGTOAYMBH M TOYH
npit 1024 TpaekTopusix; B BOALUMHCTEE Chyvaes, fake 512 TpaexTopui nasanu Gu TY Xe
Camyo 7ouHOCTb. LleHw  GepMyackoro  ceonunona, 00b4HD,  JOCTATOMHO  TONH i
YCTO#MMBY, NpumepHo, npy 16,384 TPEHMPOBONHBIX TpaexTopui (M ensoe Gonbwe 3T0rQ
ans OMHANLHOM  OUEBHKM), HO  YTOBH Anarpammb - euirnsgenn  ewe  Bonee  rnagkvmu
MCNONb30BANUCE HECKONBKO BOMbUIME KONMYECTBa TPAEKTOPMIA,

? Bpemena BbMACTEHWA AanTca ana llewtwyma II 300 MU ¢ 4dcAoM 8HBOPOUHLIX To4eK,
BCETAa PasHuM ABOMHOMY 4WCNY TPEHWUPOBOYHHX TOHEK.

¥ Bo scex momx TecTax,  GepMyickde CBONUMOHN B fpHbrax Bcerpa Gunn HauBonee
TPYAHS AN OUEHKW, NDU UCNONb30BAHWM MeTORA MonTe-Kapno, nockonbky orm coiepxaT
MHOTO OTHOCWMTENBLHOW ONUMOHANBHOGTH.

i oHOB. TTOCKOTBKY HEPEKOMOHHHPYEMOE Jiepeso IOIKHO, MO nomjr)lc;;zzf;
e . TOMy . OMY 3HAUCHHIO, YTO H MOJETH Monte-Kapno s eBpol
ropanron, oo (:::I 0BeHX eBpONeHCKMX LEH [acT XOpOUIYIO HHIHKALMIO eﬁzf
Kom?ﬁ(:;;’ osxx:éox:eionenu HepexoMGuHHpyeMoro siepesa. Kak MO)KHS Z?::sr:;b;sm,;
gg;as;(;maemme mozaensio Mowure-Kapno naxopsTea B :ge,gen;;(enr“p‘?::a O anerom
e i 7 Bozxzﬂinm::ﬂesponeﬁcmm CBOMUMOHAM, KOTd He
AT LEeHbl TIOpOroB (6apbepos) MOCTOAHHBIMH B TO S

0c
Bpems BBIMHCIICHHA MOJIETH HepeKoMOHHHPYEMOTO JIepeBa, T}ieﬁﬁrﬂ Koc,u;r:
ronyic 1 ol TOUHOCTH KkpHBbIX Ha Puc. 57 npu pasyMHOH T
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Puc. 57. Uenst Gepmyacioro ceonusona us Moges Monre-Kapu1o no cpasuenmio ¢
TQ.Iy eIHLIMA U3 MOJIe/TH HePeKOMBHIMPYeMOro Aepesa IS 0.1y rO(0BOr0 CBONIHONA
naTeabmuka 6-non-call-2,

3arem, na Puc. 58 u Puc. 59, nokasansl TPUMEPHI i BGonee JOMrux KOHTPAKTOB, a
uMeHHO 15-non-call-5 exerofHoro 6epMyaCcKOro cBOMIMOH TUIATENBIUIHMKA H PUCMHUKA C
TIOCKOH KpHBOH noxonuocTd B 10% H xanHGpoBKoit k HOAPA3YMEBAEMBIM BOJIATHIILHOCTAM
€BPONEHICKOTO CBOMMIHOHA, TIOTYYEHHbIX OT phitka GBP. BomaTuisHoeTH ¢opBapaHOii cTaBkH
CHOBA MOJICTHPOBATHCE KAK KyCOUHO-IOCTOSHHEIE BO BPeMCHH. B aToM ciryuae, 1emsr ot
MOJENH HCPEKOMGHHHPYEMOTO IepeBa BbUTH PACCUHTAHBI TONBKO 110 AByx axtopos. Touxm,
TIOKA3AHHBIE 1 HEPEKOMOMHUPYEMBIX /ICPERLER MOKA3BIBAIOT HACKOIBKO HIMEHALOTCS LIeHBI,
CCIH CIICTKA yBEMMIMBAETCA YHCIIO ILAroB, Jasas, TakuM 00pasoM, NMPH3HAK s FPAHHLILI
ourbxu gepesa. M cHoBa Monens Monre-Kapio HaXOmHTCA B OMEHDh TOUHOM COIMacuu ¢
HEPEKOMOHHHPYEMbLIM JIEPEBOM.

Ha Prc. 60 nokasbiBatoTCs pe3ynbTaTs! 1S TOTO KC CAMOTO €KETOIHOIO CBONLMOHA
Tratenpinyka 15-non-call-5, Tonbko Ha colf pas, kpuBas [oxoaHoCTH Gbuta KPYTO BOCXOJLIIEd
OT HepBoHauanbHeIX 2.5% 10 9% man nocnennero FRA. Haxkonen, na Puc. 61 nokasaHs
pesynpTatel gyia 20-non-call-10 ronyronesoro  cROmLMOHa  TUIATENBLUIMKA. 3nech, a1
HCTIONB30BAN CNICTKA BOCXOJIALLLYIO KDHBYIO JOXOIHOCTH, NONYYeHiylo OT poinka USD u
THIMYHBIE Ui PBIHKA  CBPOMCHCKOTO CBOMIMOHA TNOAPA3YMEBAEMbIC BONATHIILHOCTH,
HauuHatowmeca ¢ 14.56% Ju1n caMoro LIMHHOTO CROMUMOMA M 3akamumBas 22.50% s
nocnientero. B stoM ciyuae, dopeapumbie CTaBKM OblmH CMOIIE/IMPOBAHbl TAK, 4TOOb
CNICNOBATE 3a Ciierka ropOaToif KpHBOH MIHOBEHHOW BONATHNBHOCTH, 9TO, KAK DONATAIOT
NpAKTHKH, ABIACTCA HaubOnee DEANHCTHYECKHM  TIPCACTABICHHEM IKOHOMETPHYECKHX
Habmozenui  [Reb99]. Kpome storo, ans cpasHenHs ObuiM  0GaBnensl peayneTath,
NONyqeHHeIe OT Mogenu (Meron ) onyBnuxosauoii Anpepcerom [And00]. Jns aroro
KOHTPAKTA, H3-33 MHOMECTBA BBITINAT W BPEMEH HCTIONHEHHS, TONBKO OTAETEHBIC BbIUHCICHHS
thakTOpa OBUTH BLINOTHEHB! € MOCIILIO HEPEKOMBMHHPYEMOTo Jepesa.
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(xoTOpBIA sBAfETCA OYEHL TMGKMM OTHOCHTENBHO CrienH(pHKaLuil BO3HATPDXACHMS, HO
OYEHB OTPaHHYSHHLIM OTHOCHTENBHO 3PENIOCTH KOHTPAKTOB M YHCIIA BOBJICYCHHBIX CPE30B
BDEMEHH), fyis paspaboTkn cremudmueckoii mapamerprsaumu  Monre-Kapno  ans
CTPATETHH HCTIONIHEHHS JUTA OTIPEIENCHHOTO TIPOAYKTA, MOXKET IPHMEHATECA K HIHPOKOMY
KIIACCY AEPHBATHBOB GEPMY/ICKOTO HIIM AMEPHKAHCKOTO CTHIISL. '
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I'maBa Ne13 HepexoMOHMHUPYEMBIE
IlepEBbBSI

13.1 Beepenune

TpanuUMOHHO, peanu3alust MogereH LeHoo6Pa30BaHKs OHLHOHOB HMECT TCHACHUHIO
HCTIONE30BATE HEKOTOpYIo (OpMY peuleTodHOro Merofa. B GonslUMHCTBE Ciyyaes, 3TO
MO/pa3yMeBacT, uTO ObUT BHIGPAH MOIXON SBHOTO KOHEHHOTO AM(HEpCHIMPOBAHHS.
JefiCTBHTENBHO, MHOTHE H3 PAHHHX KOMMYECTBEHHBIX aHAIHTHKOB OMUcANH bl 3T0 KaK "OBITh
NOMHATBIM Ha Jepesbax”. OTa TEHICHIMS K HCHONBIOBAHHIO METOZOB JAEPEBBCB TAIOKE
OTpaeHa B JIHTEpaType HO LeHooOpasoBaHMio omuuoHoB. Kokc, Pocc u PyOHHIITEHH
[CRR79] onrcans Opouexypy OUCHHBAHUS ONIMOHA OCHHOMHM@IBHBIM ACPECBOM B 1979.
Hexoropsle M3 nyORHKalHii KPYIHBIX JOCTHXKEHHI B MOJCIMPOBAHHU MPOM3BOIHBIX ObUH
BIEpBbIE CHOPMYITMPOBAHB! KAK ANFTOPHTM JUIS NOCTPOSHHS Y3IIOB AEPeBa, COOTRCICTBYOLMX
3aJAHHOMY PHIHKOM MHOKECTBY HEH LCHHOH OyMard M NOApasymeBacMoil BOJIATWIBHOCTH
Bioka. 1o mogens Xo-JIn U e menpepsiBHas Kolus — npouecca Opuinrensa-Yxnerbexa
[HL86, Jam96], norHopmansHas mozems npouenTHofi crasku bnska, Jlepmana u Toiia
[BDT90] © peTepMHHHpOBAaHHAd, HO 3aBHCUMAs OT CHOT-LEH, MOJEnb MrHOBEHHOH
pomatunbHocTH  Jepmana, Kauu u 3oy [DKZ96]. bBonblupe npeuMylUecTBa METOHOB
PEKOMBHHHPYEMOTO [IEpeBa — JTO MX CDaBHHMTENBHAs JIETKOCTE PEATM3AUMHM, OJUHAKOBO
JIeTKas MPUMEHMMOCTS [ BLIYHCIICHHS "TPeKoB” H OLICTPOH paboThl.

VBEL, MBI HE MOKEM BCETIa MCHOIB3OBATH METOMH peKkoMOHHMpYyemoro jepesa. B
YACTHOCTH, [N CIyyaes, KOIMIA CTOXaCTHUECKHil POUCCE, BLIGPAHHBIH 151 MOZENUPOBAHHS
IBOMOLMK TONIEHKALIMX TEPEMEHHBIX CIUTLHO  3aBUCHM OT COCTOANMS. 3aBHCHMOCTE OT
COCTOSHHMA mapameTpa npelia ¢opsapasbix crasok 8 BGM/J-ctpykrype — OMH H3 TAKHX
caydaes. 1o — HABHOE TPHMEHEHHE MeTonoB Monre-Kapro. OnHako, KOIIA Mbl XOTHM
OUEHHATH ONIHOHBI AMEPUKAHCKOIO CTHIIA Mbl, ASHCTBHTENBHO, AOIDKHBI CDABHHTE OXH/IAEMBIC
BOSHAMPAK/ICHHS, KAKHE MOJIY4alOTCA M3 JOGOre y3na ¢ BHYTpeHHell CTORMOCTBIO. 310
03HAYAET, YTO CIWHCTBEHHbI MCTOA, KOTOpBIi MOXer, B TNpHHLMNE, JaBaTh
HenpeAyOexacHHbIH PesybTaT — 3T0  HepexoMOMHMpYEMOE JEpeBo. B 10 Bpems, Kak
cylecTsyeT MHOTO MyGiHKaUMA [O METoaM PEKOMOMHHPYEMOTO JEpeBa H O TOM, Kak
CTPOMTH KX WA ONTHMANbHOH paBoTbl, O4eHb Mano JIATEPATyphl O CTPOMTENLCTBY
HepeKOMGHHHPYEMBIX JepeBbeB. K TOMY ke, 3TH HEMHOTHE ONMCAHUS METONOB NOCTPOCHHA
HepekoMOMHHpYEMOro Jiepesa ¥ aHanusa Mx pabotsl [JW00, MW99, Rad98a, Rad98b]
doxycupytotea He Gonee, deM Ha Tpex daktopax. B 310i riase, 4 MPEACTARIAI HCXOJIHBIH
METOJ IOCTPOEHHS! HEPEKOMEMHMPYEMOro AEpeBa 414 10GOro 3aAaHHOTO YHCHA (PakTopoB H
UPUBOXY aNreGpauyecKHe YpaBHEHUS, HEOOXOIMMbIE /Ui BBMHCICHHA KOS(QULHEHTOB,
ONpPEACAOILHX BETBH.

MNpexpe, 4YeM Mbl  HauHeM OOBACHEHME HCXOJHOMO  MCTOAA  MOCTPOCHUS
HEPEKOMGHHHPYEMOTO /IepeBa ¢ MEHHMATEHBIM YHCIOM TpEGYEMBIX BETBEH W3 KAKAOrO yina,
JaBafTe KPaTKO CPABHHM METOA HEPEKOMOMHHpYeMoro jiepesa ¢ MeTojami Monte-Kapro.
J{Ba NOIXOA HMEIOT HECKONbKO 0OwWMX CBOHCTB. JU1A HHUX ODOHX, OLEHKA BCErAa AenacTed
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HepexoMOHHHpPYEMBIE ACPEBbST

BAONE onpieaene}moﬁ TPaeKTOPHH 3BomMOUMH. Tako#f, 4yto oHH oba MPHMEHMIOT HE-
MapKOBCKHI CTOXacTHHeCKH npotiecc (B Npeaetax muckpeTH3aLyH Bpemenn). JIse Haubonee
KPHTHYECKHE BEJIMYHHBI, KOTOPBIC ONPEICIBIOT 3BOMIOLHIO BOOJNIE ONHONC 1ara BPEMEHH,
AVIAIOTCA B 06OHX CITyHasX yCIOBHAMH OXHIAHH (TO €CTh, NApaMeTpsl Apeida WK YCIoBUsA
MApTHHTANA) H MATpHUEH KOBApHALMH BCEX MEPEMEHHBIX cocTosmuA. M 310 Bee TO, YTO
TOBODHT HaM, KaK MBI AODKHB! CTPOMTHL Tpaekropud. O6e METOAMKHM, TPAIHLHOHHO,
CUMTAIOTCS  OYCHB MENICHHBIMH H  HEPCKOMOWHHMpyeMBle JepeBbsi  CIaBEA/THBO
PACCMATPHBAIOTCA KAK HEXH3HECIIOCOOHBIE B CHOTeMAX (IPOHT-0(HCA, XOTA, KAK Mb! YBHAHM
4T, JO HEKOTOPO# CTEIEHH, OHH MOrYT GBITh OJIE3HBI I [(eieil 3TATOHHOIO mcmposauuxj

Jna oBomx METOOB XapakTepHO, YTO CrEHH(HYECKOE BHUMAHME K NETALIM [PHMEHEHHS -

MOXET [IABATL OTPOMHBIC PA3THYHS B BHINONHCHHH, TO €CTh B TPEGYEMOM BpEMEHH A
BeruHCHeHuH. Ofa NOZX0Na NpejHAsHAYeHDI, TT00BI CTEHEPHPOBATH pPenpe3EHTATHBHOE
THIIOBOC MHOXECTBO BCEX BO3MOXKHbIX 3BOMOLMIHA. FiMenHo u3-3a 3Toro nomobus st BKIOUaI0
INaBY 1O METONaM HEPeKOMOGHHHDYEMOTO [IepeBa B 3Ty KHMIY. [aBHble pasmdums Mexay
MCTOflaMH HepexoMOMHMpyemoro fiepesa M Metofiamu Mownre-Kapro 3awmouaiores 8
cnemyiomem. MeToms! HEpeKOMOHHHPYEMONO JIepeRa MO caMOMy CBOGMY XapaKTepy
ARJIAIOTCA PEKYPCHBHBIM MPESACTABNCHHEM NPOGMCMbI LIEHOOOPA30OBAHMS ONLIOHA W, nu(mu,
06pasoM, JIETKO MOANEPKHBALOT PEKYPCHEHOE NpumenenHe. To %e caMoe CBOHCTBO JomycKaeT
JIETKOC HHTCTPHPOBAHHE CBOGOAHBIX PAHWHYHEIX YCTIORMH, TO €CTs PAHHHE DEIICHHS 06
HCTIONHEHWH, B CHy4ae ONUMOHOB OGPMYACKOrO WM  aMEPUKAHCKOTO  CTHIIS.
HepexomGutupyemsre NepeBbs BOCMPHAMMUBL K NATONOTHYECKHM POGIIEMaM, B KOTOPbIX
OHM MOTYT CHCTCMATHYECKH TEPNeTh HCYAAauy H3-33a H3OHPATebHOCTH CAMOro METoAa
HocTpoeHud Tpackropiu. Hakorer, nose/ieHue cXOmHMOCTH HepeKOMOHHHUPYEMBIX JepeBben
OYCHb CHIBHO 3ABHCHT OT Pa3MEPHOCTH MPOGNEMBL, TO €CTL OT 4HC/A HANPABMSIOLHX
thakropos. HecMOTpst Ha pasiHumMs METOROB, C KOHCTPYKTHBHOMH TOUKH 3peHus, UX nonobue
3ameuaTensro. W -Takke, Kak B ciytae Metoos Mowme-Kapiio, MOXHO, HCMONB3ys IPocTbie
METOJIHKH, OCYHIECTBHTB HX TaK, 4TO OHM BHITOMHAT 33124y Jy41UE, YeM YACTO JyMAIOT.

Ota riasa OpraHH3OBaHA CHENYIOWMM 00pasom. Bo-mepsuix, A KpaTko CyMMupyio
ycranosri BGM/I-monenn 1 obcycnato e€ daxTophsaumio B cexipn 13.2, a Tamoke oBbACHAO
KaK BOMOUHA (OPBApAHBIX CTABOK MOXET GBITH CMOJENMPOBAHA C MOMOLIBIO METOAA
HepekoMOuHEpyeMoro niepeBa. 3ateM, Mul Gonee mompoBHo obcysiaem HEKOTOpBIC H3
2CTICKTOB MHOTOMEPHOH T€OMETPHH CXeMbl BeTwieHMs B cexumu 13.3. ITocme 3toro, s
Pa3BHBAI0 HECKONBKO INYHKTOB B S(MEKTHBHOM BHMONHEHHH aTOpHTMA. I‘nasﬂ,uc
PC3y/BTATEI BHIMOJIHEHHA H TIPHMEHHMOCTH MCTOMA MPEACTABACHH! B cexuun 13.5. 3atem, B
Cekiy 13.6 MbI OOBACHSEM BOIMOWHLIE YCOBEPIUICHCTBOBAHHS, KOTOPSIE MOXKHO cuena;b
4To0BI COOTBETCTBOBATh Bapuauuu. KpoMe storo, B cexuun 13.7 51 obcyxaaro pasnuqﬂme,
METOHKH y4eTa 3aBHCHMOIO OT cocTonHuA apelida nojviekauux GopeapAHsIX CTaBok, 4To6b!
BCE YCAOBMA MapTHHTala OBUIH TOYHO BoiONHeHsl CJCHOM, B CEKUMH 13,.8 MBI
AEMOHCTDHPYEM, Kaxk 3GQEeKT KIacTepu3aluH, KOTOPbI MOs#eET Hab/FONATECE U [TOCKHX
CTPYKTYP BONATHILHOCTH, HAPYHIAETCS NPH NOMOLIE CTPYKTYPbi MTHOBEHHOI BOJIATHIBHOCTH
C TEPEMEHHBIMH BO BPCMCHH mapameTpami. [Ind Tex u3 Hac, KTO MOBHT BH3YaNlbLHYIO

AEMCHCTpALATO, A 10 NPOCTOH ipyMep B pasfene 13.9. B KoHLe 310t miaBsl aaeTcs kpaTKoe

pesioMe,

13.2 PasButue cropBapaHbLIX CTaBOK

Hasaiire 00BTOPHM HEKOTOPYIO YacTh Ga30BO# yCTanHOBKH phiHOUHON MoaenH BGM/J-
212

LIBOR, kortopas yxe olbscusiach B ceximu 12.2. CocrosHue KPHBOH  JOXOHOCTH
IPE/ICTABNEHO MHOYKECTBOM 71 OXBATBIBACMBIX (POPBAPAHBIX CTABOK [, KOTOpbIE Pa3BUBAIOTCH
JOTHOPMAMBHO COTJIACHO CTOXACTHYECKOMY AU((EpPSHIMAILHOMY YPABHEHHIO

f%=muﬂm+mmdﬁ. (13.1)
i
Kak 1 B cexupuy 12.2, MBI CTPOHM H3 3TOH OTNIPaBHOM TOUKH (BO3MOMHO, COKPAILCHHYIO
Ha m akTopos) matpuuy xosapuaiuu C(ht+Af) anst miara BpeMeEHH A uoeé
TICEBIOKBAIPATHEI KOPEHE A, NPHHUMASK BO BHHMAHHe HaIly GYHKUMIO KOPpEnaLay BbIOOpa
cornacHo ypasHerusM (12.1) k (12.7). Scuo, uro ypasHenue (12.8) osnauaer, 4TQ npeiids!
3ABHCHMBI OT COCTOSHMA M, TAKiM OOpA3OM, KOCBEHHO croxacTHueckue. C LE/biO OLEHKH
MPOM3BOHBIX, ME! HYXKZIaemcs B 00pasioBoi BbIGOPKE H3 BCETO NPOCTPAHCTBA BOSMOXKHOIO
pasBHTHs KpMBOH HoxouHocTH B Oymyuiee. Ecni Mbl annpoKCHMHpYEM KO3(QPHLMEHTBL
npeta 1 KaK TOCTOSHHBIE Ha MaJICHBKOM LUAre BPEMEHH Al, TO MBI MOXEM NPEACTaBHThL
pa3BuThie HOPBApIHbIE CTABKH
fa(bEtAnAL- Lo+ f w2
& fi{t+A)=fi-e T (13.2)
THE 7 ABJAIOTCS HE3ABHCHMEIMM HOPMANBHBIMU TEPEMEHHBIMH. Koaduumnentst a; — 310
AMEMENTH] NICEBAOKBAIPATHOO Kophsi A MarpHLbl koBapHauu C' (BOSMOXHO, COKPALIEHHOH
Ha m ($aKTOPOB), KOTOpas CONEPKHT MHTETPATIEI 10 MATEHEKOMY 1Iary BpEMCHH At
(324
;= ] () (1) oidt! (13.3)
=t
CyMMHpys, MOXKHO CIIGAYIONIM OOpa3oM BBUIGIHTE 1UArd, KOTOPBIC [O/DKHEI 6bITE
BLITIONHEHB 1A TIOCTPOEHHS PA3BHTHIX Ha Af (JOPBAPAHBIX CTABOK, COITIACHO YPABHEHHIO (13.2):
»  3anoNHUTE MAPKHHAEHYIO MATpUily KoBapuaunn C'(r+At) nenomssya ypaBHEHHE
(13.3).
e Cremaiite paziokeHue (manpumep, Hcmonesys weron Homecky Wi
CITEKTpaIbHOE Pa3NOXCHHE) TAKOE, 4TO

rat=c. (13.4)

e  CihopMupyiiTe COKpalIcCHHYI0 Ha M (GaKTOpOB MATPHLL k03¢ HHULUHEHTOB A 1O
aHanoru ¢ ypapHeHHeM (12.7), 1o ecrs HCNOMB3YA

(13.5)

» Toctpoiite m-HaKTOPHYIO aNNPOKCHMALIKEO MATPHIIb] KOBapHALHH C:
C = AA" (13.6)
KoTopas He Oyner, BOOGWIC TOBOPA IUIA M<n, MICHTHYHON C, HO no

TIOCTPOCHHIO, MbI COXPAHSEM JMAIOHANBHEIE JEMEHTHI Cj; = €'
VuuThiBas BBIILCYTIOMSHYTHIE ONPEIENCHHSA, Mbl MOXEM TCNEPh .ONpPECIUTD s

ypasHenu (13.2):
213
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N-1
“kg ] %Cik(l,l +At) for i<N—~1

Al E+ ADAL = 0 for i=N-~1 (13.7)

i
LT - . 5
k§\r k(b t+ AL for iz AN

B crpyxrype mMetonos Mowre-Kapio mbt Gk Tenepsb cTpounu Af- GopBap/IHeIe KpHBbIE
JIOXOJHOCTH, BLITATHBAA MHOTO HE3ABUCHMBIX -MEPHBIX HOPMAIBHBIX BEKTODOB MEPEMEHHOH
Z ¥ TIPHMEHAA UX K ypaBHEHHIO (13.2). Yto6B1 OCTPONTE epeBo A1s OLEHKH NPOU3BOAHBIX,
KOTOphie TpeCyIOT CPaBHEHHS MOy OXHAAHMCM M BHYTDEHHEH CTOMMOCTBIO, THNA
6epMynCKHX CBOMIIOHOB, MBI TENEPH XOTHM HCIOJB30BATE MUHUMAILHO HEOOXOAHMOE YHCHIO
TAKHX BEKTOPOB. YTOOBI MOCTPOHTE MHOKECTBA NEPEMEHHBIX BEKTOPOB {z} M1 moboro m,
creayer sicHo 0603HauMTL TpeCoBaHMA K eMenTaM Matpuusl S € R™™, ubn crpokn
BKJIIOYAIOT BEKTOPHI Z, KOTOPHIE MCNOMBIYIOTCH B KKAOH PEATH3aUMH PAasBHTON KpHBOit
JOXOIHOCTH, 33jaBacMoH ypasHeHHeM (13.2). HMosaras, YyTo MBI XOTHM Ha3HAYUTL PABHYIO
BEPOSATHOCTE KKAOM M3 m' peanusaliuif, Mbl, TAaKHM 00pasoM, nMeem':

Z s =0 (Mean) (13.8)
i=1
1 w’ v ) 4
o Sij8in = i (Covariance) (13.9)
i=1
is s mofor i=ko ol probabilit 13.10
8% = ual prol .
< 5kj —L for ifk qual probability) ( )

Camoe maneHekoe m’, Iy KOTOPOTO BO3IMOXKHO TNOCTPOMTH S,  YIAOBNETBOpAS
BbILEYNOMAHYTOr0 ypagneHus — 310 mtl. JIpyrumu cnopamu, 1mis m-aKTopHoOi monesnu
IepeBa HaM HY)XHO, MHHHMYM, mt1 BetBedt mna kakzoro yzma. Jina mo6oro amckperHoro
MHOXECTBA {2}, YZHOBNETBOPAIOIMIETO BBUIGYNOMSHYTHIC yenoBus (13.8)(13.10), moxuo
N0Ka3aTh, YTO ypasHeHue Af-miaropoi 3somoryt (13.2) NpoHsBOAUT MHOXECTBO Pa3BMTHIX
(OpBAPIHEIX CTAaBOK, KOTOPOE HBIAETCA TOYHEIM BIUIOTH J0 mopsaka O (O'x/E )
(BITIOYHTENEHO) U B OXGNACMOM 3HAUCHHH, U B BAPHALIHH.

B cnydae Mozens ¢ OfHHM (aKTOPOM, MbI MOXEM NPOCTO HCMONL30BAThH MHOKECTBO

{z}={+1,-1} n, Taxnum obpazom, nocTpomTs HEpeKOMOHHKPYeMoe GHHOMHATLHOE nepeso. B
3TOM CIy4ae, Mbl MOXKEM H3MEHHTS ypaBHenHe (13.2) Ha

A (L ANA~ Lot
j}(t+m)=j;~e' (LE+ANA - oit e,

=
U % PR ) NS
<t unzn‘.,*;‘:l 53y

(13.11)

KOTOpOE HCIPaBNAET OXWAAEMOC 3JHAYEHHE BIWIOTh 10 nopaaka  O((GVAr))

(BKIIOYHTENLHO) M yMeHBLIATS Ko3ddHIuenT Nepea nopsaxom O({0v/At)*) nna Bapuarum

T 370 MHOXECTBO ypasHEHWA HE CTPOr0 HE3aBvCuMO. OBbABNEHWE BCEX W3 HUX, OJHAKO,
NOMOrAET PA3LSCHEHWID CUMNABKCHO# KOHUENUWM.
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HepexoMGHHHPYeMbIE AepeBbst

OT /g 10 1. Jina TPHHOMHAIIbHOI ycTaHoBKH ¢ {7} ={ 4 \/y—z 0 ‘/3/; }, mapaMeTpsl, KOTOphiE

HCTIpaBIAIOT OxHaHHe BIoTs 10 O((G v Af)®) (sxmounTensHo) 3anaotca

fultd A0 At det - 5
b+ A =fi-e

OGpaTtHTe BHHMaHHE, 9T0 KOI(DDHIMEHTE! KOPPEKTHPYIOMMX HIEMEHTOB MEHBLIC B
CiyHae TPEXY/IeHa, KOTOpBIi SBIAETCA BBIXOMAIIMM H3 KXAOTO y31a, KaKk MOXHO Gblio Gl
OKUAATE M3 TOro (haKTa, uTo HHUKAKOH KOppekuMH He Tpebyercs B mpenene DECKOHEYHOro
4HMCITa BETBEH (TIpH YCIOBHM, UTO, MO KpadHEH Mepe acMMATOTHYECKH, Mbl COOTBCTCTBYEM
GOMBUIEMyY KONMHYECTBY MOMEHTOB, TOCKOJbKY f0GaBrnseM Gonbluee KOJIHHECTBO BETBEH).
TIpaxTiyecky, TeM HE MEHEE, CYLUECTBYIOT JIULLb O4EHb HEOOJIBUINE Pa3iuyHUA B MOBCACHUH
CXOAMMOCTH Ny 3ameHe ypaBHenud (13.2) ypastenuem (13.11) 1is aBy<neHHON cxembl MK
(13.12) B TpUHOMHATBHOM chyuae:. D10 yKkasbiBaeT, 4To Apyrde (akropei, THna rpyboii
BBLIGOPKH FOPH30HTA BO3HAIPAKICHHA IOMUHHPYIOT HAJ NOBEACHHEM CXOAUMOCTH.

DnemeHTs MatpHusl S, onpeaencHuble ypasienuamu (13.8)-(13.10) onmceisaior
JCKAPTOBCKUG KOOPAHUHATHI COBEPIHCHHOTO CHMIUIEKCa B /m usMepeHnsx. Ypasuenue (13.10)
MOKET TIOHATO My4UIE BCEO PEOMETPHUYECKOH HHTEPNPETAlUMEH, COrTacHo KOTOpoH, UToGk!
ONpeaeNUTh OAHHAKOBO BEPOATHBIC BETBH [EPEBA, BCC YINBI B CHMIUIEKCE HO/MKHBI ObITh
PABHSI (YTO JeaeT CUMILIEKC coBeplleHHbIM). OOpaTTe BHUMAHHE, YTO MBI Il HE CACTANU
HHMKAKHMX YTBEDIKICHHI O BRIDABHUBAHMH 3TOr0 CHMIUICKCA B Haniei CHCTEMC KOOPIHHAT.

13.3 OnTuManbHOe CYMINEKCHOE BbipaBHUBaHMe
B nexaproBckoit CHCTEME KOOPAMHAT Mbl MOXEM 3arMCaTh KOOPAMHATBI YIIIOBBIX
TOUCK, ONPEACTAIOLIHE COBCpLUEHHBIﬁ CHMIUICKC B 111 H3MCPEHHUAX, KaK

_\/m%l for j>i

EYE LA IR SR
Bt PRt S i
=

(13.12)

G+

("{ 1) ; . . -

s =9 B for j=i- (13.13)
0 for j<i—1\

Tpumepsl:

s = (T) (13.14)

|

= ol &l
|

i fw»ﬁ

50 = -/ (13.15)
V2
-8 i /]
7 -2 /1
so-| V2 \ﬂ \f* (13.16)
8 1
0 i Vs
0 0 V3
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10 _\/: /1 (13.17)

Hcnonssys onpezenenue S, MEI MOXEM Teneph ONPELENHTL MATPHILY K03((hHLIHEHTOB BeTBEH
B kak

B=A.8". (13.18)

AJNTOpHTM TIOCTPOCHHS IEPEBA, TAKHM oﬁpasom,'cnenylomuifr. B kaxzoMm yine ¢ ero
ACCOLMHPOBAHHOH KPHBOH JOXOHOCTH, 33IaHHOM MHOMECTBOM 1 bopBap/HbIX cTaBok {f(7)},
NOCTPOiTe MHOXECTBO nfrm+1) (GopBapIHBIX CTABOK, 4TOGHI MIPEACTABHUTD BCE BO3MOMKHBIE
IBOJOLHH B HHTEPBATIE BPEMEHHU Af COTJIACHO

Falt+ A1) = fi()  OM3ea®0el) Gy fm1 . (13.19)

BeiBatot cATyanmu, Koraa Mbt Gbl XoTenu UMeTh Goibilie, YeM m + | BeTBeil. I1pumep
3TOMY —~ OLICHKA 3ABHCHMOH OT TPAeKTOpUM IPOM3BO/IHOM Ha oTAENBHbIH FRA. B atoM ciyuae,
HaM HYXCH TOJTbKO OHH (aKTop, TO €CTb m=1, H, TaKHM 05Pa3OM, TONBEKO JBE BETBH HCXOAT
H3 KQIOr0 y3/1a, HO Mbl MOFNH OBl 3aXOTETH NOCTPOHTB HEPEKOMOMHUPYEMOE TPEXWIEHHOE
JIePeBO M3-32 CBOHCTBEHHOM eMy Gonee BBICOKOH CKOPOCTH CXOMMOCTH H CTaBWIBHOCTH 1O
CPABHEHHIO ¢ OMHOMHAITLHBIM AEPeBOM. [IpHMEpamMy TOMY RBIIOTCA HE TONBKO CTAHAAPTHDIE
BO3HATPX/ICHUS ACPHBATHBOB, MOAOOHBIX KAIUIETAM, HO TAKXKE H TOPOTOBHIC OMNLHOHI,
TPHITEPHBIE MPOH3BOAHBIC H T.11. B BhILIEYNOMAHYTOH MOJEIH 3TO MOMKHO JIOCTHTHYTh OYEHE
JIETKO, BCETO JIMIUEL HCMONB3Ys HEPBBIE /1t CTONGLIOB MaTPHLIBI, ONMCHIBAIOMIEH COBEpILEHHEIiT
cummexc B (NP™.]) H3MEPEHHMAX BMECTO S B ypaHenuu (13.18), 1o ecTb

SO Npanbes) G ¥ramctes—1) ( L. > (13.20)

O Ngrnes— 1= im) m

rne

1’“ e Rmxm
SBIIAIOILEHCA m-MEPHOH MaTpHIECH HACHTUYHOCTH, H

0 R (Ngrnches-1-mhai

(NBmm:h:s—l)xme

ABJIAIOLLECHCA MATPHLIEH, Y61 AEMEHTBL — BCE HYJTH.

Booblie roBops, HET HMKAKMX OIPAHHYEHMIl Ui TOIO, CKONBLKO BETBEH MOXHO
HCTIONB30BATe M3 KaKOOTO yama. (akTuueckd, MHONKECTBO METONOB, IOAOGHBIX
pexoMOHHHDYEMOMY  ICDEBY, HIM pelleHHil dacTHIX jwypasnenuit ddpexTnsHO'

' B OBWEM CMHCNE, [aXe HESBHHE KOHEYHHE MeTORW Anddepesumposarns  MOryT ObiTb

paccMaTpUBAEMH KaK METOAMKA WCNONL30BAHMS MHOMMX y3noB 8 Gyayuwem cpese spemenu,
4TOBu BHBECTK 3HaueHuA B8 G0NEe PaHHeM cpeae BpEMEH:.
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HCIONE3YI0T GOJbLIE, YEM TPH Y3Na I yIy IeHHA CXOAHMOCTH. Tpimepom Morcygl1 cg.r;ymmz
GLICTpble METOIB! CKPY'HMBAHHA, HCMONB3YIOLIHE npeoGpazosanns Pypse [ ] un
Jlaraca [FMW98), a Taioke MeTox mBoworo jepesa [Cur96]. O[HAKO, HCIIONBEIOBAHHE
CHMILIGKCHHIX  KOODJHHAT, famHeix - ypasHenmeM (13.13) ObicTpO  3aKaH4HBAeTCH
H3BHITOUHLIMH, TO €CTh MICHTHYHBIMH, KOXpOHUHEHTAMU nenaeﬁ; Hanpumep, eciu 6bf Mbl
BLIOPATH TIOCTPOCHHE C HETHIPEMA BETBAMH JUIA OZHO(AKTOPHOH MOJQNH, MEL, BEPOSTHO,
xoTeNu 651, YTOBEI TH WETHIpE BETBH 3AKOHUMIHCH B HETHIPEX PATHUMHBIX PEAIH3ALMAX
pazsuTHs opBapAHOi cTaBki. OHAKO, KAK MBI MOXEM BHAETH B yPaBHCHHH (13.16), nsge MB3
xooduumeHToB BeTBelf B MepeoM CTONOUC HICHTHMHBL, @ HMEHHO, PpaBHbL 60 5
NEHCTBUTENLHOCTH, €CH MBI NOCMOTPHM Ha KO3((HLKEHTE BETBECH NCPBLIX MO ;- ) 1
BBICOKOP23MEPHBIX CHMIUIEKCAX, TO €CTh HA JNEMEHTH! HEPBBIX cron6uos Marpuit S(), Mlé
MOVMEM, UTO OHM HMKOTZA HE MPHHHMAIOT GoIblule, HYeM TPH PalTHYHBIX 3Ha'-l€HHg;)
FEOMETPHYECKHX TEPMHHAX, 3T0 — C/IEACTBHE HALICro CreUH(pHYECKOTO  BbI gi
BLIDABHHBAHWS CHMIUIEKCA, ONPEACNCHHOTO  ypaBHEHHEM (13.13).  Yrober goonyqnm
MAKCHMANBHYI0 BHIFOAY H3 JOTONHHTIBHBIX YCHIMA 1O HCTONB3OBAHHIO DOILILC
KONHUECTBA BCTBCH, MBI XOTHM, 4TOOR OHM PACMPOCTPAHHIHCH HACTOMBKO MHOrO H
PABHOMEPHO, HACKOMBKO 3TO BOIMOXHO. B KoM cTonbile MBI XOTHM HMETE JNIEMEHTHI,
KOTOpBIE CHMMETPHHHO PaCcTIpESTEHEI BOKPYT HYJIA, HCKOJILKO 3TO MOXET ObITH nogmr:ay::e
Taxum o6pasoM, A1 MOGOro n1-MEPHOID COBEPLICHHOTO CHMILTEKCA BO3MOXKHO HaHTH

R ot
ppawetme R™ cumnnexca § ——> 8", uro

my U nam veTHEIX j=1...2
sy = St 2-i j

(13.21)
) = mil
S,E';) = _5‘(..1:22—-1‘;' JUIR 1 HEUETHBIX J=1..5
noﬂxoﬂﬂluee BpalCHUC A m-MEpHOTo CHMIIIEKCA MOMKHO HanTH, ONPEACNHB
MATPHLL BPALICHHS

I=m
k=m-1

r = I #2500 : (13.22)
k=1
I=k+1
e RV (8,,) € R™" apnsiercs maTpuueil BpaLICHHA B TIOCKOCTH (k1) ua yron8y, To ecT
; i i KIMOYCHHUEM INIEMEHTOB
R\ (B,,) sxBUBANCHTHO /-MEPHOH CHHHUHON MaTpHUC 33 HC

P = ”1;"’) =cosf, n rk(,’"’ =—r™ =5in6,,. BpaniacMelii CHMILIEKC TOT /i 32,18ETCH

&g R (13.23)

I
Tiossonss BapsuposaTs Bee ™ /5 YriioR, Ml IOYHAEM OYEHB APOCTYHO HTCPATHBHYIO
NpOLeAYpY TOATOHKM, KOTOpas OYeHb GBICTPO HAXOZHT MOJXOMAILES BPALICHHE, KOTOPOS
MHHHMH3HPYET )[’-omu&(y B YCIOBHAX, 3AJAHHBIX YPaBHEHHEM 13.21). MBOT KOHKPETHRIH
NpHMEp, KOFZA OJIHO BHPABHMBAHHE CHMIUIEKCR A1d m=4, KOTOpbiil YJOBIETBOPSET
ypassenuo (13.21), naerca
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Kak rosko MBI HISHTHOHUMPOBANY MOAXOIAIIEE BBIPABHHBAHME CHMIUIEKCA, €CTh
ClIE OAMH JIETKMH CMoco0 ylydiuuTh NOBEIEHHE CXOAUMOCTH HEPEKOMOHHHPYEMOrO
MYJIBTHHOMHAILIOIO (MHOFOYICHHOrO) AEPEBA. DTa METOMMKA HASBIBACTCS, uepedosanie
HANPagnenua CuMnieKca v BeYeT 3a cobol MPOCTOC NEPEKITIONEHNE 3HAKOR BCEX KOOPAHHAT
CHMIUIEKCA Ha KaX/I0M ware. Hackonsko 910 yiyuiraer cxomumocts, YBEANYHBAs TMOJNHYIO
CHMMCTDHIO  IDOLETYPHI, MOMKHO IOCMOTPETE, CCMH MBI BM3YATHIUPYCM  TOYKH,
TIPOU3BEICHHBIE TOCNCAYIOMNM NEPEXOOM B IUIOCKOCTS (3, 22} I IBYX(aKTOPHOH Mogent
C TpeMs BETBAMH, YTO HOKa3aHO Ha Puc. 62. TTockoibKy MBI IPOCTO CKIABIBACM KOOPAHHATEI
TOCNCAYIONNX  1Ar0B,  BETBALIAICA JBOJIOLMS OKa3bIBACTCH PEKOMOMHHpyemoil. B ToT
MOMEHT, KOT1a Mbl, GaKTHUECKH, HCIONB3YEM 3aBHCHMBIE OT COCTONHHS IEMEHTDI apeitda B
MOJZICIM KPHBOH JOXOHOCTH Ha OCHOBE (OPBAPIHOI CTABKH COTiIACHO ypaBHenHio (13.19),
310 Oonbuie He Oymer uMeTs mecto. OpHAKO, KK Mbl YBUAMM MO3KE, He Oyner

HeG1aropasymibiM OKHAATE, 4TO JOBABICHHAS TIOYTH-CHMMETPHS, BOODILIC TOBODA, y/yHLIaeT
CXOZHMOCTb.

13.4 BoinonHexue

Crour oTMeTHTE, 10 HH KOXHIHEHTS! BAPHAUMH C;, HH KOXDOULMEHTS] 3BOTIOIHMH BETBEH
by B ypasrenvn (13.19) He 3aBHCAT ot Texyineit KpaBoit TOXOIHOCTH, 3asaHHOH f{t). [ToaTomy, oun
MOLYT GRIT, NDEIBAPHTENBHO PACCUNTAHbI ATA BCEX IIATOB BpeMeHH. EuHCTREHHAS Belilb, KOTOpast
JoIDkHA OBITH PacCuMTaHa Cpasy TEpef UMIIOM IO BOEM BETBSM — 370 TEKYILIEE MHOMKECTBO
neMeHTOB Jpciidha {1, }. B cBOI0 0tepern, OIM SRISIOTCS TEMM ke CAMBIMH IS BCEX BeTel
K&XI0ro yana. TIpHHAMad Bee BRULECKASAHHBIC COODPAKEHHA BO BHHMANHE, Mbl BHIHM, UTO
BRIMHCTIEHHE HEPCKOMGHHHPYEMOTO JIEPERa MOXET GbITh YPeIBLIYANHO SPHEKTUBHO OCYLLECIRIEHO,
HCTIOIB3YA PEKYPCHBHBIN METOJ, IIOCKOSBKY HH OIHA M3 PA3BHUTEIX KPHBBIX IOXOHOCTH HE JOGKHA
TIOBTOPHO MCTIOMB30BATLCA TIOC/E TOTV, KAK BCE BETBH, BRIXOMALIME U3 OHOTO y3iia GLUTH OLIEHEeHbL,
EnvHcTeHHBI! MacCHB, KOTOPBIH MBI JIOSDKHBI PAMECTHTS —~ 3T0 TIONHOE MHOMOCTEO {IL;} s

KEKIONO Luara BPEMCHH, MONHast KPHBAA JOXOIHOCTH, Orpefenisomas Muoxectno FRA (£} o
KDKJIOI0 L1ara BPEMEHH H, KOHCHHO, ¢; by U8 Ka/I0T0 1iara speMeHH. B mporpammtiom OTPHIBKE,
TOKa3aHHOM B NpOrpaMmHoM npumepe 13.1, aneMenT maccisa LogShi frOfBranch [h] [k] [i]
CORCPHHT —Yac;+by A 1Ara BPEMEUH OT #, 10 fh., MEMEHT Maccuea C [h] [i] [k] concpxur
MEMENITI CBA3AHHON MATPHLIb! KOBAPHALIHH Cy TS LA BPEMEHH, 4 BOE APYIHE HMeHa TIEPEMEHHbBIX
momkeHd  Obrte  ouepwmHbMH.  Tlocne  HawaTeHOM  yCTAUOBKM  BBIZOB yHKUMH
BushyNFactorFraBGMTree: : Recurse {0) BO3BPALIACT OMHAACMYIO CTOMMOCT, 3aIAHHYIO
BOGHAIDDKICHUEM, yKkasanHeiM  yHiapieii  BushyNFactorFraBGMTree: :Intrinsic(),
NPHHAMAIONLYIO BO BHAMAHHE BOIMOWKHbIC paHHHe wucrionmenus. Bosppanigemoe sHaueHue
BushyNFactorFraBGMTree:: Recurse(0) CIUC JOMKHO OBITb JHCKOIL ITHPORAHO,

YMHOMCHHEM HA TCKYNTYTO CTOMMOCTb OGJIMPAUHH C HYNEBBIM KYTIOHOM, BBIGDAHHON B kauecTe
6e3pHCKOBOrO KTHBA.
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HepexomOHHHpYyeMbie 1epeBbsi

AHAR

il BBEpX

re 1 (kpa

KBAJPATHKH) BOKPYT MPEKHHX
eYroLHUK, cOPMEPOBAHHEIH

peeraa GopMUpYIOT YKA3bIBAIOLIHM

arpamMe HIDKHETO Psiia KAKABIH TP

0JIL30BAHHUS METOIA NepedOsaHUn CUMNIEKCHO20 uanpaeierur. B 3ToMm
yTo6bI y4ecTh ABA CTOXACTHUECKHX dakropa. B BepxneM psjy TpH

ii TpeMs HOBBIMH Y1aMH (10K23aHbI KPECTHKAMH) HA 1ua

i 1paBoi Ju:

Ha ware 2 TpH HOBBIX YMIa BOKPYr KKIOr0 KpecTHka (OPMHDYIOT TPEYroabHHK,

pyr MyCTHIX KBANPATHKOB, OMATL yKashiBaeT Habepx. OGpaTuTe BHHMaHHe Ha ddderTHBHOC

Hakonel, Ha camo!

Ha cenyroimem ware, TpeyroisHHKH, GOPMUPYeMbIe HOBBIMU YXIaMH (IIyCToie

re.
vBeJTHUYERHE CUMMETDUY APH HCNOALIOBAHHHA Yenen10BaHus CHMIICKCHOTO HANPABJICHHUA HA KAXKAOM {d

HOBBIX Y3J1a, KOTOpbIe UCHTPHPUBAHLI OTHOCHTE/IBHO KaXKI0ro M3 Mpeabiayuiux y3jios,
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double BushyNFactorFraBGMTree::Recurse(unsigned long hi{
if (h==NSteps)
return Intrinsic(h); // Termination of the recursion.
unsigned leng i,k:
for (im0;i<NRates;i+e){ //
mu_dT[i} = 0O.;
for (k=NumeraireIndex;k<=i;kes+)
mu_dT(i] += C[h}[il{k] * EvolvedFralh] [k] * Tau{k]l / { 1. + EvolvedFraih) (k] = Taulk) };
for (ke=i+l:k<NumeraireIndex;k++}
mu_dT{i] -= C[h]{i]{k] * Evolvedfralh] (k] = Tau[k] / { 1. + EvelvedFralhl k] * Taulkl }:
}

double tmp=0;
for (ke=0ik<NBranches;ks++){ // Loop over all branches.
for (i=0;i<NRates;is+s){
EvolvedPralh+1} i) = EvolvedFra(h] [i) * exp! mu_dT[i] + LogShifrCfBranchlh) [k} (i] };
}
tep += Recurse(h+1); // Sum up the results from all of the branches.
!
// Average, unless the intrinsic value is higher.
return CheckForEarlyExercise (h, tmp/NBranches);

Calculate the drift for all rates and store them.

Tporpammusiii npumep 13.1 PekypcuBHoe Bhmosntenne HepeKoMGHHHPYeMOTD nepesa

13.5 MNoBegexue cxoaMMOCTH

; YroBel naTe YMTATENIO MOYYBCTBOBATH HEKTMBHOCTL METONOB, HMPENTIOKEHHRIX B

OpEe/bIAYIMX PA3AENaX, 3 BHITONHHI MHOECTBO YHCIICHHBIX DACUETOB VIS YETHIPEXIICTHENO
ONUHOHA IIATCIbIUMKA Ha [BYXIETHEM IIONyrONOBOM €BpOrefickoM conumuone, S
MCIIOAL30BAL  KPHBYIO JOXOAHOCTH W TOJAPASyMCBACMBIC BOJATHILHOCTH KameTa Jjif
npoueHTHeIX cTaBok 10 GBP cormacHo Tabn. 5 # nonaran MrHoBeHHYI0 BONATHIIBHOCTS
MHIRBHIYaBHBIX GOPBAPIHBIX CTABOK COIIACHO'

oi(t) = [a+b{t; — ) e " 4 ¢ (13.25)

rae a=2%, b =0.5, ¢ =1 u d =10%, 410 COBMECTHMO C 337AHHBIMH TIOAPA3YMEBACMBIMH

BOJATWILHOCTAMH Kafuieta. Koppensuua Mexay GopBapasbiMu CTaBKamH f; 1 f; naBaemas ¢ B
ypaBreHusx (12.2) u (13.3) nonaranace

g = 7l (13.26)

rae $=0.1. Crpaiix cBomupoHa 6bL1a YeTaHOBNEH B 7.50%.

t \ discount factor | /i ' b=

Sty

Ta6a. 5. Kpusast noxoxHocTH ‘

5. Kp e 01 4 | 0.762757096 | 6.652% 21.43%

st GBP npoueHTHBIX cTaBoK s 0739600975 | 625100 e
H [HOApa3syMeBaeMble ) ) ' ’7 - “" TR

i T, 0,
BOJATHILHOCTH KATLIETA, 20 5 1 0717225412 | 6.044% 19.98%

« 0/
HCTIOTB3yeMbie B IPHMEPAX 3055 0696187117 | 6.044% 19.35%
4| 6 | 0.675765937

' [Reb39], ypaenerme (11.4).
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Puc. 63. TToBeen#e CXOANMOCTH HEPEKOMGUHIPYEMOTO 1epeBa LI5 eBPOMCHtKNX

CBOITLIHOHOB.
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Puc. 64. TToBesenue cxoaumocTH HepekoMBHEMPYEMOro Jepesa AT fepMyxcKHX
CBOMIHOHOB.

HepexoMOHHNpyeMbIe NePeBbS

TNockonsky (OpBapaHAs CBONOBas CTaRka pesyisTHpYeT B 6.15% s 5T0ii
KOHKPETHOH KPUBOH JOXOZHOCTH, PACCMATPHBACMBIA ONUMOH HAXOJUTCS "Gez npener”. S
TaKKe BHIMHCHHI PE3YJIBTATH! JUTA SKBABAICHTHOTO OEpMY[ICKOTO KOHTPaKTa, TO eCTh 6-
noncall-4 nonyromosoro Gepmyackoro cBomipoHa. Ha Puc. 63 s mOKasbiBalo, CXOUMMOCTH
MOJENH HEPEKOMOMHUPYEMOro ACpcBa KaK (YHKIMIO uMcria LIArOB IO SKCMHPAUMHK MPH
OLICHKE EBPONEHCKHX CBONIMOHOB M, 4T0 Gonee mHTepecHo, Ha Puc. 64 mokasbiBaetcs
MOBEACHUE CXOAMMOCTH U1 GepMyACKHX cBOMUMOHOB. OOpaivre BHHMaHHC, KaK METOR
YepeaoBaHHA CHMILIEKCHOTO HANPABIEHHS GOMBUIE BCEro YIydyliaeT CXOANMOCTb VIS IBYX
i Tpex (aKTOPOB M KAaK OITHMA/IbHAS TCXHUKA BRIDABHHBaHKA O0ECHe nBaet CXOMMMOCTb
IOCHIEIOBATENEHO BCErO JTHILE 3a NTH IAT0B U1 Tpex Win 6os1ee GakTopos, ocobEHHO Kora
HCIIOTIB3YETCA B COSAMHEHHH C METONIOM UepPE/iOBaHMA.

13.6 CooTBeTCTBME BapUaLm

341128 TIEPEIHCIICHHE £y..., INyups AUCKPETHBIX TOUEK BO BPEMEHH, MO KOTOPBIM NOCTPOCH
AITOPHTM [EPEBA U OTIPETENHB Y, YTOGH! NPEACTARNATH Bech pefid M mapamerpsl HTo B

— 1
H (0 Xt 11, )_Ec:i([h)

TEYEHHE LIATA BPEMEHH [ D1, TOECTB ¥y, =€ , MBIl MOXKEM [1EPETHCATD

ypasuente (13.19) kax

Sarryir = fiut i €% (13.27)

JlaBaiire Terepb BCIOMHHEM, YTO KO3(duuuentsl by Obui TIOCTPOCHBI TaK, YTO MX
JHCKPCTHOE CPEIHEe HMCIO N0 BCEM TOABNAIOLIMMCA BCTBAM SABJACTCA HYTeM, a HX
JWICKPETHBIE  KOBADHALMK DABHAIOTCA OMEMEHTAM  3a/aiHOA  MATPHUb!  KOBapHALMH
norapuMoB (hOPBAPAHEIX CTABOK N0 YKA3AHHOMY WIAry BPEMEHH. YBBI, COOTBCTCTBHC
ZMCKPETHBIM KORAPMALHMSM JIOTGPHQMOB O3HAYACT, YTO KOBAPHALWH CamuXx (HOPBapIHBLIX
CTABOK TOMHO HE COBIAZAIOT M3-33 BHIMYKIOCTH DKCIIOHEHIMANIBHOM (YHKLIUH, YTO M3BECTHO
u3 HepasencTBa Jlkencena, Opmako, Bapuanus moGoi ciyuainol flepeMeHHol x ¢
HeTPEePEIBHBIM JJOTHOPMATIEHBIM PACTIPEIENEHHEM, THIIA

x=£e”, toe z ~N@©O,1) (13.28)
MOKeT OBITh PACCUHTAHA KAK

(13.29)

Jlpyrumu CTIOBAMH, €CTH MBI XOTHM NOCTPOMTb JIEPEBO TaK, ITOOLI BapHALMK CaMuX
(OpBAPHBIX CTaBOK MMENA TNPABHILHOE 3HAYCHUE, KAKOE CNJoBANO Oul M3 HENPEPLIBHOIG
ONUCaHMA, MBI TOFAA MOXEM BBECTH TIapamerp Maciuraba BONATHUNBHOCTH pj, AN
HCIO/B30BAHMUA B FIOCTPOEHHH BETBEH, KaK B

by, x
Toenyie = foa Y € (13.30)
TAKOH, 4TO
! Nisranctin i Nsanches e
: e'»’l'/“f'luk _ el'm"r,;k — gt [C(""" _ 1) =0. (13.31)
‘\Ummh\\ =1 £ baanches oy

Yro6bl BHIOMIUTE ITO HETHHEIAHOE YCAOBUE IS Dy ONPEICTHM (i(py,;) KiK JEBYIO
cTopody ypaseenus (13.31). YauTeiBasg HayaibHOE IPEMIONOKEHHE Dhi =l W YacTHyIO
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(13.32)

HTepHpopanne HBIOTOHA CXOAMTCA K PEICHHAM @h{py/=0, NeiiCTBHTENLHO, OUCHD 6sIcTpO.
Henuneitnoe HaxoXICHHE KOPHS JOMKHO BEITH NPOJENaHO [y KaXaoi (opeapaHOil craBku
H JU13 Ka)k[ioro LIAra BPEMEHH OTACIBHO, ITO MOXHO CHENATL B TEEHHE HAYANBHOTO NEPHOZA
2IrOpHTMA ACPCBA, XOTA, B MOHX TECTaX NPOLEAYPa He OTHHMAIA MHOTO BLIMHCIIMTENBHOIO
BPEMCHH .

Beineynomsanyran  Mpoueaypa,  OeliCTBMTENBHO,  3AKAHYHBACTCA  TOYHBIM
COOTBETCTBHEM BAPHALIMIA, 3A1AHHEIM B COOTBETCTBHH C HENPEPHIBHBIM onrcanmen. OHaKo, 1
Xx0Tesl Gl OTMETHTE B 3TOM NYHKTE, YTO, BOOBIIIE TOBOPS, 3TO HE BCETIA KEIATEbHO. /Japaiite
PacCMOTpHM KOJUT-OTLMOH 112 AKTHB CO CTAHJAPTHBLIM HOPMAILHHLIM PACTIPECACACHHEM, U

JanaifTe npournopupyem addexTsr auckonTHposanus. Jiis Hynesoro CTpaiika, CTOMMOCTH
onLuoHa 6yner

(13.33)

0

Ompoiarosas JHCKpeTH3aLKA GHHOMHATLHOIO AEPEBA 3TOTO PpacTpesieNicHUs, KoTopoe
COOTBETCTBYET H OXH/IAHHMIO, H BAPHAUMH HETIPEPHIBHOMN KOMHMH, TOYHO ABIAETCH MHOMCECTBOM
{+1,-1} paBHOBEPOATHBIX 3HaueHmit anst s. SICHO, uTo OHO PE3YALTHPYET CTOMMOCTBIO
onunoHa 0.5, B TO BPEMs KAK HENPEPHIBHOE ONMCAHHE [AET HAM 3HAYCHME OKONo 0.3989.
Taxum 06pasoM, MbI OXHZAEM, YTO HHCTPYMEHTHI ¢ HEKOTOPOIi BBITYKIIOCTHIO B NpodHie
BOSHarpmkICHHA OyayT CErka NepeOMEHeHb!  JMCKPETH3OBAHHEIM ZIEPEBOM,  KOI'Zia
HEMPEPLIBHLIE BapHalldk coriacosaHsl. [Toatomy, cpaHenme zmauenmi, cnemyloumx 3
TMOCTPOCHAA ACPEBA C COTNIACOBAHHOM Baphaumeti (13.30) 11 3 nepeonauanbHoit cxemsr (13. 19)
MoXeT ofecnedupaTs HEKOTOPbIH KOMGOPT B OTHOLLCHHH BO3MOWKHOO HENPaBUITLHOTIO
UCHOOOpA3OBAHUA ~ M3-32  ANNPOKCHMUPOBAHHOTO NPEACTABICHMA  BONATHIBHOCTH B
JMCKPETH30BaHHOH Cxeme. Boobiwic roBopa, Mbl JHIIB OXHAATH, uTO TIOCTPOCHHE ¢
COrIacoBaHHOH hapharnedt obecneunt Goree GHICIPYIO CXOIMMOCT [T HETIOCPEACTBEHHO
CBS3AHHDBIX C BONATHILHOCTHEO HHCTPYMEHTOB, THTIA CBOTIOB BONATHIBHOCTH MITH BAPHALHH.

13.7 Co3panme yCRoBus TOYHOro MapTHHrana

B pekypcuBHOH TpoUEAYpe BLIYHCICHMS BCSX BeTBEi KPHBOH  I0XOJHOCTH,
HCXOMAWKX M3 OJHOTO y3na, Mbl BCETAA NIOMKHBI BBIMMCIMTH ANIPOKCHMALMIO apeliba ¢
AHCKDETHBIM [ATOM BpEMEeHH JUiA Kax/oii dopsapauoit cTaskn. Kak mui 3naeM u3 pasmena
13.2, waroBo-nocTosHHas armpokcuMauns apeiida (13.7) obecneunsaer YCJIOBHA MapTHIIrana
TAKHE, YFO OXKHIAEMOE 3HAYCHHE JTIOBOTO aKTHBA, pasieNleHHoe Ha BBIOpaHHbIH Ge3pHcKoBEIit
AKTHB PABHACTCA €10 HAYATKHOMY 3HAYCHHIO TOMIBKO B NMPE/ENC MAICHEKUX NIATOB BPEMCHH.

' ocTeneHb  JIGTANM3AUMM  BPEMEHK  BHUMCHIEHNA M3MEPUTENLIOA  yHkumr  Guina

NpUBAUBUTENBHO '/ g C.

HepekoMOUHHPYeMble IepeBbst

BhrIGpaHnsIM Ge3pHCKOBEIM AKTHBOM OYZIET camast JyiHas 00/IMralHs ¢ HyJIEBBIM KyTIOHOM,
TO ecTb N: = i TaK, 4roOBl BpeMs IJIATENa, BHIOPAHHOH B KaecTBe 6e3puc1£oaoro aKTHBd,
OBNMrauMH ¢ HY/NEBBIM KYTIOHOM, SBJBUNOCH BPEMEHeM BBULTATHI MOCHEAHEH (opsapaHOi
CTaBKH, KOTOpas AOJDKHA OBITL, CMOAEMPOBAHA. B TaKOM Cityuae BO3MOXHO TOYHO BBITIONIHHTL
YCRIOBHA MapTHHFANA HA Kaxgiom ware Gc3 BiMMcnMTensHoil neperpyski. Bot xak oo
BeAKT. JU1a N =n YCIOBHS MapTMHIATA COCTOAT B TOM, 4T0 MiA JH060ro 1wara BpeMeHH

th~>lye1, MBI HMEEM
N1 N-1

E| fonrryi H (L7 fwr)| = Ju H (L4 7fnj) - (13.34)
=il J=itl
Cnenys ypasuennsm (13.19) u (13.30), s o6oznauaio peansanHio GopsapaHOH CTaBKH
f; Ha k-0it BETBH BO BPEMS Iy4y, TO €CTH K-YIO BOMOXHYIO BOTHOLMIO f; H 11are BPEMEHH Iy
41, KaK i M GAKTOPH3YIO €€ COTAacHO

Joeryyie = i€l i (13.35)

3negh fii — 310 peam3auns f; BO BpeMS £, TO €CTh B TCKyLUEM Y3IIe. Ha ocuoBauun
YpaBHEHHA (13.34), MBI MOXEM BBIYHCIHTH KOPPEKTHpYIOUME (DaKTOphl OHHAAHHA Vi,

PEKYPCHBHO HauMHas C OCNCAHEH opBapiHoi cTabks B i=n-1:
N-1
Nicanto H (0175 n5)
= (1336)

N-1
ePhibiiks H (L +75 ujm el'/ubh]k)
j=itl

L Mvanches

F=1

O6paTHTe BHUMAHHE, YTO, MOKA Mbi MMEEM Y HA NEBOH CTOPOHE, NpaBas CTOPOHA
BOBJIGKAET Y, MWL I j>i. SICHO, YTO MMEET CMbICH NPEABAPHUTENLHO PACCHMTATH

K03 ULKMenTs BeTBEH n=e” WPk gy COXpaHUTb HX . Bbxmconucafmbu‘i AJiIrOPHIM TElEPL
TOYHO BBINONNAET BCE YCII0BUs MapTHHIana. TToGourbii sddekt 3T0H npouenypsbi B TOM, 110
OHa M3BeraeT OLEHOK JMOGbIX Bo3oBoB exp() dytKiyuu B pexypcusHoi npouemype. Yto, wis
APOCTHIX MHCTPYMEHTOB, MOMKET JIETKO COCTABIIATH npu6nn3menfﬂo TNIONOBURY q)ajcruqecxoro
BEIMHCIMTENLHOMO BPEMEHH, KOTOPOE TPATHTCA Ha OLCHKY 3TOH crieuuduyeckol dyHKuun.
Tlockonbky BBILICYNOMAHYTOC BEIMUCICHHE KOPPEKUMH OKHIAHNA (13.36) He Tpebyer
3HATEBHO GONBILEND KONMYECTBA ASHCTBMIL C MIABAIOWICH TOHKOMH, eM-aMMPOKCHMALHT
apeiida (13.7), To, Taknm 06pasoM, He YAHBHTENBHO, YTO NPOLEAYPa, APE/ICTABICHHAs B ITOH
CEeKLMH, HE TONBKO JIETACT BCC BHIMMCIEHHS, JAKe C OUEHh HEMHOTHMM ILAFaMH, MOYHO
COOTBETCTBYIOWMMH YCIOBHAM MapTHHTANA, HO TAKKe M OBCCIICUMBACT YCKOPEHHE pas,
npuomusurensHo, B 1.7-2.8 w14 TecToB, KOTOpHIE 4 TpOBeJ, B 3ABMCHMOCTH OT THNa
MHCTPYMEHTA, 3PEIIOCTH, JUTHHb! MOAETHPYEMOH KPHBOH OXOHOCTH M T.II.

13.8 Knactepusaumn

JIns  GONBIUMHCTBA OCHOBHBIX DPBILIKOB TPOLCHTHOH CTAaBKH, KaK CJCACTBHE

')Jﬂﬂ BouMCNEHWIE 663 COOTBETCTBMA Bapuausn, KkoagduiwmeHTs macwtabuposanma D,
KOHEYHO, BCE TOXAECTBEHAM 1.
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TIpCBATTHPYIOLMX  CTABOK M BOTATHNIEHOCTEH, napametpel gpeiia B ypasHenuu (12.8)
CPABHUTENEHO HEBEMKH. JTO 03HAYACT, 4TO J1i06as NMPOLEHTHAR CTABKA, NPOXOMALLAs CHepsa
BOCXQJAILEE W 3aTEM HHCXOJUAIES ABIDKCHHC [BYMS MOCIEAOBATENLHBIMH LUIAMAMH HYepe3
ACpEBO, CHOBA PCKOMGHHHPYET HOYTH HA CBOEM HAMANBHOM Ypoke. [lpu EbiGope 1:06bix
ABYX (opBAPHLIX CTAROK HA KPHBOH JIOXOMIHOCTH [N JBYXMEPHOMN NPOCKLHH HA JAHHOM
Cpese BPEMEHH, 3T0 co3flacT 3QeKT Kacmepusayuy. SIBICHHE 3TO WHPOXO H3BECTHO M B
TMTEPATYPE 0OCYMUATHCH PAITHMHBIE MCTOBI, YTOGBI €ro M3Gemars. Makkapri v BeGGep
[MW99], u PagxakpmunaH [Rad98a] ofcymmaior BONPOC  KJACTEPH3ALMK Y3108 M
TIPEAJIAraioT METO/IB €10 MPEOIOIICHHA, THIA U3MEHEHYS PA3MEPa 1ara, HaIPHMED, JIHHEHO
CrO YBENHIMBATE WK YMEHBILATD, HIH OAHOBPEMEHHO M3MCHSITH JUTHHY HEKOTOPBIX U3 BETBE
M HMX aCCOUMMDOBAHHBIX BEPOATHOCTCH. JIIA peanucTHYHBIX NpHMeHeHuil, OaHAKO,
CYICCTBYCT TCHACHUMA ABHO HCMONB30BATH [IEPEMEHHYIO BO BDEMEHH  CTPYKIYpy
BONATHILIIOCTH, KOTOpas >(OEKTHBHO H3MEHACT HIMPHHY BeTBelf NO PasNHYHLIM LAraM
BpeMeHH. JlocTaTouHo, 4To6k! yAamuTs GONBIIYIO YaCTh BPEIHOMO apdexra knacrepusanun n
OJTOMY A HE CYHTA0 3Ty npobneMy HEACTBHTENHHO BAakHOH. OnHako, MOCKOJIbKY
BH3YaNbHAs eMOLCTPAMS YacTo Gonee yGemmTensha, Hem NIPOCTPAHHBIE PACCYKACHHS, o
TIOKa3BIBAXO B ITOH CEKLHHM, YTO GONbUAx yacTh d¢deKTa KIACTEPH3ALHH ABTOMATHHECKH
TIOZIABNAETCS NPOCTO BHIGOPOM COOTBETCTBYIOLLEH CTPYKTYPhi MMEMEHTA BOAATHIBHOCTH.

25% : - . -

217 E—

(73] E——

10% oo

5%

% 1
0% 5% 10% 16% 20% 25% 30%

Puc. 65. DddexT KiacTepuzauny A5 HOCTOAHHBIX BOSATHILHOCTEH

Tpumep addexta knacrepusauny noxasan Ha Puc. 65. Kaxaas Touxa Ha PHCYHKE
TIPEACTaBIET coBOi Pa3BHTYIO KPHBYR JOXOIHOCTH Ha [BA rOJa B Gynywee. 12-mecsien
nepeycraHoBkyu crasku Libor B romy 2 omioxenst no abeumcee, a 12-Mecaues NEPEYCTAHOBKH
craskd Libor B rogy 3 marorcs opaumaroii. Beero, yersipe rofoseix dopeapaibIx cTaBki
ObimM  BKIIOYEHS! B MOJENMPOBAHME KPHBOH AOXOfHOCTH mis 6-non-call-2 exeromHoro

226

HepexoMGHHRPYeMbIe ACPEBbH

Gepmyackoro ceonuuoHa. TIp HENoNb30BaHHH YETHIpeX (AKTOPOB M 1LECTH LIAroB sio =2,
CYLIECTBOBAIO NATh BETBEH M3 KOKIOro y3na fepesa M OOLIEE KOJNHYECTBO 5 =15623
Pa3BHTHIX KPHBBIX JOXOZHOCTH B CPE3e ITOr0 BpeMeHH. HavanbHas KpuBas A0XOIHOCTH 6111J]a
yeraHorieHa B f; = 10% Juis Bcex [, @ MFHOBEHHAs BOJIATHIIBHOCTG [OJIaraiack POBHOH H
pasHanace 30% st Bcex opBapAHBIX CTAaBOK. Kaxk MOXHO 3aMeTuTh, CYINECTBYET JIHLIb
CPABHUTENEHO HEGONLIIOE YHCIIO 3HAUHTENBHO Pa3nHYHbIX (faf}) nap, KoTopbie PeIH30BAIHCH
B HepexoMOHHHpyeMoe AEpeBO. Pami KPAaTKOCTH, A He NOKA3LIBAIO JPYIWX HPOEKUMH, HO
YHTATENh MOXET ObITh yBEepeHHHIM, 4TO JD(EKT TaKOB e, Kak M JJif OCTaBLIMXCH
(opBapaHbIX CTaBOK Ha MOACIIHPYEMO# KPHBO#H AOXOAHOCTH.

OnHaKo, ecii MBI HCTIOJIB3YeM Dollee PIHOYHO-PEAIMCTHYHYIO opMY LIS CTPYKTYPSI
IJIEMEHTA BOJTaTHIBHOCTH, THIA

ailt) = ki (fa 4 b{t ~ ] e™® 4 d) (1337

rae a=-10%, b=1,¢=1.5,d=10%u

i k;

: 0 1.179013859
1 1.319725423
2 1.458673516
3 1.57970272

(k; rapaHTHpyeT, YTO BCE KAIIEThl, UMEIOT Ty XK€ CaMyl0 II0PAsyMEBAaCMYIO BONATHIBHOCT
30%, KaK ¥ IIPENKAE), MbI NTOTYHAEM BECHMA OTIIMYHYIO JHarpaMMy Ui TIPOEKIIHH Jorfi BI=2,
KOTOpas nokasaxa Ha Puc. 66. ITosToMy, i PeantCTMUHBIX TIPUMEHEHHHR, A HE CYHTAIO
ARJIEHHE KIACTEPH3ALHH NPODNEMOH NTEPBOCTENCHHOH BAKHOCTH.

25% . ¥ T R

20%

15%

10%

P 5% 10% 15% 20% 25% 30%

Puc. 66. JhPerT KIACTCPHIALKH HCYE32ET L15 HEPOBHLIX BOJATUILHOCTEH
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Puc. 67. 3o i i
— ¢al:.l-:,"1 :noc;;cou KPUDOH NOXOMHOCTH 3a AB2 OZHOJETHMX IIATA B MOAETH ¢
e ,ml: :;B "T:I'rom orydae, M3 Kawaof (opBapaHON KpHBOH HOXORHOCTY.
e Tl :K omx KPUMBBIX /JOXOJHOCTH, 0003HaueHIIbLIX COQL[HHHIOI.HHMHCF:
eranscn s momali :(?ﬁ . ol;l:)l u;ll: c]l.l:pmll(y accounnposanHoil (hopBapanoii) csonoroii
g , K KOTOpoi Beger i1
KPHBOH JIOXOTHOCTH MEHbLIETo MOPSIIKA. P 7T PIBITHS 1 cooTaeTCTBytoMmel
Ha Puc. 68 5
_—— 3aTeM TOKA3BIBAI0 ACCOLUHHPOBAHHBIE CBONOBBIE CTABKH, CIEAYIOLUHE H3
NOXOJHOCTH, COCTOAWIMX H3 BOCHMH EKCTOHBIX topsapwbIX CTaBOK ‘
J; g

10% -1

- Highest swap rale /)<
e 1 R r :

3 highest swap rate
d”ﬁiﬁhé'ﬂ'ﬁv
Lowest swap rate

sWap rale

6% N

17 S

¢ [ealendar time]

Puc. 68.
68. CBOneBbIC CTABKH, CBAIAHHbIE ¢ KPHBBLIMH 10x0)iocTH Ha Puc. 67

HepexkoMOHHHpYeMbIe TepeBbi

13.10 BuiBOAb!

S npoAEMOHCTPUPOBAJI, KaK CDABHHTENEHO NPOCTHIE FeOMETPHYECKHE COOOpaXeHHs
MOFYT TIOMOHB [IOCTPOEHWIO BETBCH HEPEKOMOMHUPYEMOTO  IEPCEa My/IETHGAKTOPHOH
Mopeu. PesymbTaTsl NOKa3bIBAIOT, UTO B UACTHOM CIIyuac, KOTd JKEJIATENIBHB] HECKOTIBKO
(baKxTOpOB, HCMONE30BAHHE METOMA 4EpPedOBaHIS CLMNIEKCHO20 HANPAGCH B COSJHMHEHIH
ONTHMANBHEIM BHIPAaBHHBAHMEM CHMIUIEKCA OOCCICUMBACT CYHICCTBEHHDIC BBITOABL. B 3TOM
ciyuae, MOZETb JISTKO CXOJIMTCS KONKYECTBOM LUAroB B MISTh pa3 MEHBILMM, €M HEODX0ANMB!
npyi TIPOCTOM TOJIXDJE K MOCTPOCHHIO BETBH. [Mockoribky BLMHCIMTENBHOE BPEMS PACTET MO
JKCTIOHEHTE, 110 KpaitHCH Mepe, NponopUHOHaTLHO (N'““‘“+1)Ns‘e"s, 3TO O3HAHAeT YCKOpEHHe,
nanpumep, B 3125 pa3, xorsa Tpebyiotca ueThipe (aKTopa, HCHOB3YIOTCA NATH BeTBei W
HeoBXOAMMO B MATh P33 Meublie Aros ONArofaps HCTIONB30BAHHIO ONTUMAIIBHOTO
BBIPBHHBAHIA + UePEOBAHHE.

B JOnOTHEHHE K JETAIBHBIM OOBACHSNHAM KOHCTPYKTMBHOTO anrOpHIMA i
MySLTHOAKTOPHBIX HEPEKOMOMHUPYEMBIX JIGPEBLEB, MBI TAIOKC noxazai, kak dphexrisHan
BapHalMA, TQAPA3YMEBAEMAT MOACHbIO JEpeBd  MOMKET 6erte  mpucniocofnens, 4To0s!
BBINONHMTH TPEGOBAHMSI  AHAIMTHYECKOTO HEMPEPBIBHOTO  OTHCAHHI. Kpome TOroO, 4
[pesCTaBKI METOA, KOTOpBlil OBECednBacT yCIOBHA MAPTHIIAI, KOTOphIC OyZyT TOUHO
BBIIONHEHK IO nocTpoeruto. TToGounbii sdaeir, wiH NOTIONMHUTENLHBIA Gowyc, mocaeaHe
METOMKH — 3TO JONOJIHHTENbHAS IKOHOMANS BEIMCTUTENBHOIO BPEMEHH TIpHGIM3HTENBHO Ha

50%.
OIHCAHHBIE B 3TOM IMABE HE PElAlOT npobiemy

FEOMETPHYECKOTO B3PbiBA BEIMHMCITHTENBHBIX yeuumil, TpeGyeMbix Alsl OUCHKH KOHTDAKTOB,
BOBJICKAIOIIMX MHOTO PEWIEHHH 00 HCTIOMHEHUH M JEHCKHBIC MOTOKH. OnHaKo, HCMONL3Y
METO/IbI, OTIACAHHBIE BBILIE, MOYHO BHIYHCIIATE 3HAHEHHS yMEPEHHO KOPOTKHX KOHTPAKTOB,
32BMCAIMX OT CTPATErMH WCHOIHCHHA, THIA 6-non-call-2 ToJyrogoBbix GEPMYACKHX
CBOTIIHONOB, HCTIONB30BATE MHOTO (JAKTOPOB M JIOCTHTATh NPHEMACMOTO ypOBH#A TOUHOCTH. B
NeHiCTBMTENBHOCTH, MCHOMB3YA  MYJbTH-HAHH3LIBAIOIME METOIBl  IIPOTPAMMHPOBAHHS,
KOTOPBIM 2/IFOPHTM HEPEKOMGHHUPYEMOTO [IepeBa ABIACTCA ocoGeHHO nopfaromumMes, s Owit
B COCTOSHMH BBIMONHHTH pacuer BIioTh no 10 maros, g 10 daxTopoB Ha CpenHEM
ua 300 MI'LY). 370 03Ha4aeT, YTO TENePh MOXKHO MPOH3BOANTE pe3yAbTaThl,
CPABHMMbIE C JPYTMMH YHCACHHBIMH AMIPOKCHMALHAMH, Tuna meroaos Monte-Kapno ¢
napaMerpH3auneii CTPATerHi HCHOMHEHNS (cm. Tnasy 12). Metozst, [peACTaBNEHHbIE 3IECh,
GbUTH Pa3BUTEI, FilasibM 06pasoM, wi 3TOM 1eH § TONBKO VIS DTOH et A CHHTA0 WX

MOJIC3HBIMH.

CTroMT YNOMsiHYTb, YTO METO[bI,

komnetotepe (P-1E
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14.1 WHTepnonsLmua anemMeHTa nogpasymesaeMoin BONaTUNbLHOCTH

Korma mbi GyleM OLEHHBATh IK30THYCCKHI NPOUIBOJHBIN KOHTPAKT, MBI €lBA JIH
KOr1a-nnGo GyneM UMETh PHIHOYHYIO HHQOPMALMIO O MOAPA3YMEBAEMON BOMATHALHOCTH
A% BCCX YMCCTHBIX TOPH3OHTOB Bpemenu. Kak caencrsue, Mbl JOJDKHBI MCIONb30BATH
TPABMIIA MHTEPHOALMH, YTODbI CTPOMTH TPACKTOPHH A cuMyiauui Monte-Kapno. Korua
TPaKTHKH HYXJIBIOTCA B MOApasyMeBaeMOH BonaTHienocTH bBaska-Illoynsa B TOYKE
BPEMEHH, KOTOPAs HAXOAMTCH MEX/IY ABYMs IKCOHPAUMAMH, IS KOTOPBIX €CTh TOPTyCMBIC
ONUMOHBL, OHH UACTO WCHOJB3YHOT JIMHCHHYK HHTEPIIONALMIO  110J|PA3yMEBAEMON
BOJIATHJIBHOCTH [0 CpoKy 3pencctd. [loka sce 3HaueHHs OPAMHATL B HHTCPNONAUHOHHOH
TAONMULE HONMKHUTENLHBL, 3TO OYHET BECTH K MNOJOXHTCIBHBIM  IIOAPA3YMEBACMBIM
BOJIATHAGHOCTAM B TIPOMEXYTOYHEIX TFOPH3OHTAX BPEMEHH M, TakuM 00pasoM, MOXKHO
PACCUUTATDH LEeHbl NPOCTHIX BAHMIBHEIX ONUMOHOB. OHAKO, OHOTO TOr0 HC JOCTATOHHO,
wT0Bb! 0becneunTs nocTpoenne Tpackropun Moute-Kapno. Ha Puc. 69 st nokasbisaio ase
3a[aHHBIC CTPYKTYPbl JNEMEHTa BOJNATHILHOCTH, BMECTE C JIMHEHHOH MHTepmonsuueit
Mexuty JAHALIMK TOUIKAMH U exeMecsdHoil dopsapanoi sapuanmed, mompasyvesaeMoit
CTPYKTYpaMM COOTBETCTBYIOLICTO SNEMEHTAa H MpasuiamH  unTepnomiuud.  IIpocro
HarloMHMM  cebe, uro  QopBapaHad  BapuauM#, 3ajaHHas  TOAPA3YMCBACMBIMH
BOJIATHJIBHOCTAMU O, ACCOLMMPOBAHHOM CO 3penocThio T, H 07, CBA3AHHOH CO 3PCNOCTHIO
T, 310

(T 1L = a3y — 631 (14.1)

IMonpasymeBaeMbiC  BONATHNBHOCTH — MCHOJL3OBABINMECH AN JIMHEHHBIX
MHTEpHIONALME, coejennt B Tabm 6. Bel mMoxeTe jerko nposepHTb, 4TO (hopBapaHas
Bapualisl BHYTPH, MEXKIY KaXIbIMH H3 NEPBOHAUAIBHBIX TOUEK JAHHEIX MONOKHTEABHA, H,
TAKUM OOpa3soM, B MPUHUMIE, He AODKHO ObITh HHKAKHX MpOGaeM C MOCTPOCHHEM
tpaextopuii. MonTe-Kapio. OnHako, ecnu Bbl DOOIMKC NOCMOTPHTE HA EHEMECSUILYIO
(hopBapAHyI0 BApHaL0 KpHBOH No2 3a nocnesHue Tpi Mecsua 3-ro roza wa Puc. 69, To But
MOXETE 3aMETHTh, YTO BAPMALMA ONYCKAeTCA HIGKE HYIf W, TakMM obpasom, Mbl Obl
HyXJanuce B BooGpaxaemoit Qopeaparoi ponatwibnOCTH! KOHEHHO, BhL MOMETE
NpUNKcaTh 3Ty NpobieMy OCODEHHO KpYTOH (XOTA M HE HEBO3MOXKHOH) CTIPYKType
nojpasyMesaeMoil BonaruipHocTH. Ha npakruke, TeM e MeHee, HaM MHOIAA NPHXOAMTCS
HMETb AEJI0 ¢ TAKMMH KPYTBIMH CTPYKTYPAMH MICMENTA OAPA3YMEBAEMOHN BOJIATHILHOCTH
H [03TOMY MBI JOKHBI YMETh 0BpallaThest ¢ HHMH.
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Puc. 69. Jlpe c1pysrypst sneMenTa noapazyMeBacMoii BONATHALIOCTH H HX eXeMecstuHbie
dhopBapaubie BAPHAUNHM, ONDEICHCHHBIE NPH  NOMOWH  JIHHeiHOW  WHTepnOMANMH
M0ApasyMeBaeMaii BOIATHILHOCTH,
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Ta6u, 6. Iloapasymesaemnre BOJATHILHOCTH, HCIOJIL3YEMbIe JUIH MHTeposiuMY Ha Puc, 69

I:[p}{l!HHa Tipo6eMBl JIEKHUT B BEIGOpe MeToza HHTEpRONAuH. Bymyun koHycnmyaasto
MpocToii W ynoOHOH, NHHelHAT HHTeprIONALHS NOAPa3yMEBAEMOM BONATHIIBHOCTH MOJKET, K
COX@IEHHIO, BLI3BIBATE TIEPHO/BI OTPHIATENRHON (OPBAPAHON BapHaLRH, ae TIPHTOM, ‘;TO
NCPBOHAYA/BHBIE TOYKH JAHHLIX COBEPLUCHHO MOCCAOBATENBHBL, TpoGnemsr  moxHO
H30HKATE, €CNIH BMECTO HHTEPIOMALIA HEMOCPECTBEHHO TI0/Pa3yMeBacMOH BOJIATHIBHOCTH
MEI CBEZEM B bty  Kysmpramusryio eapuaywio v(0,T), kax dyrkumo T u BuGepeM’
COXPAHAIOUIMM MOHOTOHHOCTH METOA MHTEPHOMAUMH. CaMblil npocToil  Merox  Takoit
MHTEPNOMALUH, KOHEHHO K€, NMHEfiHas MWHTCDHONALMS, HO W [pyrue METOMIbI, THIA
COXPaHAIOWEH MOHOTOHHOCTS KyGHueckoit untepnonsmu [Kva00) Takwe MOTYT OBITS JIErKo
ocywiecTBiIeHsL. [Ipumeps! 3Toro noxasaret va Puc. 70 u Puc. 71. Kak 551 Moskere BHJIETS, 002
ITH METOAA HHTEPRONALMH usberaor npobremMsl OTpHUaTenkHo# (opBapaHoi Bapna’unu.
JluHefinas.  HMHTEpMOIIGMA  KYMYNATHBHOI BADHALMH, KaK MOXHO ObUIo  OXHEATH,
3AKAHYHBACTCA KyCOYHO-MOCTOANHON HHTEPIIONALMED MIHOBEHHOH (opBapanoii BapHaLHK 1
TAKHM 00pasoM, KYCOUHO-TOCTOAHHOMN HHTEPTIONALMeH MIHOBSHHO BOJIATHNILHOCTH. Moxmc;
CTIOpHTD, ABIACTCA M 3T0 HACAILHBIM BhIGOPOM HHTEDNIONSUHH, [OCKONLKY BHE3ANHMIE U
232

Jonoanenus

OYEHb pE3KME HM3MEHCHHMA MIHOBEHHOM BOJATHILHOCTH, OyAyud CTONbL K€  PHUCK-
HEHTpansHBIMH, KaK 1 moboit Apyroit BeIGOp, MOTYT OKasaThCd, HA CAMOM  [€JIE, JOBONIBHO
NPOH3BOABHEIMU. MOHOTOHHAA KyOMueckad HHICPIONANMA KYMYNATHBHOH BapHauuu,
HAIPOTHB, BEAET K HEMpEephIBHOM KPHBOH MIHOBCHHOH BOJATHIBHOCTH, XOTS M LIEHOHO
HEKOTOpO# (BO3MOKHO, OJHHAKOBO COMHMTENBHEIH) BONHHCTOCTH. OJHAKO, B MTOrE, Kak
MOXHO 33METHTB Ha Puc. 72, MOHOTOHHAsS KyOHUecKas HHTEPIONALMA BAPHALHH MO Obl
COCTABUTH HAHNYYUWIMl KOMIIPOMHCC MEXIy rIIaikoH (OpBapAHOH BONATHABHOCTBIO H
TpeGoBaHHEM HEOTPHLATENEHOCTH (HOPBAP/HOI BapHaLlkH.
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40%
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0004
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Puc. 70. Te e camble B¢ CTPYKTYDPHI NOXPA3yMeBaeMoil BOIATHILHOCTH, UTO ¥ Ha Puc. 69 n
MX exeMecSMHAS (OpBADIHAN BapHAUMI, NBJANIOWANCA  PE3YILTATOM JIHHERROH
HHTEPHOJIALAY BADHAUKH.

45% X implied volatility curve #1 r 0018
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1 O implied volatil #2
O implied volatility curve [
35% 4 = interpolated implied volatility curve #2
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% . oo + =
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2
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Puc. 71. Te ske camble ABE CTPYKTYDbI NOAPAa3yMeBaeMoil BONATHILHOCTH, 10 i Ha Puc. 69 n
WX eskeMecuHan QopBapiuas BapHAuMH, SABIAICWAACE Pe3yILTATOM MOHOTOHHOM
KyGHYeCKoi HHTePNOAALMIE BADHALKH.
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Puc. 72. oprapusbie BOAATHILHOCTH KpHBOH Ne2 aan PasIMIHLIX THIIOB HHTEPIONALIHH.
Obparsre pHEMAaHMe, 4TO GOPBAPAHAA BONATHALHOCTH Moy 2.75 1 3 He onpeaesiena ansa
JINHEHHOH HHTEPNOJANMH NOAPAZYMERAEMOI BOJTATHALHOCTH,

14.2 CmoTpuTe 3a cnonb3osaHnem ceoero LMY

Meron Monte-Kapno ofperaet u3ub, kOrza Mpl 3amyckaem KomnbioTep. B TOM
NYHKTE, KaK TOJABKO MBI M300pENH HALIM METOAMKM OnaroZiaps 3ualul0 MOMIEKACH
MATEMATHKH M YHMC/ICHHOTO aHaNKk3a, Mb( MyBCTBYEM, YTO Hawa paGoTa caeniaHa M Temeph
MAKHA JIO/DKHA JOACNATh OCTABWIYIOCH DPaboTy. OaHAKO, MONKET OKA3aThCAd MOME3HBIM
MIOC/ICANTE 32 KOPOOKOHA ¥ HOCMOTPETH KAK OHA 3TO AciaeT. JpyrHMH clioBaMu, 570 — XOpoILas
HICK HMETh HEKOTOPYIO MHGOPMAIIHIO 0 pecypeax, TpebyeMbIx TG0l cumysuueit Monte-
Kapiio. Bmecte co cniexensieM 3a HCTIONb30BAHAEM AMATH, HEOGXOAMMBIM [UTS TOTO, YTOG
H3beraTh Y3KHE MeCTa, BBI3BAHHBIE HEHYXHBIM OOMEHOM CTPRHMLAMH NaMSTH BO BpeMs
pacdera, Gosee BaKHO, YMOCTOBEPHTCS, YTO Hapsfy ¢ Pe3ynbTATOM(aMH)  KacO020
Monenupoeasus Monte-Kapno Bbl Tawke ouchmsacte Bpems LITY, Tpebyemoe s
BbIYHCITeRHA. Kpome TOTo, 4To 910 6yeT 04eHb X0POIIAs PAHHSAS CHCTEMA NIPEAYTPEKICHUS O
TOM, HTO KOE-HTO MOILIO HE TaK, KaK HaJlo, NIOCHIE TOTO, KAK BbI CIEHANH KAKHE-TO H3MEHEHMUS,
370 MOMET MHOIJR TAKKE YKA3LBATE HA HAIM4HE (DYHIAMEHTANbHBIX HENOCTATKOB B
TIPOTPAMMHOM KOZE, KOMOpb!ti modrcem Goimb daxce ne eawedl ouwmbroti. Hexotopoe Bpems
Ha3ajl, Hanphmep, ObIT0 HEOGXOAMMO SBHO NPEAYCMOTPETS cremM(buyeckuil dar BpemMenH,
4TOOB! COOCLUHTE KOMIWIATOPY Sun )gaeGoaaHue H3MEHUTH CNocol 0BpaoTky YMCIOBBIX
OUEHOK BLIPAKEHHUH, MONOBHBIX € Sleno, uro nng uenelt nawero (HHAHCOBOrO
MoaenupoBanus Monre-Kapiio, 510 4Meio MOXHO okpymmTs no Hyns. Io ymonuanmo,
OIHAKO, KOMITH/IATOP Sun CO371aBall TaKO# KO, KOTOPLIA BbI3GIBA AHNAPATHOC NPEphIBAHHE,
KOTOpOE, B CBOIO O4epelb, BBI3BIBAIO ONEPALMOHHYIO CHCTeMy it ero obpaborku. Kax
CHEJICTBHE, NPOTPAMMA HCIOTHAETCA B HECKOMBKO a3 MEVICHHEe, AAKE NPy TOM, 4TO OHA
BLITONHANA TO JKC caMmoe uMCHO apHMerHueckux jeficremifl. Kak  TOMBKO  Mpl
RACHTH(HULHPOBATH IPODIIEMY — €€ JIETKO MOIKHO YCTPAHUTB: PyKOBOACTBO KOMITMASTOPA Sun
Ao HaM HH(OPMALHUIO OTHOCHTENBHO TOD, KakK H3BeXKaTs 3Toit Mpotnemst. Takue CUTYauHH
MOTYT YpPe3BBIYAliHO PaccTpanBaTh, €CIM Bbl MHOCQ NMOPabOTANYM 1aj TeM, YTOBH! 3aCTABHTH
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Baw Meton MoHTe-Kapno cxOfMThCs B HECKONBKO pa3 GbicTpee, H OOHAPYKUIH, YTO TO Ke
YCKOPEHHE MOKET CIEAOBATH M3 IPOCTOrO BHIGOPa ¢hiara BpeMeHH.

BhILIEyTIOMAHYTbIH IIPUMEp — OTHOCHTCA HE TONBKO K KoMruyiaTopaM Sun. [Tonobusie
CHTYaUMH MOTYT BO3HWKATH MOYTH HA BCEX anrapaTHeIX cpeactsax DBM ¢ pasimuunbivu
xomnunsTopamM. C Oonee HOBLIM TNPOLECCOPOM MHXONAT W OoNee CBEKHE BEPCHH
KOMITHJIATOPa, MO3TOMY CTOMT XOPOLQ NOJKCIIEPHMEHTHPOBATH, HTOOBI BBIICHUTB TO, UYTO
3acTABNseT BamiM nporpamMver  paGotats Geictpee. Kpome Toro, ecnu Bhl ymeere
AHANH3NPOBaTh Banl remeparop Monte-Kapno M BsimensTh mecra, tje Tpatuics Gosbmas
YACTH BPEMEHH, TO BCTIOMHHTE CTapoe jo0poe kmouesoe cioo C++ register. Bossute
LMKJIOBBIE MEPEMEHHBIE WM [ECPEMCHHBIC JOTNONHECHHSA, KOTOPBIE HCTIONB3YIOTCS  BO
BHYTPEHHMX LMKIAX, [OCTABBTE register nepel HUMHM M CPaBHHTE Bpems npobera. B
YAAYHBIX ODCTOATENHCTBAX ITO MOMCT BECTH K SKOHOMMH Bpemeny ua 20% wim, no kpaiisel
Mepe, Ha HecKONBKO npouentos. B ofiem, HeT npuunssl H30erars onTuMM3aLmK paboTs!
KOMITHJTATOPA HIIH BCETO KOMIIBIOTEPA.

- 14.3 UncneHHoe nepenonHeHne U HesanorHeHue

Jlns GonpluMHCTBA POGeM GUHAHCOBOrO MOJICTHPOBAHMUS, CYIIECTBYIOT KOMOHHALMH
MapaMeTPOB, KOTOPBIE MOIYT BECTH K YHCIOBOMY IIEPENONHEHHID WM HE3anojHeHHo. B
nyquem cnyuae, (KOTOPBIH, ABISETCA JOCTATOUHO ILIOXHM) B STOH TOYKE 3AKCTIOYMTE/bHBIH
PE3YNBTAT BCETO BBIYMCICHHS [OJHOCTHIO HEAeHCTBUTENEH H Bbl nonyusere nmuin NaN, To
ccTh 3HayeHue, ykasmiBaowee "ne uueno". Xyqummid chyuyaH, TEM HE MEHES, ABJSCTCA
CHTyallyell, KOTJa BBIYMCIICHHE 33KAHYHBACTCA KAKYLIAMCA 3HAYALIMM OTBETOM, KOTOpbIi,
OIHAKO, SBISIETCA BEChMA HENpaBWIGHBIM. MIMEHHO H3-32 3THX IIPOTHBHBIX MAJICHBKHX
Cryuaen s PEKOMEH/IYI0 0OECTIeUHBATh NPaBWibHYI0 00paboTKy yKasaHHBIX npobrem, xoraa
MaTEMATHUECKHE BYHKLMH OGPaIaloTcs ¢ SKCTPEMATbHBIMK Ciiyuasmu. [Ipumepom stomy
MOMET CITYUTb HALIA AOTAJKA B I7aBax 7 ¥ 9, 4TO reHepaTopbl NCEBAOCTyaiiHbIX YKCen 1
HMCEN ¢ HHM3KHUM DacXOKICHUEM, OCHOBAHHbIC Ha eAMHM4HOM MHTepBane oT 0 no 1, scerma
JOIDKHBI TApAHTHPOBATH, YTO OHK He Bosppam@ior uucio O wmi 1. [Mostomy crexyer
Y/AOCTOBEPHTECS, 4TO J00as NpPOLeAypa, HCHONB3YIOLIAs 3TH uMCna, THna ofparoro
KyMYJISTHBHOIO HOPMAJIGHOTO DACMpEleNeHHs, HHKOLAA He BCTpedaer Taxde CobhrTws,
KOTOpbIE 0TOGPA3UIIHCE OBl B oo MITH-co.

DTOT BM YUCIIOBBIX HEPETIONHEHHUH, OTHAKO, MOKCT CIIyUaThCs BO MHOTHX CHTYALMAX.
BonblMHCTBO NpHMeHeHHi ¢yHkuuu Beccens sroporo poga I(x), Hanpumep, He OueHb
XOpOLIO CHPABJBIOTCA €O ClydaeM Oonmpworo v. OHM WM 3aKaHYHBAIOT CHMIUKOM JAOITHM
TIOBTOPEHHEM M BO3BpawialoT 1160 NaN, smbo cepbesHo HenpasuibHBIA HOMEp. JTokH
CHTYalMH MOXKHO u30exaTh, BHIOHPas MOAXOMsUIHH NOpOT, YTOOk! MEPEKMIOHATECS K OTHOMY
H3 BBICOKOTOUHBIX 2CHMITTOTHUYCCKUX pacmipeHuii [AS84].

14.4 EQMHCTBEHHOE YXCNO UNK AnarpaMma cxoaMmocTu

JIns MHOTHMX TIPHMCHEHWM, B KOTOPBIX NDAKTHK JOIDKEH 0Dpamarsesi K TeXHHKe
Motre-Kapino, B HAcajle, OH XOHET MOJIy4HTh ENHHCTBEHHOE YHCIIO B Ka4eCTse omeema. Ects
MHOIO curyaiuii, rae O6arofaps BbIMMCICHHAM MOXHO TO03BOAMTL Ccefe nomydars
SAMHCTBEHHOE YNMCJIO M3 FOAUPOrpaMMel  NpuioxkeHus H T.n0. Opuaxo, B GonkimMicree
NPHMEHEHHI, ¥ 37eCh S FOROPID MO OMBITY, BO3MOXHO HEMHOTO H3MEHHUTbL IapajrrMy
OTHOCHTENbHO  KOMLIEMUMHM  "YHCIIOBOrO  PCIUCHHA  MaTeMaTHyeCkoH  mpobiemet”.
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JleHicTBHTENBHOCTE COCTOMT B TOM, YTO KAXKA0E OTAEARHOE BbIUHCICHHE HMJET ¢ HeH3OCKHOT
TNOFPEIIHOCTBIO, H B GONBILMHCTBE CydacB MBI MMEEM JHLUB HEKOTOPYIO HAEIO O MOpSIKE
BEHYUHbL OLHOKH. DTO 0cOBEHHO Cripase/uBo A1 Metosos Monte-Kaprio, B ocoBentocTs,
[is TeX, KOTOPEIC HCNOMB3YIOT BHICOKO CIIOXHBIC CHOCOOBI COKPAIUEHHS BAapHALMH, THIA
YHCET ¢ HU3KMM pacxoxcHHeM. [TostoMy okassiBaercs, 4o B Moeli mpodieccHoHansHoi
JKH3HH HEOUEHHMbl CUTYALHH HUKO20A HE 6036DAMIAIOUfUE COUNCINBEHHOE MUCIO NOCHe
eviuncrenus Mornme-Kapno, dasice conposoncdaemoe oyenxoti emandapmuoti owutru. Korna
bl ucnoesyem Excel, 8 kauecTse namero monssoeatensckoro untepdeiica, 1o Tpebyercs
O4CHL HEMHOTO JOMOJIHHTENBHBIX YCHIMH, YTOBLI CO3AATh AMArpaMMY CXOIHMOCTH, BMECTO
CAMHCTBEHHOrO uycna. ‘enoBeyeckuil mas, WM APYruMM CTIOBAMM, OMBIT M HHTYMUHSA

TpaKTHKa, MOXKET CyAauTb YOMBHTEJIBHO XOPOLIO 1O AWarpaMMe  CXOJIUMOCTH O

mozienuposaniy. Monte-Kapno, 0cofenno fnin MeTOnoB, KOTOpBIE, KaXYTCS CXOIMMBIMH,
FIABHBIM 00pa3oM, ¢ OJHOH CTOPOHBI, KaK OYGHbL YacTO JEMAIOT 4MCHa C HUIKHM
PaCXOMKICHHEM. VBEI, OCTACTCA JHIL 1A/IESTHCH, YTO VIS ONPEIENEHHOND THIIA HpoGlien,
HAHZYTCS UMCNA, JOCTATOYHBIE A HEKOTOPHIX METOJIOB MOBBILICHHS CXORHMOCTH H, K
COKANMCHHIO, MHOIO NpPAKTHKOB BCE CIIE JAyMAlOT TakuM obpazom. OueHb 4Yacto 310
ocosHaercs M yntao Moute-Kapno conpososnaercs ouerkoit CTaHAapTHOH owWHOKH. J10
AOCTATOYHO CMPABC/UIMBO 1% METOJOB, Y KOTOPBLIX TOBBILIEHHE CXOAMMOCTH OTPaacTcs B
Mepe cranmapTHO# omuGku. Hanbornee MOWHbIC M3 HHX, KOTOpHIE, TEM HE Melee, ABIAIOTCA
HC3aBHCHMBIMH  OT ONPEACAAEMBIX NpolneMOi MOBBILUCHHI, 3TO YHMCIA C  HU3KUM
PACXOK/IEHHEM H [UT HUX CTAHZAAPTHAA OMiMGKa, OOBIMHO, CIIMLIKOM BBICOKO MEPEOUCHUBACT
OCTaTOMHYIO OWHOKY BrrducheHHs. [IocKONbKY HUKakHX 60M1ee HANEXKHBIX CIOCOBOR OLEHKH
OMKBKH He CYICCTBYET U ITHX METOMOB, 3 TAIOKE [I0TOMY, 4TO CTAHIAPTHAN OWHOKa AaeT
JIHIb MEPY BEPOATHOCTH OuMOKH, BCEIAA@ YPE3BLIYANMHO NOJNE3HO BHAETH NOBEHCHHE
CXOAMMOCTH.

TIpumeHeHue AMarpaMMBI CXOZMMOCTH ITO IPAMASA HCOGXOZHMOCTS /1A GONBLIMHCTEA
Meroz108 Monte-Kaprio. BMecto mrepauuii o Bcem BriGopkam, KOTOpbIE ByTyT HonyueHs! H
YCPCAHCHBI, M 3aTEM, B KOHEYHOM CHETE, INOYYCHHS CAMHCTBEHHOTO MAPAMETPA, MBI
BEIMHCIAEM Geryltyio ONEHKY B HEKOTOPBIX MHTEPBANAX OCYIICCTRICHHMS BHIGOPKU 1
BO3BPANIAEM MHOMXKECTBO TakHMX GEryIiuX OLEHOK BMECTE C MHCIOM BHLIGOPOK TpebyrouicMy
OTUX JaHHBIX npwiokenHio. B Excel H apyrux nporpaMmax oneKTpoHHBIX TaGimy
Nonb30BaTeNs MMeeT BhIGOP — MM TIOKAILIBATH MPaMK IHAIPAMME! CXOMHMOCTH, MM
HCTIO/1530BATL TONEKO €AHHCTBEHHBIR 3ACMCHT BO3BPALIAcMOro Maccuea. Henoneaya cranpapr
Unix, yrumrsr GNU' u TpaoNOCTPOHTENBHYIO HPOrpaMMy gnuplot, MokHO jaxe
KOHTPO/IMpOBaTh B JKHBYIO, KaK IIPOFPECCHPYET CHMY/ISUHS (PH TIOMOI HEGOMBILON
TPOrpamMMmBl, THHA CKpHATa-CLCHapHA plot B ITpuMepe mporpammet 14.1.

Hcnone3osate ero BechbMa HpOCTO: KAK TOALKO BH HAYANH BLMHCHEHME B mAin--
myargumentlist >outputfile &, B npocro kosTpomHpyete 510 B Plot outputfile.
Ecim fanHbie, KOTODBIE BEI XOTHTE NPEACTABUTH [PadyHecky HAXONATCA He B Konomke | 1 2, a,

" 6NU cemeiicTso YTHAMT, JOCTYNHBIX fi1R MHOMMX ONEpauMoHHHX CucTeM. Bce nocTasku
Linux vayT ¢ HuMM, OHU AOCTYNHW ANA 8Cex Unix-nopoGHux cucTem, a ana NT ectb
Cygwin [Cyg) - wabop yTWAWT, KOTOPWIt NPeAyCTAHOBNEH HA KOMNLOTEPS, XOTH
uHTepgeiic Excel koHeuHo npegnouTuTened ana Windows.
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CKaKeM, B 5 3, BBI 3amyckaete Plot-5:3 outputfile. But MOxere HalTv CKpHAT Ha
COMPOBOK/AIOILIEM KOMNAKT-AUCKE,

#!/bin/bash
X=1
y=2
case "S$1" in
-*) a=${14-}; x=${a%%:%}; a=${a¥~:}; y=${ak%:*}; shift;
esac
{ ‘
echc "set parametric ; set xlabel ‘$x‘ ; set ylabel ‘§y’'"
ecno -en "plet "
{
for i; do
echo -n *’'§i’ u $x:5y,"
done
echo
Yol sed s/,$//°
echo
while : ; do
echo ‘replot’
sleep 1
done
} | gnuplot -geometry $00x6GC

ITpumep nporpammst 14.1: ckpunT Plot Aiis 5KHBOT0 MOHMTOPUHIA BLIXOJHOID daiina
cumynithu Monrte-Kapao,

14.5 Co3fatue BNOXEHHOro NyT!

ECn# npensioNoXHTh, UTO Bbl HMECTE KIACC FEHEPATOpa YHCEN, KOTOPbIi BO Bpems
CH+-peamuzaumu  o0BEKTa JTOFO KMAcCa MNPHHUMAET MATPHLY KOBAHALMM TaK, 4TO
BEKTODHBIE [CPEMEHHBIE, BIOCIE/CTBHN NPOHIBEAEHHBIC HOBBIM oﬁ'feicrom YAOBNECTBOPAIOT
3ANAHHONR KOBAPHALHMH, TO BB MOXKETE CTPOHTH TPACKTOPHHU € GONBLIOH HETIPHHYKIEHHOCTIO.
ITocTpoeHHe TPASKTOPHY, B 3TOM Clyuae, fenaetca moGuvM METOIOM pasheicHws (CTIHTa)
MATPHIb! KOBAPHALKH, HCTIONE3YEMBIM BHYTPH BAUICTO KIACCa BEKTOPHOTO MCHEPATOpA. Kax
TIpaBKIO, 3T0 GyeT CISKTPATHHEIH METOR NICCBROKBAIPATHONO KOPHA, ONUCAHHLIA B CEKIHMH
6.2 ¥, CIIEAOBATCIBHO, KOCBEHHO, MOCTPOSHHE TPACKTOPHH OYAET BBIIONHEHO, HCMOMb3YA
CTIeKTPATLHEI METO/, KOTOPbIH ABAACTCA ONTHMATBHBIM [U1S UCEN C HH3KHM PACXOXKIEHHEM,

Kax nokasaHo B pasaene 10.8.2.

14.6 Hackonbko MegnenHo exp()?

Haubonee 4acTo HCHOAL3YEMOE HETPHBHAIBHOE MATEMATHYECKOS ACHCTBHE B
GonblMHCTBE (PHHAHCOBBIX CHMynsiuuit Monre-Kapno — 310 nouTH HABEPHAKA OLICHKA
SKCTIOHEHLMAIBHOM yHKLIEH. KOHEMHO, BCCTAIA XENATEIBHO FIPSIBAPHTENILHO PACCUHTATE TAK
MHOTO JOPMYJ WM MX YacTeld, HACKOTBKO DTO BOIMOXHO, YTODL! H30EKATh HX NOBTOPHOH
OLICHKH BHYTPH WTEDHPYEMbIX LMKIOB HaweH cuMymauux. OIHaKo, MOYTH BCCIJA BHYTPH
BHICTPBIX UMKNOB TPEBYIOTCA HEKOTOPbIC OLEHKH (yHKimH eXP(),Jlepbie IKCIEPHMEHTEI,
470 5 KOra-NHbo BLINOMHAI Ha npoueccopax TleHTHyM, ¢ 04eHb CHIIBHO PAaCKPBITHIM LIMKIOM
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Monrte-Kap:io, neficrBHTenbHO NOKa3siBAIH, YTO IpubimauTensHo 90% obiero konHyecTsa
pabouero Bpemeny 000ro Mozenyposanng MonTe-Kapno s oueHKH NpOH3BOAHBIX, GhITo
norpaueno Ha ouenky exp(). TeM He menee, K CYaCTBIO, BLIYHCIEHHME MOKA3ATESHHOM
GYHKUME B HAcTOsLEE BPEMsi MOXET ObITh BBINONHEHO GBICTpES He TOMBKO Orarojaps
ysemueHHro ckopoct TV, Ho Taoke u 6naropaps cnocoby, KOTOPEIM OHA MOXET ObITh
splunciiena. Korza HauGonmee cnoxHelM mpoueccopoM Obut unn Tlenthym, Obuio BecoMa
pa3syMHBIM JEJIOM 3aMEHUTh JUIf JIAHHOH CHCTeMB! BbI30B eXp(). 3amcHutens paboran
HamHoro OsicTpee Gnarogaps GONBUIMM NIOHCKOBBIM TAaGJHLIAM M JIMHEHHOH HHTEpNONALHH,
NpH  3TOM, HE XEpTBYsA 3Ha4MMoli ToyHocThi. Onuako, y mpoueccopa Ilentnym Ilpo
ONTUMH3MPOBAHHAS BEPCHS EXP() HCIONE3yeT MATEMATHYECKHI COTIPOLIECCOP C 3AaHHBIMM
WHCTPYKUHAMH, KOTOPhIE HCTIONB3YIOT CIIEIYIOLIEE OCHOBHOE PABEHCTBO'

ot = [atlorel ] 4] (14.2)

MHCTpyKiMH, HCITONB3YEMBIE B 3TOM ONTHMHU3HPOBAHHOM PA3IOXECHHH, HE MOTYT ObITh
semonHens! LITY B orgensrom upxie. Gaxtuyecky, GONBIIMHCTBO H3 HUX TpebyroT Gonblue
onHoro uukra. Tem He meHee, npeactaBneHue mozenu Ilentmym Il ¢ campiM ObicTpbiM
BLINONHEHHEM TNokcka exp() Ha ocHose Tabmuu Oonblue He OOECTIEUHBACT HUKAKOrO
YCKOpEllHA N0 CPaBHEHHIO C ONTHMu3WpoBanHoR cuctemoil. Ilonnoe Bpems LIITY,
NOTPAUCHHOE HA OLCHKY MOKa3aTenbHOM (YHKUMM NEHCTBUTENBHO 3aHMMACT HECKONBKO
POLEHTOB OT CPEHEro MOJETHPOBAHHS OLIEHKH OMUHOKa. Bee xe, s yBepeH, uto B Oyayiiem
exp() byHkuus Gombiue He GyAeT MPHYHHONA Y3KUX MECT BHITONHeHus MeToa Monte-Kapno
M CTaHeT koraa-mubo Gonee npremiemMoil B MHpe (hrHAHCOBOTO MOAENMPOBAHHS.

HecMoTps Ha Bce ycOBEPLICHCTBOBaHMs Gonee HOBbIX MOJeNelt npoLieccopa, 0CTaeTcs
uenecooﬁpa'snblM n3berars HEHYXKHBIX BBIYHCIICHHH BHYTPH IIMKIIOB MOACITHPOBAHUA Momnrte-
Kapno. Hukozoa ne noseonatime nenpepwisnomy npozpeccy ckopocmeti LIITY u mowrocmu
obpabomki Betms ONPABOGHUEM RAOX0 NPOOYMAHHOMY RPOEKMY AI20PUMMA.

14.7 MapannensHoe BbIYMCNEHNe

Komnbiorepubie cepeepbl 63K-0pHCOB M MH-0QHCOB GONBLIMHCTBA (PHHAHCOBHIX
yupexaeHuii oGopynoBaHe!l MyJIbTHIPOUECCOPHON TEXHONOTHEH, a Teneps M Bee Gonblue
HACTONBHBIX KOMIIBIOTEPOB B HACTOSILEE BPEMSA 00OPYAYIOTCS HECKONBKHMHE MPOLCCCOPaMH,
ocofeHHO, B TOPIOBBIX - 3ajaX HHBECTHLUMOHHBIX OaHkoB. K cowanenwio, Moils
MuoxecTBeHHbIX L{ITY HacTONbHBIX KOMNEBIOTEPOB OCTAacTCs, B 3HAUMTEIBHOMU CTENEHH,
HEUCHONE30BaHHOM Uit CONBIUMACTBA  HPWIOKEHHA. B OTHOWEHHM  (HHAHCOBBIX
BBIYHCIICHHH, 3TO MPOHUCXO/NT, 10 HEKOTOPOH CTETEHH, BCIEACTBUE TOrO, YTO OONLIUMHCTBO
YHCIIEHHBIX METOZIOB OYEHD TPY/IHO NPHCNIOCOOUTE K NMapainesbHbIM BIYHCACHHAM. MeTozs!
Moure-Kapno (M HepekoMOMHHPYEMOTO JEpEBa), OJHAKO, ABJIAOTCH, OCOGEHHO, XOPOLIO
HNOXAAIOUMMHCS [ApAUICTM3aUMy. KOHLENTyanbHO, OYEBHAHO, MMEST CMBICH HAYMHATH
MHOECTBO  noonpoyeccod, — 4o0bl  HE3ABMCAMO  OLEHMTh  TIOAMHOKECTBO  BCEX
WHAMBUIYQIbHBIX OUCHOK (hYHKLMH, KOTOPbIE COCTaBASIOT OUSHOUHYIO dyHKuMo Moure-
Kaprno

N V

1
ia = NZ/‘(ml) . (14.3)

i=1

KoneuHo, Msl AOMKHB! TapaHTHPOBATh, YTO HET HUKAKMX yONMKaTos cpelu
BCKTOPHBIX BEIGOPOK X;, B3THIX DA3NIMUHbIMK MOANPOLIECCAMH, €CJIH Mbl XOTHM H30eXaTh
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BO3MOXXHOCTH CMelienust pesysbTata. Jns 1ceBgociydaiiHbix yHCell, MOXHO ObUIo Gbl
CACNIaTh MHUIHMANM3AUMIO HOBOTO JBHMIATeNs JUIA TEHEPALMH YHUCET C  PasMuHbIMH
HCXODHHKaMH AJIA K&XA010 nojanpowuecca. Takoi ynpoiLeHHBIH NoaX0 ] ABISeTC OLHGKO.
Ecnm Mbl MEMUHATH3HPYEM KaX/BIH ICEBIOCTYYaiHbL TEHEPATOP PAIMUHBIM HCTOUHUKOM,
MBI HE [OTY4HM aBCONIOTHO HHKAKOIO 3HAaHHA O TOH YaCTH BCETO LMICIA TeHepaTopa YhCes,
KOTOPYIO MBI 32KAHYHBAEM MCTIOJIB30BATh. XyMIUHIi CUEHAPHH — KOrZa OIMH H3 IOANPOLECCoB
MCHIONIL3YET HOUTH Ty JKE CaMYIO MOCAEA0BATENIbLHOCTD, YTO | CLUe OAWH (He OAHH), JHUIIb C
HEOONBIUMM CNBUTOM, KOTODBIA CO3IAET CEPhE3HBI YKIOH OLEHOUHOM dyHkuuH MoHre-
Kapiio. TTo31oMy MBI IOSBKHBI CMCCTHTB KaOK/IBIH H3 NEHEPATOPOB UMCEN MOANPOLECCa Tak,
4TOOBI HE HECTH HHKAKOTO PHCKA NEPEKPBITHS B NIOCIIEN0BATENILHOCTH HCEI.

B ominume oT reHepaTopoB nceBnoCayHaiHbIX ukcen, nocneaoparebhocti Co6onst (1
JPYTHE METO/IBI ¢ HU3KMM PACXO0KICHHCM) 3aMEYATENEHO IErKO CMELASMBI Ha 17 TOBTOPCHHIA,
nyTem BhruHcneHus koja I'pest s casura i (kotopeiit senseres Gn) = n @, [n/2]) coracHo
ypaBhennio (8.22) 1 HCMONB30BAHHM €TI0 B KAUECTBE IEHEPUPYIOLLETO LEIOTo YHCa Y(n): =
G(n) B ypasHeHHH pe-unuipamazainy (8.20) M BHYTPEHHMX HENBIX TEPEMEHHBIX
nociienosatceipHocTH CoGons. DT0 03HAUAeT, YIO CABHF TEHEPATOPA NOC/IENOBATENLHOCTH
Coboms  moknO caenaTh (AKTHYECKH MTHOBEHHO, B OTIMYME OT  [CHCPATOPOB
TICEBOCITY AR HBIX 4HCEJ, [T KOTOPBIX MBI JIOSDKHBI MPOBECTH LMK 71-d OJHOMCPHBIX
BHIOOPOK (rfic d MPEACTABNAET Pa3MEPHOCTb BEKTOPHOH TOC/IGHOBATEIBHOCTH) UTODEL
JIOCTMTHYTb CABHTE HA 11 BEKTOPHBIX BLIOOPOK C Hauana Ioc/c0BaTCIBHOCTH.

Tlepsoe pelienie, KOTOPOC HYKHO CHENATh, KOrAA Mbl MAPALICTAM MOACTMPOBAHHE
MonTe-Kapio, cocToHT & 10M, Kakyld [ApagurMy BbMHCHEHME Mbl  coGupacmcs
HCIONME30BaTh. JIMUHO, 1 PEKOMEHAYIO AENATh 3TO HACTONBKO HPOCTBIM HACKOILKO BOSMOMKHO
H HCTIONB30BATH [IPAMOH METOM BElyIHH-BEIOMBIH. DTO 03HAYACT, YTO HALICMY JBUIATCIIIO
oneHkr Monte-Kapro narot napameTp m 4HCIa HCIONB3yeMbIX MoArnpoueccos. Ecmu 1o
4HCTIO — HOMTb, TO MOZETb HTHOPHPYET JMO0bIC MTPOOICMbI IAPATNICTH3AUNN H CAMOCTOATCABLHO
BBIMOJIHKT TOJBKO MoZenuposaHue N ouenok. [is m> 0, MOuEIL COTBOPHT MACCUB YMCAa
HTCpaUMif, KOTOPbIE KAaXABIH M3 BEHMOMBIX JODKEH OyleT chemarh, ¥ MAacCHB CABHIOB B
MIOCAEIOBATESILHOCTY  BLIOPAHIIOTO MeToja reHepauun uucen. Obosnaunm cagur gs
TIOANPOLIECCa, KaK §;, & UHCIO HTEPaluil, KOTOpele OyAyT OLEHEHLI ITOH HUTBIO, KAK 11;, TOIIA
2';’:] M =81 2';]:1 n; = N . Tlpuvep Toro, kak ycTaHOBHTE 3w uncia jian B 1lpumepe

nporpammsi 14.2

Hpumep nporpamm 14.2. Beeaense cABAra M 4ueia HTEPALHil A5 KAKAOTO NOATIPOHEcca.

Ilpr 3amanusix  unsigned long NumberOfThreads (4TO ABISETCS  HHCIOM
nopnpoueccoB /) U TotalNumberOflterations (ofiuce KonmdecTBo mnosTOpeHMit N,
nporpamma ycranas:neaet »; = NumberOfiterations [j] 1 s, = Iterations ToBeSkipped [j]-

Ouenounas dynkuus Monre-Kapno rora sderrusio pazmaraercs 8
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QOcraBiuniica BONPOC — CKONLKO NOANPOLIECCOB Mbl XOTHM HCMONB30Bath. Jis cucteM,
KOTOPHIE HMEHOT, MHOTO OPOLIECCOPOB U JCHARTCA MEXKAY MHOIHMH TIPANTOKEHUAMH 3TO —
JIOBOJNILHO TPYZHOC PeIlCHHE W TpebyeT creumanbHbiX CYHICHHH. JUIA KOMILIOTEpos,
KOTOpBlE [OCBALEHbI MOAeNAHpoBanuio Moure-Kapno, Mbel, B Hueale, Xotenn Obl
HCHONL30BaTh TaK MHOrO noanpoueccoB, cxkombko I{ITY B Mawmue. Jna Gonpwimucrea
ONCPanMOHHBIX CHCTEM BO3MOKHO CACHNaTh TAaKHE 3a0pOChl BO BPCMS pacyera, 4YTO MOXHO
Y3HATb B CIELMANBHBIX PYKOBOJCTBAX.
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HabmofaeMbix (GUHAHCOBBIX NMEPEMEHHBIX, JIOKAWMX B OCHOBE JAAHHOIO JK30THHYCCKOTO
KOHTPAKTA, MOTHBHDYETCA TeM (hakTOM, YTO B TO BPEM#, KaK Xe/DKHPOBAHHE ABJIACTCA
BO3MOXHBIM OTHOCHTENBLHO JBIDKCHHIT 0a3OBBIX aKTHBOB, OT Koppesauuy unu
BIAUMO3ABHCHMOCTH BCE LIE B 3HAYMTENBHON CTETIEHH HEBO3MOXKHO 3aUUTHTLCA . EcTb
NpOCTOH crocoG CyMMHpOBaTh NpobNEMY HEXEDKHPYEMOCTH aKTHBOB. — "ecnu @bl He
Modiceme  3axedJcupoeams 3mo, Mo camblm  ywuium  6yOem  npaguneHo  amo
npednonoscums”.  HamGonee  ABHOWH  OpHYMROH  GHICTPOrO  PAaCHPOCTPAHEHHS
NPENONOKEHHA O JHHEHHOH KOPPESUMH IS OLEHKH 3K30THYECKHX HNPOH3BOAHBIX
SBNAETCH JIEFKOCTH €€ MCIOb30BaHuss M ef  (mpubnM3uTeNbHasg) NOCAYLIHOCTD.
DakTHYECKH XKe, CYHIECTBYET HEMHOIO aHAIHTHUECKHX NPHOMIDKEHUH. JUIT SK30THUECKHUX
TPOM3BOMIHBIX HECKOMBKHX Ga30BbIX aKTHBOB, KOTOPHIC HE HCMONB3YIOT NPEANONONKEHHE O
STHHEHHOH KOPPEIAIIAH, ECIH TaKOBOE mpeanosiokente Tpebyerca. U koraa aeso goxoaut
OO WYMCHEHHBIX pEIEHMH, TO €IMHCTBCHHBIMH METONAMH, KOTODBIE [O3BOAMOT
PEANHCTHYHO U BBIIONHMMAIM 0GPa3OM MOACIHPOBATE HECKONBKO MOJNEKAUIUX AKTUBOB,
KOTOPBI€ B3aHMO3ABHCAT JHOGEIM JPYTHM 00pa3oM, HeM JIHHEHAHAA KOPPENALHS, BEPOSTHO,
aensoTes MeToApl MoHTe-Kapiio, 0 4eM M rOBOPHT HAaCTOSLIAs I1apa.

5.1 Uamepurenu B3a1MO3aBHCUMOCTH

Map:KuHAILHBIE Pacipeie/ieHnst

st 3apanHoO 0GBENMHEHHOH TUIOTHOCTH PACTIPEIENEHHS (X,)) ABYX IIEPEMEHHBIX X 1
¥, (hYHKUHS ITIOTHOCTH MAPIICUHAILHO20 PACTIPECIEHNSA X OTIPEAEIAETCH, KaK :

() = / Ylz,y)dy , 5.1
U, ananoru4-o,

) = [etde, 5:2)
MapiiHanbHas IJIOTHOCT: PACAPCACTICHHS moBoit U3 ITHX IBYX TEPEMEHHBIX €CTb HHYTO
HHOE, KaK IIOTHOCTE Bepoxmocm 6e30THOCUTENBHO 3HAUCHUSA BTOpOﬁ nepemeﬂﬂoﬁ.

HeszaBucumocth

Jlpe nepemMeHHBIE X H y CUHTAKICH HE3QBUCUMbIM, ECTTH UX obbeauHeHHasA QyHKUHA
[UXOTHOCTH PACTIDEACICHHA PAIAracTcs HA NPOU3BEACHHE MX HHIMBHIYANbHBIX byHKuMi
TUIOTHOCTH PacnpenesICHHs, TO €CTh

ol y) = () (y) . (53)

' HekoTophe TWMbi KOPPENAUMK CTEHOBATCA NOWTH TOPryeMuMK AKTWBaMW, HanpuMep, kax
Nikkei/USD.

Koppenmmn H COHANIPABJICHHO€ ABHKEeHHE
JInneitnaa Koppensims

Mbi nomuHuM M3 ypashenns (2.8), uro aumelnyio xoppewmyuio py=Corr{xy] nByx
NEPEMEHHBIX X B Y MOXHO OTIPE/IENIHTD Kak
Covix, y] [ zyp(z, y)dudy — [ v (2)dz [y, ()dy
Pay = \/\4”1 Viy] = . = - 5 - - - s = . (5.4)
it \/ J @ bu(x)da — [ [a, (a:)dw]'\/ Sy (n)dy — [f wi(y)dy)”

r
JInneiiHas KOppENALHA — 3TO XOpOlas Mepa B3aMMO32BHCHMOCTH HOPMAlbHBIX
nepeMeHHBIX. s pacnpeneneHui, KOTOPHIE ABASIOTCH MMOYTH HOPMAJLHBLIMM, OHA BCE
€IIE XOpOINO CIOYXHT JUIA H3MEPEHHA B KakoH CTEMeHH JBa MapXKHHAIBHBIX
pacnpenenenns 3aBHCAT ApYr or apyra. ONHAKO, 4YeM HANblie MB YXOOHM OT
HODMAaJLHOTO pacnpelc/icHHs, TeM Oonee BRomAweil B 3a0imyxeHHe CTaHOBHTCA
KOHUEMLHS JIHHEHHOH KOPPeNsLMH. DKCTPEMANLHBI IPUMED — KOTAa N1apa [epeMeHHBIX
(x,y) mMoxer MMeTh BO3MOxHble koMmbutaumu {(0,1), (0,-1), (1,0), (-1,0)} c paBsuoi
BEPOATHOCTBIO Y4, kak npounmoctpuposano Ha Puc. 6. JIuReHHasa xoppensis
B3aMMO3aBHEHMBIX TNEPEMEHHEIX X M Yy ANA 3TOr0 JMCKPETHOTO pacnpeieneHus
TOXJIECTREHHA HY/IO, 4TO SIBHO BBOXWT B 3aGNyxmeHue. B AeHCTRHTENBHOCTH, OHH B
3TOM CNlyuae CHWJIbHO 3aBHCHMBL. [Ipn: x, paBHOM HYIIO, MBI MMEEM IBE BO3MOXKHBIX
KOMOMHALMH A4 y: AAI0C MM MUHYC oauH. OHAKO, Aiis MEPEMEHHOM X, yToObl OBITH
OTAMYHOH OT HYJA, y IONHOCTBIO ONpEJENneH: 3T0 JOJDKeH ObiTe HOMb. B cimbHO
HCHOPMANBHBIX pacnpeleNieHHAX, MOJ0OHBIX 3TOMY NpPHMEPY, JMHHEHHas KOppessuys
MOXET (aKTHYECKH CKpPBIBATh 3HAYHMYIO WHGOPMALMIO O B3aMMO3aBHCHMOCTH,
COZCPXKAIIYIOCH B HOJHOM OOBCAWHEHHOM pacipesieleHHH.

Jpyras npobiema ¢ NMHEHHOH KOpPpEJAIHEH COCTOMT B TOM, 4TO OHA BBOJHT B
3abayxeHne, 3acTaBlfs BEPHTh, YTO . 331aB MAPXKHHANLHBIC DACTPEACICHUS U
KOPPENALHIO ABYX IEPEMEHHBIX, Mbl HMEEM BCE, YTO Mbl JO/KHBL 3HaTh 06
obbeanHeHHOM  pacnpeaeseHuy. | CrelmanbHeiil . ciyyadf, Korna 3HaHHe IUIOTHOCTEH
MapHHANBHBIX paclpeleaeHH Yy(x) 1 W,(y) IBYX CITyqaHHBIX IEPEMEHHEIX X H.y, M HX
KOPPENALUHH Oy, - ABNACTCA . JAOCTATOYHBIM, UTOOBl BOCCTAHOBHTH OOBEAHHEHRYIO
IUIOTHOCTH paclpefeNeHus Y(x,y) HacTymaeT TOrja, KOTAa M X, H y — HOPMalbHbIE
NIepeMeHHbIE: TOra. OYEBHAHBIM KaHIHAATOM Ha OOBEAHHCHHOE pachnpenciieHue Gymer
HOPMANIbHOE PacTipe/ielieHHe C BYMS IlepeMenHbIMH . TeM He Menee, B 0BtIeM, BHBOA

Gl

Y0, 1000 ==> Y, ¥)

He MoxeT ObiTh caena. K ToMy xe, ins sannoi napul Wi(x) 1 y(y), aaxe He MoxeT ObITh
00BEAHHEHHOH IUIOTHOCTH PaclpefieNeHus Y(x,y) NS KaKIOro BO3MOXHOro Py €[-1,1].

' Kak ofvscuseTcs noske 8 rnase 5.2, aT0 cooTBeTCTEOBANO Bb  CTPYKTYpe

B3aMMO3aBNCUMOCTY, CHOPMUPOBAHHON FaycCoBCKOA CBA3KOW. 0pHako, Mw MOran Gb C pasHuM
YCNEXOM WCNONL30BaTL Nibyll APYTYO CBA3KY, 4TOON YNpaBnsaTh B3aUMO3ABMCUMOCTBI ABYX
MApKMHANBbHO W - HOPMANbHO PACRPEAENEHHHX NEPEMEHHHX X W Yy, NOKa [aHHas BEAUYMHA
KOPPENauMM  AOCTUXMMA CTPYKTYPOA B3aMMO3ABYUCKUMOCTU ABYX [ayCCOBCKMX NNOTHOCTEN npw
BHOPAHHON CBSA3KE.
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Haxkonew, Heo6X0AMMO YIOMAHYTE, YTO KOXPGHIHEHT KOPPEIISLMH ABYX NEPEMEHHBIX X H Y —
He MHBAPHAHTCH TPH. HEJIHHEHHBIX MpeobpasoBanusaX. SIpkuil npumep ToMy Gy€T faH B rnage
5.2.1. Koagguument nuHelHOH KOppenuuH, Kak Bbilue ONpefeneHO B ypasHeHuH (5.4),
HHOTZIa TaloKe HasbIBaeTCA Xak » ITupcona.

¥
®
y

&

Puc. 6 Hpumep NHCKpPETHOTO pacnpe/ie/IeHHs ABYX NEPEMEHHBIX ¢ HY IeBoii Keppeseii, Ho
CHJILHOH B3aHMO32BHCHMOCTEIO

p Coupmana

P Crnupmana TeCHO CBA3aHO ¢ KOHLCTILMEH JHHEHHON Koppensimy. OHo, (akTuaecky,
OTpEIeNIAETCs: KaK THHEHHLIH KOMpOHLMEHT Koppenausu NpeobpasoBaHHbIX BEPOATHOCTEIO
TICPEMEHHBIX, TO €CTh [EPEMEHHEIX, MPEOOPA3OBAHHBLIX MX. CODCTBEHHBIMH KyMYSSTHBHBIMH
MapKUHATBHBIMH - QyBKIMAMM  pacnpenencHus. JIpyTWMH.  CJIOBaMH, Y4MTHIBas B
nepemennbie x€ R i ye R, ux MapsunaisHbie IOTHOCTH. pactipeacneHns Wi(x) ¥ Wi(y), ux
COOTBETCTBYIOLUME KYMYJIATHBHBIC MapXXHHANLHbIC PacTpEACIeHus

¥, (2) == / () da? 55
—0G
¥ ¥
¥,y = / vy(y) dy' (5.6)
—0
H ux 00BeAHHEHHYIO (PYHKIHIO IITOTHOCTH pacnpeseieHus l[l(x, Y), Mbl HMEEM
s = I W)@y Chie p)drdy— ] Bra)iialadde [ Wy (54 (gl 57
=7 77 PRYHL (30
VI Vel e o= [ Velayada] T8 e )iy—[] ¥y lw)e(uidy]
Tockonexy
1
/‘I’r(a:)y'xx(:u)d.c = /udu =1/ (5.8)
J0
H
60

Koppemmml W COHANPAaBJICHHOC IBUKECHHE

.
f W, (7)) = f widu = s, (59)
0
p CrinpMaHa MOXXET GBITh BRIPHKEHO Kak
ps = 12//‘[11(1‘)\11,(11):,/’(;1:, ydady — 3. (5.10)

Tak kak p CoMpmana ONpeACNCGHO Ha KyMYIATHBHBIX (QYHKUMAX BEPOSTHOCTH
MHIMBHIYafbHEIX —TEPEMEHHBIX, OHO HE3AaBUCHMO OTHOCHTCNBHO TNpeobpa3oBaHmit
[EPEMEHHBIX , TMHEHHEI OHH HITH HET.

7 Kenpauia

1 Kefiguia — 3To mepa B3aHMO3aBMCHMOCTH, KOTOpas (JOKYCHpyeTcs Ha - MIee
COITIACOBAHHOCTH M pasHornachs. JIBe OTAEsBHO B3ATLIX NApHL (x,y) u {x’y") u3 Toit xe camoif
OOBEAMHEHHOH MIOTHOCTH PacIipeie/ieHs], CUHTAIOTCA COTIACOBAHHBIMM, ecd o6a wieHa
oaHOA mnapsl GONBIIE;, YEM COOTBEICTBYIOIIHE WICHB ApYroif napel. OHM CYHTAIOTCA
HECOTJIACOBAHHBIMH, CCIM X>X'A Y<y HIM X <X' A y>y. T Kenmanta onpepensercs, Kax
pavIMMMe MEXAy BEDOSTHOCTAMM MIA JByX Takux Nap ObITh COMMIACOBAHHBIME H
HECOTTIaCOBAHHBIMH, TO €CTh

i = Pl(e-x)(y-y)>0] — Pl(e-x)(3-y)<0] 6.1

Ecrectsenno, wro 310 o3Hauaer 7%e[-1,1]. Ecnv Mel onpesenum  HNOTHOCTH
pacipezencHus M KyMyJISTHBHBIC BEPOATHOCTH X W ¥ XaK B TPEABLIyWIEH [aBe, U KpOMe
FTOro,

=
Y(z,y) = // ¢’y yde'dy’ . (5:12)
Le! =30 N

TO MOXHO TIOKA3aTh, 4TO anbTepHatuBHas (opmyna ans © Kennanmna mna uenpepbisHOR
IJIOTHOCTH pacTipeAe/ieHus Oyaer '

] = 4//\11(;1:, gy (e y)dady — 1. (5.13)

Taxk xak © Kennaswia onpeaeneHo no oGbeHHEHHOH K¥My.Tlﬂ'I'ﬂBHOﬁ BEPOSTHOCTH, OHO Oy.eT
TAIOKE HHBAPHAHTHBIM OTHOCHTE/ILHO NpeoOpasoBanuii”.

7 Kenpamia 1 p ChnMpMaHa NPHHAVIEKAT K KATCTOPHH PAH208bIX KOPpenAyul.
PaHroBbie KOPpe/siUMM MMEIOT XODOLIEE CBOFCTBO, YTO /A JIOOBIX ABYX MapXKMHATIBHBIX
TUIOTHOCTEH DachpeleNeHHs. Wy{x) H W(y), Bcerja cymecTsyer ofneauHeHHad IUIOTHOCTH
pacnipeieNieHus Yix,y) Ais K&XIOTO BOSMOXKHOTO 3HaueHus B uutepsaie [-1, 1] paurosoi
KOPPEISLHH.

1
ECAn OHW HE naToNnOrM4ECKH 3NOHAMEPEHHH .
2 onaTh Xe: NOKa OHu DASYMHD NOAATAUBH.
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5.2 CBAsku

Caazka 1ByX TIGDEMEHHBIX X M y — 3TO COBOKYNHasd (YHKUHMS BEPOATHOCTH,
ONpese/IeHHas HENOCPEACTBCHHO, KaK GYHKIHA MapKHHANBHOH KyMyJIATHBHOMN BEPOATHOCTH
x 1 y. Casi3ka, TAKMM 00pasoM, 3T0 crocol OMpeNesnTb B3aHMO3ABHCHMOCTE MEKIY JBYMSA
NIEPEMEHHBIMM, TIOJTHOCTBIO HE3ABHCHMBIMH B MX HHAMBHIYANBHBIX MApKHHAIBHBIX
pacrpezenenyax. I1o 3ToMy onpeaencHHIo, CBA3KA 1 NEpEMEHHBIX — 310 dynkuusa C: [0,1]" >
[0, 1]. Tlpu nosropHoM Hcnosb30BaHHy onpegenenui (5.5), (5.6) 1 (5.12) MBI MoxeM, TaKUM
06pazom, BHIIETHTD

U(e,y) = C ((2). 1, (1) - 5.14)

Jlns cTpororo yBenuueHUs KyMyTATHBHBIX MapTHHANOB Y(X) u W{y), MbI MOWEM TaKKe
3armcaTs

Clu,v) = (U7 (), ¥ ' (1)) (5.15)
CaA3Ka HE3aBUCHMBIX NEPEMEHHBIX, 3aKOHOMEPHO, 331aCTCA
C‘indcpcndcm(,ux "") =u-v. (5.16)

Ha ocHoBanMH ONpeneneHHa KyMyJIATHBHBIX MAPXKHHANBHBIX (YHKIHMH pacnpeneyienmus;
CB3KAa Habopa TIEPEMEHHBIX (X, y) HHBApHAHTHA OTHOCHTENBHO Haopa CIporo
yBEIMUHBaroLMXCA npeobpasosannii (f{x),g(y)). Huddepenunan ces3KH HHOrAA 3aMUCHIBAETCA
B Buze dC(u,v), 4TO JOJDKHO O3HAYATH

S dC{u,v) = (U] (u), L (v)) 'd(r,y) dudu .17
rae u=y,(x), a v={y). B 3ToM npumeyanuy, T Kennaina nossasercs kax
TR = 4//C(u,v) dC{u,v) — 1. (5.18)

P
EcTecTBeHHO, BCEe W3 HPHBENEHHBIX BBILIE OLPEAENEHHH PaciuMpAIOTCs GOMble, YeM TONBKO
Ha JiBe nepemeHHpie. OBpaTHTE BHHMAHHE, UTO 3aMeTHas CBA3KA JOMKHA ObITe GYHKUHMEH Boex
KyMYJISITUBHBIX MA[)KHHANIBHBIX BEPOATHOCTEH M HEKOTOPHIX 'MAPAMETPOB  YIIPABICHHS,
KOTOPBIE ONPEACTIAIOT CHIY B3AHMO3aBUCHMOCTH HHAMBHAY UTBHBIX TIEPEMEHHBIX.

5.2.1 I'ayccoBckasn cBs3KA

‘Kopotxoe oGpacHeHHe MEXaHH3Ma IayCCOBCKOH CBA3KH TAKOBO: CreHEPHPYIiTe BEKTOP
KOPPEJIMPOBAHHBIX HOPMANBHBIX NEPEMEHHBIX, NMpeobpasyiite ux oOpaTHO K PaBHOMEPHLIM
IEPEMEHHBIM TIPH TOMOINH KyMYJIATHBHOA HOPMANBLHOH (DyHKHMM BEPOATHOCTH M 3aTeM
oTtobpasuTe NepeMeHHBIC B WHAWBHAYANBLHEIE MADKMHABHBIE PACTIPEAC/ICHHS, HCHIONB3YS HX
COOTBETCTBYIOLME OOpaTHBIE KyMYNSTHBHbIE MapXHHATLHBIE (YHKLMH BEpOATHOCTH.
JIpyruMH clIOBaMH, €C/IH MEl JKEJIaEM [OCTPOMTH BEKTOP HEPEMEHHON X, MONYHHEHHbBIH
BEKTOpY WHIMBHIYaTBHEBIX MapKHHAIBHBIX MJIOTHOCTEH pacnpencncHus
WL(x)=(Wlx), wrz(xz)...,w\,,(x,,))T, COCIMHEHHBIH  rayCcCOBCKOH  CBS3KOM, ympaBiseMoii
MaTpHLEit Koppemsiuyy R, MBI NOJDKHBI AefiCTBOBATh CIEAYIOIHHM 00pasoM.
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Koppeumum H COHANPABJICHHOE ABHXKCHUE

e  Haiity, nomxomdmmi rcesaoxsaspatHeiii Kopenb A u3 R, Takoi uto R=A A
Bonbe 06 3ToM ckaszaHo B rnase 6.

e Buibpars Bekrop z€R™  HeKOppeMpOBAHHBIX CTAHAAPTHBIX HOPMAIBHEIX
nepeMeHHbIX.

e Bruucants £:=A-z

e Orobpasuts Z ofparso Ha BEKTOp PaBHOMEpHEIX Tepemennsix. ve[0,1]", ycraHosus
v=N(Z). :

e Tloctpouts BexTOp NEpeMeHHON X APH HOMOUH 00PAaTHBIX KYMY/IATHBHBIX (DYHKLMIA
seposroctw X, = W' (v,).

BaxHo momaHTE, 4T0 KOO(GGOHLMEHT KOPPENSiH, YNPABMMIOWMil TayCCOBCKOH
CBA3KOM MOXET OYEHb OTIHYATECA OT JIMHEHHOR KOPPEIILHY 2/IEMEHTOB BEKTOPA NEPEMEHHOH
x. Hike 5 nato asa cneuuH4eckux nipumepa 31oro s¢upexta. Onuaxo, CTOHT YIIOMAHYTB €ILE
opuH nyHKT. MoxHo nokasats [LMSO1, KauO1}, wro v Kenmaina' ABYX NepeMEHHbIX,
CBA3SAHHBIX Fa¥cconcxoﬁ cBA3KOH ¢ KO(HIMEHTOM KOPPESILIUKU O 3aaeTes

e

2
T® = ;_r—arrsinp . ! (5.19)

TIpHMephI TIOTHOCTH TayCCOBCKOR CBS3KH COTACHO onpeneinentio (5.17) niokasans!' Ha Puc. 7.

Deoe pasHoMePHbIX NEPEMEHNBIX.6 2XYCCOBCKOIL COAIKE
JlaBaiiTe MpeANONONHM, HTO JUTA. HEKOTODOH - HEelH  Mbl XOTenu Obl HMETH. JBE
PaBHOMEpHBIE MEPEMEHHLIE, KOTOPBIC SRIAIOTCH - KOppenupoBaHHsiMu: Haweit nepsoit
MBICHBIO O MONyYEHHH KOPPENHPOBAHHBIX PABHOMEPHEIX NEPEMEHHEIX OyAeT npeobpa3opaHue
JBYX HEKOPDEJIHPOBAHHBIX PABHOMEDHBIX - NEDEMEHHBIX: “M; ‘H: ;K CTaHAAPTHOMY
HOPMANTBHOMY ~ PACTIpEAC/ICHHIO, -~ YCTAHOBHB zFNJ(ui); JHanee, . npumensas  oObIMHOE
npeobpasoBaHHe KOpPENSLHH

= C(5.20)

Zy=pzi+ /1~ P (5.21)

s nexotoporo koadipuumenta koppensmuH P € [-1,1] v npeoOpasys o6paTHO K eAMHAYHOMY
KkBanpaty nipu noMouy 4=N(Z;). [Io HAUBHOCTH, MBI TElieps 0XKHAAEM, YTO B3AHMO3ABHOUMBIE
PpaBHOMEpHbIE NepemenHbie 6yayT HMeTh THHeHHBINH KO3 hHIHEHT KODPENSIHH B AHANA30HE
[-1,1]. Ho 3HaeM MBI HEMHOTO. ...

JInneiiHas KOPPETALMS 1) MEXAY ABYMS 3aBHCHMBIMH PABHOMEPHBEIMH TICPEMEHHBIMH
MoxeT OBITH pacCHHTaHa KaK

! {seTosolt kop B 3TOW 0 noCNeayoldx AWarpaMmax, KOTOpHE B UBETE MOXHO BMAETL B
3NEKTPOHHOA BEPCUM KHWMM, NOMEWEHHOW Ha KOMNAKT-AUCKe, TakoB: KpacHui 0003HavaeT
MEHbIYI0 NAOTHOCTb, TO €CTb 0, a (UONETOBWIA - HAUBLICWYID MNIOTHOCTL, KOTOpas RBASETCH
0BbMHO  TONBKO KPOWEHHHM HEBONLWMM MATHHWKOM HA auarpamve. Ha BCeX KapTWHKax useTa
MacuTabupoBaHy HEAWUHEWHO C TAaKOW NAOTHOCTLO, 4TOOW ueHTpansHan Todka B8 (0.5,0.5)
BCErfa MMena oavHakoBui GUDIO30BHI UBET ANA BCEX Takux u3obpameHuil nmnoTHOCTW,
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In(1 —2,)
VR
Korna msl MozenupyeM B3aHMO3ABHCHMOE HACTYIUICHHE nByx cobbitnii A ¥ B ucnonsasys
TayCCOBCKYIO CBA3KY ¢ KOMDOHLHEHTOM KOPPENALMHK 0, MBI MOXEM BBbIUHCIIHTE JTMHEHHYIO
xoppessnio {(0) ans Ty u Ty xak

$(p) = / (1 —N(z1)) In(L = N(pz1 + /1 — p220) ) {21 )eo(22) dzydza — 1 . (5.26)

Ty = (5.25)

OnATs, MBI MOXEM HATHTHYECKH OUCHHTH KaKoit nuTepean {(0) orpannyen:
2
e [l_%’” s pe [-1,1]
rae 1_1%. =0.644934]. Opmnaxo, kak MbI MOXeM BHICTh Ha Puc. 9, xoppensumoHoe

npeoGpasoBaHke He CTOAL yxk GnH3Ko K nuueHHOMY, Kak 3T0 GBUIO JUTS JBYX PABHOMEDHEIX
NEPEMEHHBIX.

0.8

06

04

02 [P i —

<]

-1 05 [} 05 1
4
Puc. 9 Jluneiinas xoppeasuns {(0) ABYX IKCHOHEHUHATBHBIX NePEMEHIIBIX, COSI3aHIBIX
FayCCOBCKOM CBA3KOI ¢ KoxphuImerTOM Koppeasuun O,

5.2.2 tcBaska

KonnenryansHo #-CBsska nono6Ha rayccosckoii ceaske. OHa 3a/19€TCS KyMy/ISTHBHOI
dynxumeil pacnpesenesns MAPXHHATLHO KOPPESTHPOBAHHEIX f-nepeMeHHBIX, CaMbiil IpocToil
cnoco6 OGBACHHTE #-CBA3KY — 3TO, BEPOATHO, PACCMOTPEHHE AITOPHTMA, KOTOPbIN COaeT
PpaBlIOMEpPHEIE NepemMenHbIe B f-cBsake [ELMOL].

e BuifupaeM cranapTHYlo MaTpHLy KOppensauMH R, KoTopad momkmHa YNPaBIATE
B3aHMO33aBHCHMOCTBIO CBS3KH.

¢ HaxonuM, ¥1o nomxonsuyii nceBAOKBaapaTHbI Xopenb A 13 R Taoii, yto R=A-A".

* BoiGupaem Bekrop z€R™  HeKOppEmMpOBAHMEIX CTAHIAPTHBIX  HOPMANLHLIX
TIepEMEeHHBIX, .

e Bruucnsemz =A- z

Koppensuus u coHanpaBJIeHHOe (BUKEHHE

e DBriGupacM HE3aBHCHMYIO NEPEMEHHYIO §, ¢ pacnpeneneHueM y’. Ecin v uenoe

YHCJIO, TO ITO MOXET ObITh CAEIAHO BLIOOPOM v HE3ABUCHMBIX FayCCHAH H CyMMHpYs
KBaJpaThl.
e VcraHaBmuBaeM x:= [V %
s
o  OrolpaxaeM x 06paTHO Ha BEKTOP PABHOMEpHEIX nepeMeHHBIX Ve [0, 1] nenonsays
KYMYJSTHBHYIO (YHKUMIO BEPOATHOCTH f-pacnpefenctus CrhiofieHTa, HAHHOTO
ypaBHeH#eM (2.52).

Takum 00pasoM CreHepHpOBAHHEIE PABHOMEPHBIE MEPEMEHHBIE MOIYT GObITH 3aTeM
npeoBpasosansl K JI0GOMy HabOpy MApKHHAABHBIX pPAacTPENENECHMH OpH  NOMOLUM
COOTBETCTBYIOUMX  OOPaTHBIX KyMYJISTHBHBIX QYHKUMI  BepOSTHOCTH, AHAIOIHYHO
rayccOBCKOH cBsiske. T-CBA3KAa MMCET C TayCCOBCKOM CBA3KOH Ty 0COGEHHOCTB, 4TO ABE
nepeMeHHbIE, KOTOPhIE CBA3AHE! OGO U3 3THX JBYX CBA30K C 33JaHHBIM KO3(QQHUHEHTOM
Koppensun O, nmeloT T-kosgpduuneHt Kennamna, 3agasaeMslii ypasHexueM (5.19). [pumep
pasnuuHil MEXY AByMs CBA3KaMM nokasaH Ha Puc. 10. OGpaTHTe BHHMMalHe, Kak [-CBA3Ka
reHepHpYeT O4YeBHAHO OOlee BBICOKYIO KOPpensuMio A OONBIIMX COHAONPABREHHBIX
ABIHXEHHH OIMHAKOBOTO 3HAKA, 33 CUET noabema K Gosee BHICOKOH [IOTHOCTH OKOIO Havana
KOOP/IMHAT M 3HA4HMbIit HAGOP TOrO, YTO HAMIOMHHACT CYILCCTBEHHBIE BRIGPOCHL

4 T T T T T T T

Puc. 10. OGa pucyHka NOKa3bIBAIOT JAHIIbIE, KOTOPbIE MAapKMHUILHO HOPMAILHO
pacmpenenensl. Pucyuok ciesa nsolpakaer ofbidibie KOPPeMPOBAHIILIE HOPMAILILIC
nepemenibie ¢ 0= 0.9, a pUCYHOK CIIpaBa — AAHHbIE O] £,-CBSI3KOi, Taxoke ¢ p=0.9,

5.2.3 ApxumenoBeKHe CBI3KA
Bee wiensl 3T0ro x1acca CBA30K NPOH3BEIEHBI CIPOrO yMEHBUIAIOWIEHC BHIMYIIOH
Gynxumeii @(u), kotopad otobpaxcaer narepsan (0,1] na [0,00) Tak, 410 limef)(E) = oo, a
&(1)=0. ApxnumcaoBcKad CBA3KA NPOM3BORMTCA OT ZaHNoi yHKumu ¢(i) uepes
Clu,v) = ¢ Ho(u) + o)) . (5.27)

/Jloe paBHOMEpHLIE TIEPEMEHHBIE # H Vv ¢ oGOl apXUMENOBCKOH CBA3KOH MOryT GbiTh
CrEHEPHPOBAHbI N0 CEAYIOWEMY AITOPUTMY.
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AHaJIOTHYHO HCIO/IB30BAHHIO NPHPAUIEHHIt BHHEPOBCKOH TPAcKTOpUH B CXeMe
Diinepa, MBI MOXEM MPHMEHHTD HX B cXeMe Munreiifia (4.11). Pesynerar nokasan Ha Puc. 4.
CHOBa, HH OJlH2 W3 MHIMBHIYANbHEX JHMCKDETH3MPOBAHHBIX TPAeKTOpHH HE JOIDKHA
HaXOIMTCA B TEX K€ CaMbIX TOUKAaX BJOML BCero myTH. OIHAKO, B Npeese yly4IalOuIHXCcs
IUCKDETHIALHI 4YHCIEHHAs CXeMa O0ECHeuHBAET CXOAMMOCTH K -TOMHOMY DELIEHHIO.
PeanpHElH TecT Ha CHIBHYIO CXOAMMOCTb HaBEpHsKa Obl NMPOAEMOHCIPHPOBAN CTEHEHHYIO
3apucumocTh (4.1). Onnako, 30eck Mbl ML NIOKKEM Ha Puc. 5 uro osHagaer ynyymienue
cxempl MwmuTeiiHa MO CpaBHEHMIO €O CXeModl Ofepa JI1 CXOOUMOCTH K 3HAYEHHIO
reoMeTpHyeckoro OpOYHOBCKOrO TpOLECCA HAa BPEMEHHOM ropusonte 7=1 s
TIOCTICIOBATELHO YTydIIaeMbIX AHCKpeTH3anmii. OdeBHAHO, 4To cxeMa Munurreiina sensercs
NpPeBOCXOMAIMM MeTofioM. IlockonbKy MBI 3HaeMm aHanuTHyeckoe pewenne CHY ansa
TEOMETPHYECKOTO OPOYHOBCKOTO ABHXKEHHS (4.6), MBI MOXEM MNONYMHTH JONONHHTENLHOE
06ocHOBaHHE MOYeMY 3T0 TaK. TOYHOE pellleHHe — 3T0

Sr =S e(r—d-—%a"’)'['—»\-nzv"l_' ) (4.38)
Otcrona Mbl cpa3y e BHIHM, 4TO cxeMa MuiMITeiiHa, 10 OXHIAHUIO M BapUALHH, B
OTNHYUE OT CXEMBI Diinepa, He NPOTHBOPEUHT paciiMpenuio Taiinopa O(An) pnst ToHHOTO
peuienns. KOHE4HO Ha APAKTHKE MBI [TOUTH BCET/a HCIIOAb30BAMH OBl TOUHOE pelicHue,
Korpa oxHo 6buto O moctynHo. HexmoueHnem Moryr Guith CiyuaM, Korjia reHepauus
BbIGOPOYHBIX TpaeKTOpHi M3 uHcieHHO# ammpoxcumaund Gonee sddexrusHa, HO
COXPaHSET IPUEMIIEMYK) TOYHOCTh. MM Koraa MBI NpPOCTO XOTHM HPOTECTHPOBATh
AHANHTHYECKOE PEHICHHE PA3HbIMU COCOOAMH.
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I'maBa NeS Koppessanus n
COHAIIPABJIEHHOE J[BUKEHME

Koppenstins (1in cOHanpaBneHHOe ABMKEHHE BOOGINE) ABJIAETCA ONHON W3 CaAMBIX
Gombtyx TPOGIEM, ¢ KOTOPLIMH CErOMHS CTANKHBAIOTCA KOAMHECTBEHHbIE AHATHTHKH i
puck-MeHekephl. EE a¢idexTsl NPHCYTCTBYIOT BO' MHOMX - BBIYHCAEHHAX H -LIMPOKO
CHMTAIOTCH CamO CoGOH pasymelommmes. OMEHKA MHOPHX TPOM3BORHEIX KOHTPAKTOB,
THINA KBARHTOCOB , KOP3HH ONUHOHOB H IPYTHX 33BHCHT OT HEKOTOPbIX TIPEANIONOKEH I 00
HX' B3aUMO3ABHCHMOCTH. ~ CaMOOLECHKA . - HONBEPKEHHOCTH  PHCKY . - Jilo6oro
(MHBeCTHLHGHMOrO) 6aHKa, YacTo pACCYMTHIBAEMAd KaK . KBaHTHAR "CTOMMOCTE B
omacHocTH". (Value at Risk, VaR), Taixe samerHo 3aBHCHT OT NpERHONOKEHMIT ©
B3aHMO3ABHCHMOCTH - MEXY. BCCMH BOBJICYEHHBIMH DHIHOYHBIMH . (aKTOpaMH  pHcKa.
MozemipoBats ajleKBaTHEIM CIIOCOGOM COHANPABIIEHHOE JIBHKEHHE BCEX PHIHOMHBIX
nokasarenel ¢ Heblo GopMHPOBAHHS PUCKA OPraHH3AUMH B HENOM BCC CIIE CUMTAETCS
MaNONPOAYKTHBHBIM 3aHATHEM H GONBIIMHCTBO KOMINaHMii IPHGEraeT K HCHONb3OBAHHUIO
HCTOPHUYECKHX JIAHHBIX, . 4TOOBI - ONEHHBAT CBOM “HOTPEOHOCTH B KalHTane mud  BCei
¢upmbl. Tak Kak. MCTODHYECKME MAHHBIE MOTYT TOMBKO [OKa3bIBATH Bawl pHcK
OTHOCHTEIbHO JIBIKCHUH, KOTOPHIE YXe NPOM3ONNIH B HPOUUIOM, HO He obpatngror
BHMMaHHA [0 HACTOALIETO MOMEHTa BPEMEHNW Ha HEBHAMMBIC B3aHMO3aBHCHMbIC
PBIHOYHBIC ABIDKCHHS, A TAKKE HE 3HAIOT O HOBBIX COOLITHAX HA PHIHKAX, TO OOBIYHO,
AOTIONHUTENBHO . TIPOBONUTCS - CLECHAPHBIH aHamu3, 4YTOBHI OLEHHTH PHCKOBAHHOCTH
nonoxeHust KommaHud. CueHapHM, uCHOMB3yeMBIC IS 3THX HCCICAOBAHHH, B CBOWO
O4YCpENb, MOYTH HUKOI/A HE CTPOATCA B COOTBETCTBHH C IOAXOAAMH, [IPHHATHIMH I
OUCHKH MpOH3BOIHBIX. B TO BpeMms, Kak Takue cuemapHu (aKTHYECKH BCerna
NPEACTABNRIOT CO0OH  HapylIeHHOE JIHHEHHO KOPPENHPOBAHHOE (JIOT)HOPMATbHOE
pasBHTHE, KOppEnMpOBaHHOE (FEOMETpHUECKoe)  OpoyHOBCKOEe MABRKEHME ABIACTCH
OCHOBHBIM ~ METOJOM  MOJENIHPOBRHUA  B32HMO3ABHCHMOCTH = MEXAY PA3THYHBIMH
NOANCKAMMMH aKTHBAMH, BO3JAEHCTBYIOHNIMX Ha CTOHMOCTH NMPOM3BOLHOIO KOHTPAKTa.
3Ta HECOrNacoBAHHOCTL CTAHOBHTCA Aake 6oNee MOTPACAIOWICH, €CMM Mbl TIPHMEM BO
BHUMAHHE, HTO TONBKO JABMXEHHS BEJIMYHHOH B HECKOJBKO CTAHAAPTHBIX OTKIOHEHHH,
peako Gomblue, yeM MBa-TPH, PACCMATPUBAIOTCH IS CLEHAPHA, HMEIOLIEr0 LEBIO
JonosmHenne pacueta VaR. C apyro#i CTOpOHBI, BONATHABHOCT, KOTHPOBOK M CMEILUEHHA
TIOBEPXHOCTEH  yKa3eIBAIOT, 4TO Tpeiieps! NpOM3BOAHBIMH HMHOTAA- OOECHOKOEHH!
ABIKCHHAMH OONBIUMMH, 4YeM  YeThipe HIH, HHOTAA, AAKE TATL CTAHAAPTHBIX
oTknoHeHuit. JKenauue TpelifepoB 9K3OTMUECKMMH NpPOM3BOAHBIMH, HTOOH  UX
HUHCTPYMCHTBI  OLCHKH MOIJIM  PEAIMCTHYHO MOJENHPOBATh  B3aHMO3aBHCHMOCTD

' Quanto swap unM quanto Option - WHCTDYMBHTH XEXVDOBAHWS BANKTHOMO PMCKA.
(npum. nepes. )
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e TlomyuuTs [BE HE3ABHCHMbIC PABHOMEPHBIC [IEPEMEHHEIE 5 H §.
o Pewmrs
- 80
g=t 7 (5.28)
paij i o S

e YCTaHOBHTB
wi= 67 (s6(1)) (5.29)
vi=¢ {1 - s)e(t)) - (5.30)°
JononHuTeNBHBIE ACTAH H J0KA3aTENLCTBA cM. B [ELMOL]. Bor npumep reneparopa ceasku
JU1Al KOTOPOTO BILUEYNOMSIHYTEIH aNrOPHTM MOKET NIPHMEHATBCA HEHOCPEACTBEHHO
S(u) = (!t = 1)’ (5.31)

»

Toraa js 021 pewienue ypaBHeHus (5.28) HeMeyienHo 3aaeTc

1+8  [/1+6)° B}
t=——- /(T) —8y. (5.32)

MOXHO PaciMpHTE APXHMEIORCKYIO CBA3KY Ha Gofec BHICOKHE pasMepHOCTH. OmHAKo, 3TH
PACIHPEHHS JOBO/IBHO OTPAHHYEHBI OTHOCHTEIIBHO CTPYKTYPBI B3AMMO3ZABHCHUMOCTH, TaK KaK
OHM HE YYHMTHIBAIOT OJHOIO NApaMeTpa B Nape NMEPEMEHHEIX, B OTIMYHME OT TAYCCOBCKOM
CBAIKM M {-CBASKH. 3TO, BEPOATHO, M ©CTh IVIABHOEC HEyHCOCTBO ADXMMEOBCKHX CBA3OK.
AJITOpHTMBI TeHEPALIMH NEPEMEHHBIX C GONCE BHICOKOPAIMEPHOH apXHMEMOBCKOH CBA3KOi,

om. [ELMOIL, FV97].
: Cenzxg Tambera

Cpaaxa Tambena (uHorma Taioke HassiBacMag cBsska | amGena-Xaraapna)
KOHTPO/IUPYETCA €IMHCTBEHHBIM TTapaMeTpoM 6 € [1,50). OHa reHepUupyeTCs BRIpAKEHHEM

Giumbel (1) = (= ww)? (3.33)

H TaKuM 0Dpa3oM onpenenseTcs kak

p a1
(—lnu)? 5 {— )@

Coumbar{tt, v) = el (5.34)

Caaska ['amOena BI3bIBACT Gostee CHIBHYIO 33BHCHMOCTB B BEPXHEM XBOCTE ODBENHHEHHOI
TUIOTHOCTH PACTIpE/IENEHNs, YTO MOKHO 3aMmeruTh Ha Puc. 11. MoxHo nokasath, 4to 1
Kennanna cssku I'ambena [GROO] Gyaer

o

TGumbet = 1 ~ e (5.35)

Censxkg Kaeiimona

Ora caa3Kka TaKKe M3BECTHA NOJ HasBaHMAMH cBssku Ilapeto, Kyka-J[kxoHcoHa wiin
caf3ky Oaka ¥ FeHEPUPYETCA 110 OIPEAENCHHIO

(v —1)

[o% Tayten (“) = p

(5.36).
s G [-1,00)\ {0} u 3HauNT
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08

=10

0.6

\ of Gumbel copula foc @
0.4

Densi

=15
o8
=5

0.6

bet copubn for

04
Density of Gumbel copula for 0

038
0.6
04
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0.6
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04
Density of Gumbel copula for B=3

Density of Gumbel copi

0.2

|
06
04
o
0
1

= = 2 = 2] =
< [=3 =

Puc. 11. IlnoTiiocts cssku IamGenra, 3axannoii ypasuenuem (5.17). Insn 6=1 nnotocrs
ToxIecTBeHHa 1 HA eqUHIYNOM KBaApaTe.
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7). Jaa @ 510 naotHOCTH

1

ILnoTHoeTs B3k OpInKa, 3a5aHHas YpasHaeHneM (5

Puc. 13.

Puic. 14. Maorocrs ceazku ATu-Muxasis-Xaxa, sagaimas ypassiennesm (5.17). Jinn 8=0

IJIOTHOCTH PABHOMEPIO paBIa 1 na BceM eXHHUMIIOM KBaapare.

ApHONHRAETCH B PABHOMEPHOI IIOTHOCTH HA eXUHHYHOM KBAAPATE.
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Puc. 7. IL10THOCTE rayccocKoil casi3ku, 3a2aHHoi ypaaenuenm (5.17). Ips 0=~0 n10THOCTS ToxIecTBeHHa 1 Ha exHIHOS HTOILA/H.
TLioTHOCTH 415 OTPHUATE/ILHBIX 3HAUEHHI 0 COOTBETCTBYIOT INIOTHOCTH [JIfl TOTO € AGCOMIOTHOrO SHAYCHMS] ¢ noBopoToM Ha 90°.

Koppensinust v conanpabiiennoe AswxeHne

n{p) =12 //N(zl)N(p:l + V1= pPa)plz)e(z) dadey — 3. (5.22)

HpﬂMOC HCHHCIICHHC MOKA3BIBAET, YTO

nel-1,1] mape [-1,1}
Oxo110 Hauana KOOPIMHAT, MBI HMEEM

3
7(p) = =P for |plx1. (5.23)

Huarpamma 17(0) noxasana Ha Puc. 8. He 3a6myaifTech OTHOCHTENBHO O4EBHIHO npaMoi
JHHHH HA PHCYHKS: TaM CYILECTBYET HEOOMBLIOE HCKPHBIIEHHE, XOTS NpAMas TAHHS Gblia Gbl
KOHEYHO XOPOILIHM NPUOIHKEHHAEM.

os|
g o0
05
4

-1 -0.5 0 0.5 1
. D

Puc. 8 JIuneiinan xoppensuus 1(0) ABYX PABHOMEPHBIX NePeMEHULIX, CBAZAHHLIX
rayCCOBCKOH CBA3K0# ¢ KoadupHIHeHTOM Koppenauun 0

Dee IKCNOHEHWUAALHDIE TEPEMEHHDIE 8 2YCCOBCKDIL COAIKE
B nexotopex 061acTAX HHAHCOB, MBI 3JAMHTEPECOBAHE! B MOJIETIMPOBAHHH HCTEKUIETO
BDEMEHH, TIOKA HEKOTOpOE COBRITHE HE CTydaercs Brepsbie. Koraa Mel Momenupyem nanHoe
coGbrrve A uenonbya npouecc ITyaccoHa ¢ HHTEHCHBHOCTEIO A4, K2K 0OBACHEHO B Iiage 2.3,
MBI HMEEM CIEAYIONIYIO0 LIOTHOCTE PACTPEAETISHHS BPEMEHH T 10 HACTYIUIEHRS COBLITHA:
Py~ Aqe~ 0T (5.24)

Ciryvaiitan BeiGopia a1 Ty MOXeT ObITb NMPOH3BENSHA U3 PABHOMEPHOM TIEPEMEHHON i,
YCTaHOBHB

65



[image: image154.png]Taasa NeS
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Ali-Miktaitiag =\ —F— ) 3 i- 7 ‘In(l1 -8) . (5.45)

Obobumienne ceasku Amu-Muxasna-Xaka Ha [Ba MapaMeTpa, M3BECTHOE Kak cBsska (aur-
Manr-Pozena [GROO, FFvR00), 3anaercs dopmysnoit

1
9]’Fang-Fang-Roscn(u) =1In (M) 5 (5.46)

EX
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I'nasa Ne6 Mcnosip3oBanme
JTUHEHHON KOPPeJSTTHOHHON
MaTpPUIbL

TlpobneMa ONpec/ieHHs MATPHLBL KOPPEIALHH CYLIECTBYET B HECKONBKHMX BIKHBIX
o6nacTaX (UHAHCOB. BOT HECKONBKO BAKHBIX NPHMEHCHHH — crieurpukalws (BOIMOXKHO,
33BUCHMAl OT BPEMEHH) MTHOBCHHOH MaTPHLUB! KOPPESIALMH B KOHTEKCTE OMLHOHHBIX BGM-
MoJeneii NPOLIEHTHON CTABKM, CIPECC-TECTBI M CLICHAPHBIA aHANM3 I Lesiell yTpaBIeHus
PHIHOYHBIM PHCKOM, WIIH CIICHM(QUKALMA MATPHIE! KOPPENSLMH CPEMH GONBLIOTO KOMHYECTBa
32EMIIMKOB TS OLICHKH NPOH3BOHEIX OT KPEHTA MM YTIPABNCHHUA KPEAUTHEIM PHCKOM.

MomermanbHbie KOPPETALMOLHEIE MATPHLB!, M T€, KOTOpbIE BBIMHCIOTCA TPH
HCTOMHBIX JAfiHbIX, H TE, KOTODbIE MONYYCHE! OT MH(OPMAUMOHHBIX CIYkD, MHOLIA He
COOTBETCTBYIOT TpeGOBAHUAM CHMMETDHH H TIONOMMTENBHOH NOTYONpPeReNeHROCTH. Jlerko
BPYHHYIO HCTIPABHTE TpeGOBAHHE CHMMETPHH, HO HE BCETZA MOXHO TIDAMO YBHICTS, Kak
TPHCIIOCOOHTH HAHHYIO MATPHILY KODpENAUHH K MPUMEHCHHIO J1% (}HaKTOPHOTO aHaAIM3a HIIK
neneii Mogiemipoparius. K ToMy e, €CTh MHOTO CHTYAlHH, KOTAa JKENATe/IbHO BBITIOIHATE
BLIYACITEHHE HE TOJNBKO VIS EAMHCTBEHHON BXOJHOH MATPHLbl, HO H s uenoro Habopa
M3MEHEHHBIX BEPCHil  NEepBOHAYAIbHOM MaTpuupl. IlpuMepsl 3TOro  BKIKHAT U
CPABHMTENBHOS ~LCHOOOpAsOBaHHe Uit YCTAHOB/ICHHA CTemeHW  KOppeJsilpM st
MYALTHAKTHBHBIX JIEPHBATHEOR, H OLIEHKY MOPTQENEHOID pHCKA. Bo MHOIMX TaKMX CITy4asx,
MBI B KOHIIE KOHLOB, TONYYacM MATpALly, KOTopaa Oonbile HE ABIACTCA OAOXKHTENEHO
NO/YONPEACIECHHOR H HACTO HET HUKAKOTO ACHOTO CPE/ICTBA CIPABHTCA € ITHM.

Ha npaxtuxe, npofiema HeefiCTBUTENbHOM MATPULB KOppElilkH, TO €CTh TOH,
KOTOAS MMEeT OTPHLATENBHOE XAPAKTEPUCTHYECKOE HMCIIO, MONKET TakKE OUCHb JIETKO
BOSHHKATh B KOHTCKCTE @HANN3a PHCKA i opTdencil akTuBOB. JTO MPOHCXOIHT NMOTOMY,
YTO CYIECTBYIOT ACHHXPOHHBIE T3Mbl (PA3PEIBbI) B Psjly HCTOPHIECKHX AAHHEIX (doHnnoBoii
Gupxn. Ilancel, uro HEGONbIIME HECOOTBETCIBMA B JAHHBIX, HA OCHOBE KOTOPBIX
PACCUMTHIBAIOTCA ~ MCTOPHUECKHS  KOO(QHULMCHTEL  KOPPESALMH, — MOTYF  BECTM K
OTPHLATENHHOMY XapaKTePHCTHYECKOMY Hcny OBICTPO PacTyT BMECTC C POCTOM pasMepa
maTpuusl koppensip. Ha oro 6puo ykasaHo Jbxy w [Iupconom [JP99]. HuryntusHO
MOHATHO, uTO 3T0 OFDbACHAETCA 3(PHEKTOM XapaKTEPHCTHHYECKOTO MNOJTHHOMA, KOTOPBIHA
OMpEIENgeT XapaKTePHCTHUECKOE YHCNO GONEe BLICOKOTO MOPSAIKA, MOCKOIbKY pasMEpHOCTD
MATHIl KOPPENALMH DAacTeT H, TAKHM 00pasoM, NEMOHCTPHDYCT fonee  CHIbHBIA
HelMHEHHBI OTBET HA Hefonbume w3MeHeHMA B KosdduumenTax monuxoma. Tax Kak
PHHOUHBIH HMiljeke MM NOPTAENbHBIH aHamu3, 0GBIMII0, BOBICKAOT MHOTO MOMICKAIINX
aKTHBOB, PHCK OTPHIATEGHOTO X3PaKTEPHCTHHYECKOrO HHMC/A MATPHUB!  KOppEnauHy,
PACCUHTAHHOH Ha HCTOPHHECKHX AHHBIX, OCOOSHHO BEHK.

B oroift [nase, s ONKCHIBAIO /B3 METOAA, OCHOBAHHBIE HCKIIOMMTEILHO HA
MaTeMAaTHYECKHX TIPSANIOCHUIKAX, KOTOPIE MOTYT MCMOB30BATHCA JUTA JIYHIIEro Cpashel i
HEMEHCTBUTENBHON MATPHIG! KOPPENALMK TNpM 331aHHOM OTPaHHYCHHH FIOJIOXKHTENEHON
nonyonpenenentocty. OHH HE TONBKO OGeCTiedHBaoT BRIPa0OTKY DEUICHHA, HO Taioke
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oflecrieunBaloT Mepy TOTO, AC KAaKOM CTENEHH MBI COOTBETCYBYeM menepod Marpuue. O6a
METOIa COCPENOTOUEHS! BOKPYT HIEH DAIOKCHHA KOBapHauwoHHOW Matpuuei C B ee
nceédoxsadpamueili KOpeHy, KOTOPbIH HO/KEH O3HAaYaTh mobyio matpuily A Takylo, 4To
C=A-B" Jlna cxamapos, A Gbua Gbl NEHCTBHTENLHEIM KBAIPAaTHLIM KOpHeM u3 C, HO [jid
MATpHII, KOHLICHIWA KBAJAPATHOTO KODHA OMPEASIeHa HETOYHO, H NMOITOMY # HMCHOMB3YI0
TEPMHH NCEBOOKEAOPAMHYIL KOPEHD.

6.1 PaznoxeHue runepcdpepbl

OrmpaBHas TOYKA — H3BECTHOE CJENCTBHE M3 JMHeHHON anreOpbl riacsiiee, uTo
KaK[as n X n MaTpulia M, 3afiaHHas BEIPOKCHHEM
M=wWw’ (6.1

st mobeix WeR™ spisercs NONGKHUTENHHON MONYONpeAeneHHOH H, HaobopoT, Kakaas
TONIOKHTENBHO TIoTyonpenenennas Marpuia MeR™ moxer GbITh pavioxeHa COMMACHO
ypasuesuto (6.1).

MeTon pastooicenus 2unepcdepbi 1A TOTyweHMs JSHCTBUTCIBHON MATPHIBL
KOPPENSIIHK

¢C=BB" (6.2)

KOTOpast Jyylie BCEr0 COOTBETCTBYET 3aJIAHHON, He TIONOXHIENLHOH IONyONpe/ieNeHHON
1leneBoit Marpuite C, 3aKTI0YAETCH B PACCMOTPEHIH JMEMEHTOB CTPOK-BEKTOPOB MAaTpULIbL B B
ypasHeHuu (6.2) Kak KOOPAHHAT, HAXOSALMXCA Ha eAHHHyHOH runepedepe [RI00]. Ecim Mot
obo03HauaeM uepes by JIEMEHTH! MaTpuubl B, TO 3azaua 3aK/IIOYACTCA B NOIMYYEHHH nxn,
KOOPAWHAT by u3 nx(n-1)-yTIOBEIX KOOPAHHAT 0 COTTNAacCHO

i-1
by = cosby - Hsinﬁ,k for j=1.n—1
k=1
and (6.3)

G-1

by = Hsin 8y for j=n
k=1

JIns mpoM3BONBHOrO MHOXECTBA yrioB {0;}, marpuua ¢ chopmupoBannas M3 B no
ypaBHeHHIO (6.2) YHOBJETBOPAET BCEM 3aJAHHLIM OIrpaHHueHysM, TpeDyembiM = Ans
NOCTPOEHHMS MATPHUUB! KOppeauuu. B uacthocTd Onaronaps TPHTOHOMETPHYECKOMY
cooTHoienHto (6.3) ¥ ToMy GakTy, YTO pajMyc eIHMHMYHOH rumepcdepnt Bcerga paseH
©IMHHLE, [TIABHLIC JHATOHANBHBIE NEMCHTBI FApaHTHPOBAHO OyayT PaBHBE!I CAMHMLE, YTO
I0Ka3aHo B IM1aBe 6.5.

B ofwem cmy4ae, Matprua € He uecer Huxaxoro nonoGua uenesoit matpuue C.
OfHAKO, IOCTE MCMONB30BAHMA  BBILEYNOMAHYTOTO npeo0pa3oBaHHs M ONpe/SNeHHs
NOAXOAAILEH MEpBI OLUKOKY £ B pe3y IBTHPYIOLEH NPHOIH3HTENLHOH MATPHLIE KOPPENALKHM ¢

e=lc-¢| . ’ (6.4)

MOKHO HCTIONB30BATh TIPOLEAYPY ONTHMH3AIMK TO YryiaM 6, urobbl HaifTH Haumyqusyio
BO3MOHYIO [IOATOHKY COTacHO BhIGpatoH Mepe ownGkH. PasyMHBIM BLIGOPOM 1 MEPbI
o1MEKN MOXeT OBITh CIICAYIOLIEE:
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CyMMa KBAIPATOB HEMEHTOB MaTPHIB! pasmiums (€ — (o)
)kll-’ilcmcnls S z (‘511' - ‘A'ij)2 g (6.5)
ij

TTockonsky € ¥ € MMEXOT eMHHUHBIC SNEMEHTHI JMArOHaM, 3Ta HOpMa omHbKH paBHa
VIBOGHHOH CyMMe KBaAPATOB OLHGOK B CBOGOAHBIX KOIQHIHMEHTX KOPPEALHH.

ModseMenTHAs CyMMa KBagpaTtoB OWMGOK B COPTHPYEMbIX — MHOMECTBAX
XapaKTepHCTHYECKHX ykcen C H ¢

Nigeratuss = D (x- f\.)2 . l (6.6)

ECTeCTBEHHO, BHIIIECYTIOMSHYTHIE [IPE/UIOKEHHA — ITO TO/BKO NPHMEPBI U BOIMOKEH Jpyroit
BeIGop. Eci, B 4aCTHOCTH, PHCK-MEHE/LKEp TIOYYBCTBOBL, HTO HEKOTOPHIC HacTH LeNeBoi
MATPHIbI Koppessiiiy C JOKHEI GbiTh BOCCTAHOBIGHSI ¢ 0COGEHHO BBICOKOH TOYHOCTBIO, TO,
COOTBETCTBEHHO, GONBILME Beca MOIYT ObITh HAZHAYEHB Ha OTHOCHTEIBHBIC DNCMEHTRL (ci Y-
10T MeTom jaeT BOAHYIO (DYHIAMEHTANBHYIO Boirofy. Bo-nepmeix, KOTza
nOAIeXKAINIEE  POCTPAHCTBO, [0 KOTOPOMY BBIMONHACTCA ONTHMHIALINA, BBIDAKEHO B
TEPMUHAX YITIGBBIX BEKTOPOB, ONUCHIBAIOMIHX KOOPAMHATH! HA e/IMHIYHOH THIepedepe, TO HE
HYXHO Y/IOBNETBOPSTh HHKAKHX OTpaHndenwi. Bo-sTopeix, moaxor, NPCACTABIEHHbIH B
clieayioweit Mase He Tpebyer HUKAKMX HIepaLmit 1 00€CIICUHBAET PEIeHHe NOI00HOE TOMY,
KOTOpOE MOJly4eHO INPH HCHONb3OBAHHU METPUKH ownbky (6.5). Iloaromy OH MOXET
CTIONB30BATECA, U1 06ECTIeYeHHs OTIPABHON TOYKH U NPOLCAYPSI MOKCKA.

6.2 CnekrpansHoe pasnoxeHne

TOT METol OCHOBAH HA TOH MAEE, Y4TO CHEKTp, TO €CTh HAalOp XapaKTePHCTHYECKHUX
YHCe — 370 HanGoee CYIECTBEHHBIH KpHTepyi, KOTOpsIi GyneT CoOXpaHeH B MAaTPHILE, KOTa
MEI TIOZNPABIIAEM €€, YTOGH! BLITIOIHHTE HEKOTOPBIC OTPAHHYCHHS . 310 0COGEHHO MOTIE3HBIH
NOLXOA V1A JAHHOH NpOGTEMBI, MOCKONBKY CaMo mo cebe HapYLICHHOE OrpaHHCHHS
03HAYAET, UTO XAPAKTEPHCTHUECKOE YHCIIO ABIACTCSH OTPHLATENEHBIM.

Jina 3ajaHHON MIPABOCTOPOHHEH NONHOH cobCcTBeRHOH CHCTEMBI S pealbHOH U
CHMMETPHUHOH MaTpHIB! C H CBA3AHHOTO C HEl MHOXCCTBA XAPAKTCPHCTHHECKUX MHCE {A}
TaKoro, 410

CS=S8A roe A=diag(4) - ©.7
Onpe/eNAcT JMEMEHT! OTIHYHbIE OT HYIA JMaroHaILHOM MaTpHile! A" Kax
‘ AL A0
AN o X= - (6.8)
0 N<U .

Ecnu ueneas Matpriua C — ne NONOKHTENBHO NOYONPE/IENeHHas, T OHa HMEET, 11O KpaiiHeit
Mepe, OTHO OTPHLATENBHOE XaPAKTEPHCTHYECKOE HHCIO, OTKY/A, N0 KpaitHell Mepe, 0/1HO 3
A; Bynet Hynem. :

TaioKe, ONpEJeHM JNIEMEHTbl OTIHYHBIE OT Hysd [IHArOHANBHOMH, B3IBELIHBAIOLIEH
matpuiel T OTHOCHTENIBHO NONHOM CODCTBEHHOM CHCTEMB S uepes

! 3707 MeTon Takxe M3BECTEH KAk OCHOBHOM $aKTOpHbIA aHanM3.
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Ei
T : t= [Zsin,\;ﬂ] : 6.9

m

Teneps, npuMen'

B = SVA' (6.10)
H
B:=VTB = VTSVA . ®.11)

Jln  HOPMATM3OBAHHEIX ~ BEKTOPOB-CTPOK PAfa &, OTCCHCHHE  OIPHIATENBHbIX
XBpAKTCPHCTUMECKHX 4HCEN PESYILTHPYET CTPOKAMH-BeKTOpaMM B, KOTOpble HE HMEIOT
CAMHWYHOH JTMHEL. 3710 Kenparnsiercs B ypaptienyn (6.11) seeaetnem matpuust T, kotopas
conepkuT Tpebyembie dakTopsl HopManusauki. ITo nocTpoenuio MaTpHia

C:=BB' (6.12)

ABJIACTCA TENEPh M MOJOKHTEIILHO nonyonpe;[eneuﬂoﬁ, H HMEET CAMHHYHBIC qHArOHANLHBIE
JNEMEHTDI, TaK KAK €€ JICMEHTHI

G o= 3 (VT s (VA o (VA ) 7 8y - (VD)

ktmnp
= E Vi sa- X -sip /1
[
> susp\
I3

=S T (6.13)
\/ 2 sizmA;n . ?5}19\2

OnucaHHe IPOLEAYPE! BEILIEYIOMSHYTOTO METO/2 NIOMOKET NPOSCHHUTH TO, HTO haKTHYECKH
JIOJDKHO OBITH CAETAHO:

¢ BbIYHCIMTE XapaKTepuCTHYecKMe 4ucia A; M MpaByld CTOPOHY COGCTBEHHOrO
BeKTOpa s; MatpHus! C,
¢ VCTaHOBHTE BCE OTPHIATENBHDIE A; PABHBIMH HYJTIO,
¢  YMHOXUTb CTONOHBI-BEKTOPH! §; HA KBANPATHBIE KODHM M3 HX CBA3AHHOIO
CKOPPEKTHPOBAHHOTO XAPAKTEPHCTHYECKOrO YMcia A M OPraHH3OBATh HX KAK
cronGupt MaTpuusl B',
e Hakoueu, B pesymetupyer M3 B' uepes nopMamusmmio cmpox-eexmopos B' x
. e/IMHMMHON JJTHHE,
Crezyn 3710 NpoUERype MEI NOJYYACM NPHEMIEMYIO MATPHILY KODPEIALMH, KOTOpas
ABILCTCA HHTYHTHBHO HOROOHOM Lienenod (TeM GOINBLIE, 9EM MEHBLIE XAPaKTEPHCTHYECKHX

1 _ /

NMoxany#icta o6paTUTE BHUMAHWE, 4TO 3aNUCh D NS AMaroHanbHOM MaTpuus D ¢
HEOTPUUATENbHEMI BNEMEHTaMU — 3TO CUMBOMMHYECKOE ONMCAHWE AMArOHANLHON MATPULM,
YbU HEHYNEBHE 3NEMEHTH — 3TO MONOXMTENLHHE KODHW W3 AMATOHANBHLX 3NEMEHTOB D.
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YHCeNl OODKHO OBITh YCTAHORNEHH B HOMb). KpHTHuecKkuii MOMEHT, OIHAaKO, HE B
npaBononoGHN METPHK, HO B TOM (aKTe, YTO SMIMPHYECKH A BCErZa naOmonan, 9To
PesyNBTATEL, FOTyueHHbie uepes ypasHemms (6.7) — (6.12), Gbum Becema cxokm ©
[OIySeHHBIME  YITIOBBIM  METOZOM, 0OCYknasummcs B rnase 6.1 Hacxkonsko 6mH3ku
PE3YNETATH HA IIPAKTHKE TIOKA3aHO B DIaBe 6.4. JTO CYIECTBEHHO, IOTOMY HTO MOXHO
ACTIONB30BATL PE3Y/IBTaThl ONHCAHHOMO 3/IECH METOd WIH kaK TO4HOE npuGImkeHne K
ayqweMy (B CMBICIE ¥ Biements) PEHIEHHIO, HIM KaK OTTPaBHas TOUKA I8 ONTHMHIALMM,
oficy>xnasiueiica B rape 6.1, H, TakuM 00pa3oM, CYILECTBCHHO COKpallias BbYMC/IHTEIBHOC
BpeMs NOIXOM2, OCHOBAHHOTO HA PAsVIONEHHH THepcdepst.

6.3 YrnoBoe pa3noXeHue HUKHel TpeyronsHoi (hopMb!

®opwma, sanannan ypapheHneM (6.3) — 310 HauGonee ofiee pasnoxenne B 060
IEACTBHTENbHON MaTpHLpl KopperAm C Takoil ¥To (=BB". Opmaxo, mobas, nomy4cHHas
Taxum 06pazom, Matpuia B MoxkeT GrITs npeoBpasosana ofiieii OpTOroHaNbHOA MatpHueH O
6e3 kakoro-nubo usMeHennA H3PpQEKTHBHON MATPHILL KOPPELMH, 3a/IAHHOH TIPOH3BEACHHCM
BB". I'pynna Béex BOIMOXHBIX OpTOrOHLHEIX MatpHi O R™ npenctasmaer coGoii sce
BO3MOXKHBIE BpAILGHHS M OTpXeHHA. MTHOpHpYS MOCHCAHee M NPHHMMAs BO BHUMAHWE
TONBKO BOIMOXHBIC BPAHICHHA MaTpui, Mbl Mmeem [n X (n-1))/2 creneneii ¢cBo0O/Bl BO
BPAUICHHH MATPHIL, 337AHHBLIX TEM X¢ CAMBIM HYHCJIOM YIWIOB IOBOPOTA. YHMTHIBad ITH
crenenn cBOGOMbLL, MBL MOYKEM BPALIATE KAKIYI0 MATpHily pamnoxenus B tainm o6pasom,
4TOGH! peoGpa3soBaHKas MaTpHLA pasnoxerhs B’ = BO Gema Gonee HU3KOI TpeyronbHoH
dopmbi. Mbt MoxeM, TakiM oGpazoM, Ge3 motepu oBLHOCTH, thopMyIHpPOBaTh CIEAYIOLIYIO
yMeHbILEeHHYI0 GopMy [1s runepchepHoro pasnoxerns B i ¢

¥, = 1,
i1

By, = [[sinfi-cosby for j=1.0-1),
k=1
=1

W = Hsiné‘ik for j=i, (6.14)
k=1

and
W, = 0 for j=0GE+1)..n

BriueynoMaHyTas yMeHblleHHaA GopmMa HACHTHYHA YPABHEHHIO (6.3), ecnu Mbl BeIGHpacM
8;=0 nns Beex j2 i B marpuusoli (opme, Gosiee HU3KOE TPEYTOMBHOE PA3NOKCHHE 6.14)
TIO3TOMY BBITJIA/HT CIIESTYIOIIIM 00pasoMm:

1 0 ) 0 0
08 By sinfyy 0 0 0
B = | cosfly; sinfy cosfp sitr By sin f32 0 g .- (6.15)

cosfly, sinfly cosfyy sinbaysinfe cosbys  sinfy sinbdgsin 8y O

OfHO M3 NpPEHMYUIECTB MORHOTD oflero pasnoxenys (6.3) 3aKmo4acTCA B TOM, |TO
pE3YIbTaT CTEKTPANBHOTO PasNoKCHHA H  yCEUCHHA (6.11) MoXeT HCMONBL30BATHCA

”
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Hcnoas3osanue JHHEHHOR KOppeJsRMOHHOK MATPH I

HEMOCPE/ICTBEHHO B NPOLICAYPE CAMOHACTPOHKH, /UL BRIMHCIICHMS XOPOIUHX HAYalbHBIX
SHaYeHHil yMIOB 6; A TIOCHEAYIOWeH Npouenyphl ONTHMH3AUMM., YToGhI HauaTh
OITHMH3ALMIO B CIy4ae YMEHBIICHHOH (JOPMBI, PE3YNETAT CHEKIPANBHOMO PATIOKEHHS H
YCCHCHHA MOXCT HCHONB3OBATHCA CIICAYIOIUMM 00pasoM. Bo-TepBEIX, MBI BOCCO3MaeM
spdexrneryio MatpuLy Koppemiumk C COIACHO YPABHEHHIO (6.12) u3 crekrpansHo
yeevennoro npubmokerna (6.11). 3avem, Myt prrmcisem pasioxenue Yonecku i C (uro
Moxer 651Th caenano o4eHs adbexruano [PTVF92]). Tak kak pasnowenue Yonecku umeer
Gojtee HM3KYIO TPEYTONBLHEYIO (POPMY, OHO MOXET HCHIONILIOBATHCS HEMOCPEACTBEHHO, YTOGb!
06eCTIeYHTE XOPOILIHE HAYANLHDIE TIPE/ATIONOKCHHA LIS YMEHBIUCHHOIO yHcna [n x (n — 1)}2
YTIIOB, KOTOpBIE ONPEIELUOT Matpuily B' cormacso ypasuemmsM (6.14) u (6.15),
CoOTBETCTBEHHO. IlpenmymiectBo coxpatienms Ha 50% wmcna cBOGOIHBIX NapamerpoB B
ApoUENype ONTHMH3ALHK OUYEBHIHO: JENEHHE FIOMONAM PASMEPHOCTH OONACTH ONTHMHIALIMH
YMCHBLUIACT SHCIO JICMCHTOB B JII00OM BOBIICHEHHOM SKOGHAHE WIN MATDHHE B YETHIpe pasa,
HTO JIOJDKHO BLI3BATH (DAKTOP YCKOPEHHA C BETHYHMHOI TOTO )Ke HOPSAKa.

6.4 Mpumepbl

PHCK-MCHE/KED BOCCTAHABITHBACT OT CHCTEMbL OTYETOR (POHT-O(HCA CHEAYIOLLYIO

MAaTPHLYY KOPPEIISLHH i TPEX MUPOBBIX HHIEKCOB AKLIHI;
1 09 07
C=109 1 04
0.7 04 1

Xapaxrepucrnueckne uncna C- {2.35364, 0.616017, 0.0303474} u MarpHua
KODPPENALHMH MOXCT GBITh PasAEIeHa COTIacHO
€ =BB"
e
098742 0.08718 -0.13192
B=[088465 045536  0.10021
0.77203 -0.63329 0.53389
Puck-menemrep 3Haer VaR, paccuMTaHHEI COIACHO NPEATIONOKEHUIO 00 3TOH
KOpPEnAUMH MEA Ry TpeMs HHjiekcaMH. UTo6k! onennTs amereHHe VaR, xoTopoe cneayer n3
YMEHBIICHHA KOPPENALMH MEXKY ABYMS H3 JAHHBIX TPEX NMOMICKALMX TIEPEMEHHbIX, PHCK-
MEHE/DKED JKENAST CKOPPEKTHPOBATE MATPHILY K
1 09 07
C=109 1 03
07 03 1
K cowanenno, xapaxtepuctiteckne aucna C’ Temeph pasHbi {2.29673, 0.710625, -
0.00735244}, M HECMOTPA Ha CBOC NPaBRonofo0Hoe nosarcHue, Matpuia C’ GOMbLIe He ABIACTCH
IPHEMIICMOH  MaTpHUeH KOPPErsiuny. 10 IEMOHCTPHDYET, KAK HCIHAYMTENHHOE H3MEHEHHE
MONET TIPHBECTH K HAPYLUCHHIO TpeGOBAHNA TIOOKHTEILHOR NIOTYONPECTCHHOCTH VT MATDHL!
KOppenaLmH. Teneps cucTema [IOTEPIT HEYAaYY NMPU NOMBITKE IOCTPOHTS MATPHITY PasieicHHs

B jna ueneil cHMynsiMH MCETOZIOM Mou'lv:-KapnoI yro6h! BHIMMCTMTL VaR COMacHO HOBBIM

NPEJTIONOKEHUAM.
Hcnonssosanse Merona, onwcaunoro B rnase 6.1 ¢ Mepoit owmbku BbiOpaHHO!M

xzaem,,s COIJIACHO YPABHEHHIO (6.5), MO3BOIAET BEIYHCIUTD
0.99804 0.06265 O
B=|0.886482 050209 0
0.74020 -0.67239 0
[pH TOM, 4TO
1 0.89458 0.69662
C = BB" =| 0.89458 1 0.30254
0.69662 0.30254 1
a ofwas onmbka fgmns =0.946.10%,
Hns cpfaBHeHm, METOA, OTHCAHHEI B rage 6.2 aaer:
0.99805 0.06238 0
B=1086434 050292 0
0.73974 -0.67290 0
YTO OPUBOJIMT HAC K
1 0.89402 0.69632
C=BB"=/089402 1 030254
0.69632. 0.30100 1
MOXHO 3aMETHTB, YTO HE TOJBKO COBOKYMHAA OMHOKa xzmms=1.0x104, HO TAKKE H
OT[ICNbHBIE 3AEMEHTbI — 3aMeuyarebHO ONM3KM K 3HAYCHUAM, TONYYEHHBIM ROC/IE
onmuMuzaupd. Hecmotps Ha TOT GaKT, 4TO, BOOOIIC IOBOPS, HET HUKAKOH TapaHTHH, YTO

PE3YNETATHI 3THX ABYX METOOB OKa3biBAIOTCS TaK GIM3KO APYT K APYTY, KaK B 3TOM IPHMEpE,
s BCEr/la HAXOMI OUEHD XOPOILIES COTVIACOBAHHE MEXTY ITHMH IBYMS MOAXORAMH.

6.5 YrnoBble kKoOpAMHaTLI Ha runepcepe eaMHUYHOrO papuyca

TlycTh i-bif BEKTOP-CTpOKA MaTpuubi B cormacHo ypasnenuro (6.3) 3amaercs
BBIPAOKCHAEM

(b, biz, .., biny, bia)

= (6.16)

. -2 . n-2 .
(cos By, sinbiy cosba, ..., [[rc; st cosdypy, [il; sin i sinb;, 1)

' BonomHuM, WTO NOCTPOEHME KODPE/MPOBAHHHX —HOPMANLHBX —NEPEMEHHHX W3 BeK'Tropa
HEKOPPENMPOBaHHEX HOPMaNbHBIX NepemeHHbix Z AenaeTcs npeoBpasosaqvnem x=Bz, npu 0=BB'.

81



[image: image158.png]I'iaBa Ne6

p_— :
2 -
CyMMa kBajparos 2 b; onpenenexo Oyner eavHULIEH, €CITH PEKYPCHBHOE COOTHOILICHHE
1=

k=n

: in? 0,
k:,zﬂ Be=t5: ?::2 f)’;. (6.17)
COXPaHAETCS, TIOCKOJBKY TOrAa
k=n s g -
Z;b?k =b}- f:)l;_,z: =cos26;, - %}Zﬁ = sin?6,, ©.18)
H, TaKHM 00pasoM
k=n k=n
Lz:b?k =B+ Y = oSOy sintly =1 . 619
=1 k=2

UYroGbl HA4ATh HHIYKIHIO, MB1 YOeKIaeMcA, 410 ypastienue (6.17) ynosnersopserca jyis j=n-1,
TNOCKOABKY TOT/I2 MBI HMEEM

n-2 n-2

2 . . sin® g,
sin® By, sin? 8,y = [ [ sin? 0 cos? @y - ——mL
!_;Il is: n—1 g ik COS” By o8, (6.20)
Ocraercs nOKa3aTsh, 4TO
, cos?ly o
b = e 2 : A ©.21)

sin? 0:; =)

ana j<n-1. Uctione3ys péxypcuBHoe cooTHollienue (6.17) HENOCPeACTBEHHO, MbI OJy4aeM
2 k=n
5 costly 2 2
o= ar (Mt PO
h=j+2
cos® 6;; 24 0?0541 B
sin? 6;; LT Cos? 0:j41 Gt
2
cos” 0;; e
sin®f;cos? @y

siné,;
cos By
YTO ABIAETCA MACHTHYHBIM ONHCAHHMIO KOHCTpYKUHH (6.3) mna j<n-1. CnenosarensHo, sce
BEKTOPBI-CTPOKH B uMeroT eaunnyryio mmny. Dnementsl € = BB - ABNAoTCH NapHBIMU
CKAIAPHBIMH NPOH3BECHHAMH CTPOK-BEKTOPOB B. NockoNBKy CKAPHOES NPOM3BEACHUE IBYX
BEKTOPOB €AMHMYHOH ATMHEL, MO ONpeAeneHuio, cogepxurca B [-1, 1], ¢ YJOBJIETBOPAET
TpeGOBAaHHAM O CHWHHYHBIX SMIEMEHTAX AMArOHANH, CUMMETPHH M NPHHAUIEKHOCTH BCEX
anemeHToB K [-1, 1].

bijrr = by

€088 (6.22)

I'nasa Ne7 IlceBmociydaitHbie
yurcaa

Jlns Beex MeTonoe MonTe-Kapio, Mbl HYK/iaeMCs B T€HEPATOPS CiTy4aifHBIX uKce. 3ToT
HCTOMHMK ZIO/DKEH CHABIMTD HAC FIePEMEHHBIMM BEKTODaMH, KOTOPHIC B Tpefiene GecKOHeYHOro
KOTMYECTBA MCTIBITAHHH, VOKICTBOPSIOT 33/iaHHOH OGLEIMHEHHOH MHOTOMEPHOM yHKIMH
TUIOTHOCTH pacripesguenst. OBEIIHO, 970 JRNacTcs NPeospasoBaHeM BLIGOPKH H3 PABHOMEPHOIO
PAcTIPEAEIEHNs C PABHOH BEPOATHOCTHIO Uil BCEX YHCEN B HHTCPBATIC (0, 1). ObparuTe BHUMANHE,
10, B OTIHYHE OT GONLIIMHCTEA ONPSAE/EHHIT B PAATHTHEIX YueOHHKeX, H 0, 1 1 IBHO HCKTHOYEHBI(
M3 HHTEpBANA, 1l NPOU3BENCHHBIX B UHQPOBOH (OPME PABHOMEPHBIX HMCEI, TIOCKOIBKY JUT
GONBILHHCTBA YKeNATeNbHBIX UETERX PACAPEACTICHHH, 10 KpakHEH Mepe, O/iHa 13 IByX KOHLICBBIX
TOYEK ITOTO OIPEAKA, OTOOPDKASTCS WM B 00, W B 0o, UTO, OHEBHIHO, COBARET YACIOBYIO
npoGnemMy.

TpamuuporHo, Metoasl Morre-Kapno 3aBresT OT METONA IeHEpaLty HHeel, KOTOPBIH
TOAPAKACT CTYHAHHOCII HACKONBKO 3T0 BOSMOMMO, M Gomsume ychius 6BIAH BIONKCHBI B
TEOpETHUECKHE MCCTENOBAHAA JTOH Uemd. MHOKeCTBO TEOPETHKOB COCPEIOTOMINCE  Ha
YIYUIIEHHA CTIOCOGOB TIOCTPOSHMA ClYMaiHBIX UHCEJ, 0Ok3 Jpyrue w3o0perawm  Gonee
HCKYILIGHHBIE MCHIBITAHAS Ha CTydaiHocTs [KnuB1]). Mpyanma BeeH 3T0# TpyAHOH paboTe! B TOM,
YTO MalllMHa, koTopas paspaborana, 4ToObl CNEOBATH 33 HHCTPYKIWSIMU JIETCPMHHHPOBAHHEIM
C110coBOM, THNA, KOMITHIOTEDE, He MOoicem TPOH3BOMMTE HETO, 1T0 OEUCHIEUMETbHO ARIAeMCa
cryuaiinbws. OB 1oM KpackBo Bepaswicst JHKoH ¢on HoliMaHH B YTBEXKIEHHH, KOTOpO®
TIOMYHHIO H3BECTHOCTh KAK "IEPBOPO/IHBIH FPEX reHEPaLiHK CITy4aHHOrO YHCTIA'":

" io60ii, KTO PACCMATPABAET ApUMeTHHECKHE METOMbI CONAHHS CITYHAHHBIX

yHCesl HAXOANTCS, KOHEYHO, B COCTOAHMH rpexa’.

Jlxon thon Hoiimann, 1951 [yN51]

Bonee MaTeMaTHueCKHii CTI0cO6 BRIPA3HTE 3Ty (PyHIAMEHTANLHYIO NOTEPIO CIYHaiHOCTH
MAIIMHHO-TCHCPUPYEMBIX HHCEN COCTONT B TOM, YTO H3-3a anreOpaveckofi OpHPOL! HX
reHEpalHH, BCETZA CYILIECTBYST MHOTOMEPHOC BIOXEHOE TIPOCTPAHCTBO K™ Takoe, HT0
BLIGOPOHHBII BEKTOP V, YbH SNICMEHTHI MOCIE/OBATENHO BBIGpAHbI H3 ONHOMEPHOTO reHepaTopa
UHCEN, MOJKET OKASATHCA CHCTEMATHYECKH DACTIOTOMEHHbM B Bonee HH3KOPa3MEPHOH
COBOKYMHOCTH. OJHUM NPUMEPOM TAaKOFO BIOMEHUS. SBMAETCA MEPHOMIMHOCTD IeHEepaTopa
YHCEN U TI03TOMY COBDEMEHHEIE METOB! 06paIaoT fonbLIOE BHHMAHKE Ha 3Ty 0co0EHHOCTh H
JIOCTHIAKT OueHk JHHHBIX TepHommuHocTeH. OfHAKO, 310 HEMPEPBIBHAA TOHKA B CO3JAHNH
ewe Gonee CiaydaliHBIX YHCE/, TAK WIH HHA4C o0peuena, NOTOMY UTO JUIs mo6Oro HOBOTO
METOZ, KOTOPKIA y/IGBIETBOPAET BCEM H3BECTHBIM TECTAM, MOMHO BCETAR TOJBICKATD HOBBIi
MCIIBITATENbHDIH KpATEpUH [ CIy4aHHOCTH, KOTOPBIH AOK&XCT, 4TO Pe3yJIETaTHl MeTosia
HECITyYaHHBI:

"KaIBIi TeHepatop caydaiiHpIx wucea OyneT Tepnerh Heynady, mo Kpaiinei

Mepe, B OAHOM TIPHJIOKEHHH"".

JDonansa E. Hyr, 1969

Tlo Toif TpHUMHE MALUMHHO-TEHEpHDYEMbIE CIy4aWiHBle YHCIA HASBIBAIOTCH
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ncesdocnyuatinbimy wucnamu [Sob94]. Oru TIPOCTO HE MOTYT GBITH CyyaHHbIMIL.

Hezasno, 6rmo chenano Heckonbko HOIMBITOK  MPEOONETE CaMyl0 TOCHEAHION
HACTHLYY HECAY4alHOCTH, OCTABIYIOCH B COBDCMCHHEIX T€HEpaTOpaX IICEBACCTYHaHHBIX
HAcen. YerpoiicTsa 6bUIM OCTPOGHBL TaK, YTOOB! CBA3ATH BHIXOMHON CHIHAT npouecca
PAJHOAKTHBHOIO pacriafia WIM HHTEHCHBHOCTL CBCTA, TAK HAs3BIBAEMOH "TaBOBON naMmer"
H€pE3 AINOPHTMBI WAQPOBAHKA C LHPPOBEIM ckpemGnepom. Jlo HEKOTOpO#l creneHH, tH
TIONXONB! JOJDKHB! GBITH BOCIPHHATH! ¢ HEKOTOPOH "Noxkoit nerts", TIOCKONEBKY BBHINOJBI,
KOTOpBIE MOFyT GBITb NIOJTYYEHBI OT AOTONHHTENEHOTO YPOBHA PaHAOMH3AIHH (CIy4aiiHoCTH)
MOIYT GbITh HEMPONOPIUOHANEHEI 3aTpayeHHBIM yCHIHAM. D70, GesycniosHo, CTIpaBE/THBO
And NIpHMEHEHNi MeToz0B Monte-Kapio B buHancax, Ho MoxeT nMers CMBICI, KOIa 1em10
JOXOZUT 10 GE30MACHOCTH KPHTHYECKHX NPHIOXKEHU# ClyJYaiiHbIX uncen B LIH(pPOBaHHH.

Ota riasa e sRmsercs HCICPIBIBAIOIMHM 0630pOM JOCTYNHBIX METONIOR TeHepauuu
TICeBA0CTyaiHbIX yHeen. Ecrs muoro TIPCBOCXONHBIX OTACTBHBIX KHHI [10 3TOMy npeaMery
[Knu81, PTVF92, Tez95, Nie92] u 1 orcbaro unratens K HHUM 33 IETAAMH WHIMBHAYABHbIX

3a/1aBancs  BONPOCOM O  PasIHYHM MENAY XaocoM M CydaHHOCTBIO, HO HHMKOTZA HE
ocmenuBancs o6 3toM cnpockts. B rape 7.2 JaH MaTeHbKHIA ucTOpuYeckuii momxon
HadajiaM MalHHHO-TEHEPHPYEMBIX TICEBAOCTYYANHBIX yHceN. 3ateM, B riape 7.3, 2 xparko
BBLIENSAI0 HaHbOJIEE OCHOBHOIT TIPHRLIIT FeHEPALIMH NICEBAOCHYHaliHOrO Yncna. locne Y010,
OIHCRIBAXO, BEPOATHO, HAHOONEE YacTo HCTIONE3YCMBIE FeHEPATOPHI YHCET, a HMEHHO, Ran( 1
Ran3, xax oru 06031avens B [PTVF92).

7.1 Xaoc

O6uit npHHIMn resepanyy TICCBAOCITYaHHbIX YHCEN 3aKMOYAeTes B CHEAYIOnIEM.
Jns ZIAHHOFO  TeKyUIET0 - 3HA4eHHY O HOH Gomee  (06b1uno, BHYTPEHHE
33pe3ePBHPOBAHHEIX) TiEpPeMEHHBIX COCTOSIHUA, NPHMEHACTCA MAaTeMaTHUYECKHI] HTEPATHRHBI
QITOPHTM, YTODLI MOAYYHTH HOBbI Habop 3Hauenmit i TIEPEMEHHBIX cocTosHus. [Janee
HCTIONE3YIOT ONpeNeneHnyio HopMysy, uTo6es TIOMTYYHT HOBYIO, PABHOMEPHYIO B HHTEpBANC
(0, 1), nepemennyro uz TEKYIUHX 3HAYCHUIT BCEX NEPEMEHHRIX COCTORHMS. DToT BHJ] fpoLiecca
B MATCMATHKE TAIOKE H3BECTEH, KaK OUHAMUNECKAS CLCmeMa ¢ QucKpemubIM epemenent.

025 05 o5 -

Puc. 15, JTorucrnueckoe YpaBHeHHe npu =4,

OCTO! i AMH 7 - e
TIp: i pUMEP OTHOMEPHOH JUCKPETHOM JHHAMHYECKOH CHCTCMLII Jzoziléczgut;% 1
ypaenenyue. OHO TMEPBOHAYAILHO HCNOAK30BaIOCH 11 Bepxancrom (Vcl‘hl:} st) B \ [l,way%]
: i ouiel  cpes .
ONMyNAUAA B OTPAHHYEHHOH OKpYXa

MOJIENIHPOBATH  PA3BUTHE T : ;
I/Ianecmp: YTO BCIGACTBHE CBOEH HemHeliHOCmY OHO CO3JAeT XA0THYECKYIO mmamnxy:m
ueKormpr’x HabopoB mnapameTpoB. JIOTHCTHYECKOE YpaBHEHHE BBISBIBAET JHCKPETHYIO
IHHAMUKY TIO cliegytoueMy anropatMy. Jiis aausoro uncno x,& (0, 1), Mel nmeem

7.1

Tngr = pu(l — x) 7.1

a3aH s i cTeMa

s Hekotoporo U € (0,4], uro nokazaso Ha Puc. 15. moBoi BENHUMHBI [L ¥ X, cx:cm
(7.1) GyzeT CXO[IMTECA K TaK HA3BIBAEMOMY APUBIEKAMEI6HOMY UHBAPUAHIMHOMY Mﬁoo(f:cucrez);
I}m' O3HAYaeT, NEPECKAKHUBAA HEKOTOPOE HAYAIBHOE TEPEXOAHOC NOBCACHHE, '-rro3 orewa
(7.]) 6ymer TNPOM3BOAMTb TONBKO WTEPALMH, KOTOphie OepyT ?Ha:::::) nKycquO
; KOl -
2 HHBAPHAHTHOS MHOXECTBO
MHBADHAHTHOrO MHOXecTBa.  [Tok N
HEAPEPSIBHO, MBI MOXKEM OTHOCHTEIBHO JIErKo 0TOOpasHTh ero Ha HHTepBaJI( ( ,n ) ‘,n i
0Bpa3oM, NOIYMHTH KeNaTelbHylo, pasiomephyio Ha (0, 1), mepeMeHHyI0 :;)r ocpeTpeﬁoBa}me
1 CTAaHOBM/NIH, 1O KaKoi CTCHEHH OHH BBLITIQJIHSE
JTOr0 MBI €IIE HE YCTAHOBHMIHM, I s o
TIOCNEOBATEABHON HEKOPPENUPOBAHHOCTH U T.1.). TIepBolil BOPOC, KOTOPLIH B g
KAKOE 3HAYEHHE f& MBI JOJDKHBI HCHONL30BaTh. JIA 3710 LEnM, s HAPHCOBAI H 3

MHBAPHAHTHOE MHOXECTRO 3Ha4eHHi 11 oT 0 1o 4.

1 T T T

sk '/

Attractive invariant set
o
W
T

025

Puc. 16. Ilpupnexate/inHoe HHBAPHAHTHOE MHOYKECTBO VIS IOTHCTHHECKOTO ypasf)e}llll:(n .00 )
snaqennii ot 0 xo 4. OGpaTuTe BHUMAHKE, 4TO afciHeca MACKITAGHPOBANA [V |1 4.25-1

er 4
Kak Mb1 MOKEM BH/IETh Ha PHCYHKe, Hanboee MHOrooOeIAOLIMM 3HAUCHHEM [UIA [ :Zﬁ B,
nockonsky toraa Becs HHTepsan (0, 1) kakeTcs = TOMOIEHHO  3ariOHEHHBIM.
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JLeHCTBUTENILHOCTH, MOXKHO [OKa3aTh, YTO 3HAYEHHE U = 4 cO3zaeT CIMPARHBILTL aMmpaKmop
LIt JHHaMusecko cuctembl (7.1) u 3anonnsier parHoMepHEtit urrepsan (0, 1) ¢ neberoBckoit
Mmepol, pasHoit 1 [GH83]. TIlompasymeBaeT M 370, 4TO MBI MOMEM HMCIIONB3OBATH
JIOTMCTHYECKOE YPABHEHME, KaK IEHEpaTop MCEeBAOCTYyYainex umcen? K coxanenHio, Her.
Ects e cyniecTBeHHEIX NPOGIEMBI H A Teneph KPaTKO OCTAHOBIIIOCH HA HHX 10 OTAENBHOCTH.

Bo-nepssix, B3rankTe Ha Puc. 17. Bol BiNTE HTEPaLyH NOTHCTHIECKOTO YPABHEHHS
npu i = 4. Tlo 0blieMy MHEHHIO, OHM BHITL/AT ACHCTBHTENBLHO JOBOMBHO CHYHARHBIMH H
HMEHHO 3T0 NOAOGHE MEXKIY Xa0COM H CIyYaHHOCTHIO BBI3BIBAET O0ILce 3a0myxaeHue, uto
XaOTHYECKHE CHCTEMbl BeyT cebs cnyuaiino. Teneps, mocMoTpuM noGmwke Ha ypoBeHb
opauHars! 0.75. OueBHIHO, YTO CYMIECTRYET HEKOTOpas CTpyKTypa. IIPOHCXOZMT Tax, uro pH
moboit MTepauyu, KoTopas clyuaercs oweHb Gmazko x 0.75, cremyroume TIOBTOPSAIOTCS
no6m30cTH. Ml BrAUM U3 ypaskenus (7.1), 4ro x* = % ~or0 dakTauecky dukcHpoBanHas
TOYKA JIOTHCTMYECKOrO ypaHenus s i = 4. OmHaxo, 3Ta (PUKCHpOBAHHAR TOYKA
HecTabMnbHA B auHammuke (7.1). D10 osmauaer, 9r0 mobas Touka B TIPOH3BONIBHO MAIOH
OmH30CTH OT X* MOCTENEHHO OTTAIKHBACICA OT (HKCHPOBAHHOH TOYKH, TIOKA, B KOHCYHOM
CUETE HE HAYMHACT KPYTHTHCA HA BCEM NPOTMKEHWH CAMHHYHOTO HHTEpBana cHoa. Kak
C/E/ICTBHE, TCHEPATOP “HCEN, OCHOBAHHEIH Ha JIOTHCTHYECKOM YPaBHEHHH, HHKOra Gbl He
BbIan 3Hadenne (.75, HO BMECTO 3TOro; BCSKHiL pa3, KOrma BEAHuMHA Obiia Gbl 61M3Ka K
3TOMY 3HA4CHHIO, TIOSABNSIIOCH ObI' MHOMKECTBO [IEPEMEHHBIX CO OUEHD GITMBKHMH 3HAYCHUAMH,
TIOKA3BIBAIOINHUE BPEMEHHYIO N0 nepuoduunocme. K ToMy e, ecTh akTHUeCKH HecueTHOe
GeCKOHEUHOE MHOMECTBO APYTHX 3HAYEHHH, KOTOPHIE TAIOKE HCKITIOUAKTCA ypaBHeHHeM. Bo-
TIEPBBIX, 'CYWIECTRYIOT. ‘BCe - fipemiecTseHnuku 0.75, 10 ecTs BCe 3HAYENHs, KOTOpHIE
daxtHuecku . mpumuy 6b1 TipaMo Ha 0.75 cornmacHo nrepatusHoMy npauny (7.1).
Bosspauiasic ot x* = % Ha OIHY HTEpALHIO MBI UMeeM (%, %). Eme omna MTEpaLHs Ha3an
naer Ham (V2 -¥3 , 34,% +¥3}. B kaxcioi urepaumm nazan, KOTOPYIO MBI ICIACM H3 X*, MBI

4 4

MMEEM JBYX HOBBIX TNPE/ICCTBEHHHKOB HECTaCHIBHOW (HKCHPOBaHHOH Touky. [TosTomy,
CYHIECTBYET Ny ;2' - TOYCK;  MCKIIOMEHHBIX M3  TPHBIEKATENBHOTO HHB2PHAHTHOTO
MHOKECTBA JIOTHCTHYECKOTO YPaBHEHHALTA | = 4. Bce, 4To HaM 0CTaeTCA MOCTIE HCKTIONEHUs
BCEX JTHX . TOYEK H3 EIMHMYHOrO HHTEPBAA  H3BECTHO NOX HA3BAHHEM KaHMOPOSQ
MHOOKCecmea. HeBO3MOKHO - 0TOOpasHTE KAHTOPOBO MHOXECTBO 0BpaTHO Ha HENPEPHIBHbIH
HHTepBaN Mo0OH pasymHOi (yHKUMel, XOTOpas MOMNIa HCOMB30BATHCH B KOMIBIOTEpE.
Kpome 51010, NpelIeCTBEHHHKH X* — HE eNUHCTBEHHBIC TOYKH, KOTOPbIX H30eraer
JIOTHCTHYECKOE YpasHeHHe. CYIIECTBYIOT TakKe H TOUKH, KOTOPHIE NPEACTARIAIOT KOPOTKO-
TePHOAHEIC OPOUTE! (TO €CTh (PHKCHPOBAHHBIC TOYKH MTEPATHBHON KAPTHI), H OHH TAKKE
obnanaior OONACTAMH BPEMEHHOH IOMTH NEPHONHUHOCTH B CBOEt GAMIOCTH. Bosemen,

HaTpUMep, 3HaueHNne x :%(5 -5 y- Ero urepauneii Gyner X, =l(5 ++/5), KoTOpas sarem
8
BEAET K x, =%(5 = J§)= x,- Y, TaxnM oBpasom, Mel HMeeM 2-nepuonkyto opbuty. ta 2-

nepyogHad opbura — HecrabWibHA M [O3TOMY MBI TOAYYHMM JPYFOE  MHOMKECTBO
OTTAIKMBAIOIIMX TOYEK, BICKEHHOE B XAOTHYECKOE IPHBICKATCNBHOE WHBAPHAHTHOS
MHOXECTBO U1t {=4. AHAIOTHYHO, CYLLECTBYIOT TOUKH, (OPMHPYIOLLHE KOPOTKOMEPHOMHBIE
OpOUTH C APYTHMH [UTHHAMM LMKJIOB, HO BCE OHHM HECTAGWILHBI NpH L=4. D10 omMH u3
HanboIee ONPE/IENAINIMX HIOAHCOB XAOTHUECKOTO [BHACHHA: TAK HA3HIBAEMBIC CIMPIHHbIE
Ammpaxmopel, BIOKEHHBIC B NPHBIEKATENLHOE MHBAPHAHTHOE MHOXCCTBO XAOTHYECKOH
86

IOYHAMMKM M BCETAA  CYILCCTBYIOLICE GECKOHEHHOE  KOJIMYECTBO  HecTaGHnbHBIX
[EPHOANUECKUX OPOHT.

iterate value

Y] 25000 50000 75000 100000
iteration

Pac. 17. HrepaiyH JOTHCTHYECKOTO YPABHEHMSH NPH L= 4.

Bropas npo0iieMa HenHMHeHHOH MHAMHYECKOH CHCTEMBI THIA JIOFHCTHHECKOIO
YPaBHEHHS — B HEONHOPOAHOCTH uHeapuanmuol mepol. Iins reHeparopa cnygaﬁnux yucen,
HHBApHAHTHad Mepa Y[Xx) — 3TO NMPOCTO IUIOTHOCTE BEPOATHOCTH TOTO, YTO crenyloiuee
uCnbITaHHe OyNeT HaXoAHTCE B MHTEpBANe [x, x+dx], H AAd JHCKPETHO HTEPHPOBAHHOH
CHCTEMBI OHA ABIIAETCA JOJIFOCPOYHBIM CPENHHM YHCIOM TOYEK, MOMAJANOIUUX B TOT
HHTePBaJ1. BHUMATENBHBI YHTATENb, BO3MOXHO, 3aMETHI, YTO TOYkH Ha Puc. 17 HamHoro
Bonee NIOTHBI HABEPXY H B OCHOBAHHH JIHATPaMMbl. TO NPH3HAK TOro (akTa, uto as =4
HHBApHAHTHAA MEpa JIOTHCTHYCCKOTO YPABHEHHA 3313CTCH BLIPOKEHHEM

1 5

Ypy(z) = 7[\/—————)

[VN51, GH83], kotopoe aBnsercs cHHryaspaeM mpH x =0 u x =1. Tem He Menee, ecimu Mbl
caenaeM npeoOpasoBaHHE OT X K HOBOI MepeMEHHOIH (r, yCTAHOBHB

(7.2)

x = sin’ (;0) = a= garcsiu T, - (1.3)

MBI MOKEM BLIMHCIIATH FUIOTHOCTD 7 Of) HOBO#H nepemenHoil o Ha (0, 1) cornacho
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Yx)dr = p(o)da (74)
we) = (o)
_ n'sin(gn)cos(%a)
e Tv/e(l —x)
n{a) = 1. (1.5)

Hpyrvmu ciiosamu, npeoGpasoBaHHast TIEpEMEHHAs Of PABHOMEPHO pacnpezieniena Ha (0,1)
H, TAKHM 00Pa3s0M, MbI MOTIB Gb! HCTIONE30BATS MEXAHIIM KAK I'EHEPATOP /1A PABHOMEPHBIX Ha (0,
1) neennocmyualisbix HMcen. ANBTCPHATHBHO, MBI MO HCTIOJE30BATH HETPEOGPaiOBAHHBIE
TIEPEMEHHBIC X M KOPPEKTHPOBATE IUIOTHOCTL BEPOATHOCTH, CBABAHHYIO ¢ KDK/BIM HCITBITAHUEM
Kak OObSCHCHO B IMase 9. 2 Taxum obpasoM, Mei msbokam Gbl OLEHIM  0BpaTHOM
TPHIOHOMETPHHECKOH :byummu Onuaxo, IPOGIEMy BIOKEHHBIX HECTACHIEHBIX TIEPUONUECKHX
OpOHT H BCeX HX MPEIECTREHHMKOB, TO €CTb BCEX TOYeK, KOTOphIe MOTH Gbl Ha HHUX moﬁpasmcsl,
HEJIB3% YAANMMTE HHKAKHM CTIOCO0O0M, KOTOPBIH MEI MOXEM OCYLIECTRISTE HA xowmsmepe B
Havae MOZEMpOBaHHit MeTonioM MorTe-Kapio Ha aMeKTPOHHO-BEMHCIIHTENLHBIX MALLIHHAX, YTH
OCTPOBA PErYAAPHOCTH B [OTOKE CEHEPHPOBAHHBIX MHCEIT He CHHTANHCH ITIABHOM NpOO/IeMOH, Tak
KaK MOXKHO ITOKa3aTh, IT0 OHH HMEIOT JIEGETOBCKYHO MEPY, PABHYIO HYJIO H T4 CaMas HTepaTHBHAs

dopmyna (7.1) s g=4 ucronssosanace [UVNAT, vN51] kak amstepraTiBa METORY CpeoHHX
KBA/IPATOB, OMMCHIBAEMOMY B riase 7.2. OZHaKO, HauMHas ¢ cepemuHsl 1940-bix, Gout caenan
Gombwodl  mporpecc B O0ACTH HONMHCHHON JMHAMMKM W SBJICHHE BPEMCHHOTO IOYTH
TIEPHOMHCCKOTO TIOBEACHNA SI3H HOCTACIITEHEIX NIEPHOIMUECKHX OPOHT (Taloke H3BECTHOE, KAk
NPEPbIUCINOCITG) CTANO . TOHHMATLCH - HAMHOTO Jryime. JUia (HHAHCOBOTO MOJENMPOBAHNSA, Mbl
ONPENICNICHHO HE XOTHM HCTIONB30BATH TIOCJIENIORATENBHOCTS, KOTODAdA MOKASHIBAET TaKYIO
OYECBHIHYIO HEHAMEPEHHYIO PEry MpHOCTB, KOTOpas iokasaHa Ha Puc, 17.

7.2 Metoq cpeaHux kBaapaToB

Campiil niepBbIi aNMTOPUTM AN KOMITBIOTEPHOH FeHEPAUMH TICEBIOCTYYaiHBIX YHCEN
Gu1 mipenioxer HxonoM don HolimanHoM, 1 M3BeCTeH, Kak memod cpednux Keadpamos
[HamS51]. Ipouenypa cnegyiomas. bepe paroMeptoe B (0, 1) uMcno x B npeacTaBneHny ¢
qeTbipsMs uudpamu. CrieyIowas nepeMenHas X, PACCHTHIBACTCA H3 X, KAK KBAIPAT X, ¥
KOTOPOrO H3BJCKAKOTCA CpedHHE derhipe iupsl JIpyrumu crosamu, H3 xp = 0.9876 Mst
TIONTy4aemM

x =097535376

x;=0.5353
x” =0.28654609
=0.6546

; XOTA 3TO MOXET NPUBOAMTL K HENPUSTHOCTAM, CM. rnasy 14.6.

MaTeuaT@wecm. ATO  MOXHO CAENaTb, ONpedenve  QyHKuMIe, XOTOpas ABARETCH
NPepsiBuCTOR  BCORY, HO Takas QyHKUMA He MOxeT ObTb Nerko OCywecTeneHa Ha
KOMMbOTEPE .

IceBnocayyainpie YHCAA

Y tak nanee. K coxanenuio, 31a MpOLEAYPa, O4eHb BEPOSTHO, 3AKOHIHTCS B KOPOTKOH
TIEpHOAMYECKOH Op6HTe ik B 0, B 338BUCHMOCTH OT HAYATIEHON BEMYHHBI Xp, ITO GUIO cpasy
nokazaso B [For51]. ®akruuecks, IS BRILIEYIOMAHYTOH CTaDTOBOH BENMYHHBI OHa
nornoinaercs Hynem nocne 50 wurepaumit. Jlake Korza MCHONB3YCICA Takad CTapToBas
BENMYMHA, KOTOpas GBICTPO HE BXOIHT B KOPOTKO-TIEPHOLHYIO OPOHTY H HE NEPEX0auT ObicTpo
B 0, 3TOT MeTOA MMEET TeH/IEHUMIO POMIBOIKTD HENPOINOPLHOHATEHYIO OONbLIYIO YacToTy
MaleHbkux uucen [Sob94].

7.3 KoHrpysHTHas reHepaums

HauGonee 4acTo HCHONML3yeMbIC METORSI TCHEPALMH IICEBNO-CIYYafHBIX 4HCeN
ABAIOTCA, TI0 CYLIECTBY, KYCOUHO-TMHEHHBIMH, TouHee, KycouHo-addmunpivi. OcHoBHAs
HIes COCTOMT B CO3IAHHH LeNIbIX 3HAYEHMIT m, Ha 3ananHoM uHTepBaie [0, M-1] n nomyueHnd
paBHoMepHbiX Ha (0,1) mepeMEeHHBIX w, ITYTEM H3IMEHEHHS mkanst'. Clienyiowee Uesoe
3HAYCHHE PACCUHTHIBACTCA C IOMOLIBIO )

¥ Myt = (670, +¢) mod M. (7.6)

OBpaTHTe BHMMaHHE, UTO ypaBHeHHE (7.6) ABISETCH KycOuHO-ahPHHHBIM C O/MHAKOBBIM
MHOMKHTeNEeM [T BeeX dactedl. Takum 00pazoM, oHO coxpaHseT o0beM JIlGOro 3aBaHHOrO
noguaTeppana [0, M-1], KOTOpBIH [O3TOMY Ha3bIBACTCS KOHZPYOHMMbIM 2eHepamopom. B
OTJIHYHE OT HETHHEHHBIX METOOB, KOTOPHIC ObLIH NIPENCTAB/IEHS! BBILIE, IS KOHTPYIHTHBIX
TEHEPATOPOB HET HUKAKOFO MOITIOUIEHHA B (PMKCHPOBAHHOM TOUKE HIIH KOPOTKO-NIEPHOHOM
opbuTe. B NeACTBHTENBHOCTH, TAK KaK BCE BBIYHCIICHHA MPOBOJSTCS HCTIONB3YS apubMeTHKy
LIS/IBIX YHCEN H MOCKONEKY @ U M JOIDKHEL BBIT BHIOPaHB! B3aMMHO NPOCTHIMH, cricTema (7.6)
HE MOXET CO3/aBaTh (UKCHPOBAHHKIE ToukH BooGme. TIocTosHHAA 4, 0OBIMHO, BEIGHpacTCH,
yT0Ob! BLITL JOCTATOYHO 6OMIBIION, YTo6H MOOHE 1Be OI3KHE HAGATBHBIC BEIHYHHbL, OUCHb
GRICTPO M HEOJHOKPATHO 0GEPHYIUCH BOKPYT CAHHMYHONO MHTEpBaNa M, Takum 00pasom,
KA3THCh ICKOPPEITHPOBAHHEIME. DTO B CBOIO OYEpeib O3HAYAET, YTO UTENATHBHOE YPaBHEHHE
(7.6) COCTOMT 3 MHOKECTBA FIOYTH BEPTHKANLHEBIX JIMHKH. Jlji9 BCeX NPUMEPOB MHOXKUTEN &,
OBCYXIAEMbIX HIKE, HTEDATHBHOE ypaBHeHMe, (aKTHUECKH, Kasanoch Obl  MOJIHOCTBIO
3JaMONHEHHLIM CIMHHYHBIM KBAZDATOM, ECIM [MATDAMMA He OHEHb CHIBLHO YRETHUeHA.
TTostoMy 5 eé He nokassiBaio. Kerar, npeobpasosanne (7.3) M3 JTOTMCTHHYECKOTO YPaBHEHHS

(7.1) o4y = 4 pe3ynsTHPYET B HIEPATHBHON CXeMe

2 for a, <2
- § N (.7
2 — 2w, for ;< <1

KOTOpask HMEET Te JKe CaMBIE CTPYKTYPHBIE 0CODEHHOCTH, YTO U

1 = (20,) mod 1. (7.8)

Manenbkuil MHOXKHTEs 2 B 3T0H (OpME JeNaeT HeMHOTO GONEe ACHBIM, YTO JIOTHCTHYECKOE

' 0BudHbA METOR MR nepeMacwtabuposaHua COCTOMT 8 TOM, 4TOOW YCTaHosMTs u,=m,/M.
MocKoNLKY M, MOXET, OfHAKO, MMETb 3HaueHwe 0, KOTOPOTO M ODHH4HO XOTUM K30exaTsb,

7 PEKOMEHdy® pemacuTabupoBaTh cornacHo u=(m,+1/(M+1)



[image: image162.png]TnaBa Ne7

GesonacHbM ByJieT NOAEXAINMIl TEHEPATOp uMCeN U nenel obliero ucnons3oBaHms. S He
X04y YrayGIaTsCs B NIOAPOCHOCTH BHYTPEHHEH MEXAHHKH JTON0 CrEIi(HHECKOro reHeparopa;
JIOCTATOMHO CKa3aTh, YTO OH MBITACTCS HCTO/IB30BATh BCE TO MHOTOE M3 CYIIECTBYIOILCH TeOpHH
YMCENI, HACKOMBKO 3TO BO3MOXKHO, 4TOOBI COIATH HAAEKHHIA reHeparop umced. MoxHo
NPOLHTHPOBATE CAMHAX ABTOPOB:

"Kpymwiniupk MapceHHa HCTIOB3yeT MHOXECTBO CYMISCTBYIOWMX Hich. B uactHoCTH
Mb! Grarozapas cieayronmM mogaM. N. Yoneda, P. L'Ecuyer, R. Couture, H. Niederreiter, P.
Hellekalek, M. Fushimi, S. Tezuka, Y. Kurita, D. Knuth, H. Leeb, S. Wegenkittl; T. Cooper, M.
Rieffel, H. Enomoto, ¥ MHOIMM, MHOTHM JDYTHM JIOAAM, KOTOPHIC IANH HAM LEHHBIC
KOMMEHTAPHH, BKIIF04as nons3osatesieit TT800, npeasumymiero KpyTHIBHOIO TeHepaTopa”

Bo BCCX MOHX HCTBLITAHHAX W ONBITAX JTOT TEHEPATOpP MOCISAOBATENBHOCTH BEN ceh
ouens, xopowo. ITockolbKy ero mporpammbii kof cBoGoHo noctynen [MN97] n oror
rexeparop He Gonee MeICHHBIH, YeM HOCOH PYTOi reHepaTop NCeBAOCyaRHbIX wmcen', T0
PEKOMeHJIyeTCs BITHOIHTL ero B Baily OuGmmorexy obmiero nasmadenus. Ero, GesycnosHo,
CTOHMT HMeTh, JKE TOBKO KaK pe3epBHEIN, €Cli Bh KOTIa-mifo nokenaeTe NpoBECTH Kpocc-
TeCT ¢ JPYTHM TEHEpATOpOM, 4BSl KOZiOBas OCHOBA He ObUla B3ATA M3 IUIOZOTBOPHOH
pexomenyaimn "Iucnennpie petentsl Ha C" B [PTVFO2].

7.6 Yo Ucnonb30BaTh?

Boe w3 HMX, WM 10, KpaiineHl Mmepe;, Gomblte, ueM oguH M3 HEX. [lewanbHo, 410
MHOXKECTBO TFOJIEH, KOTOpbIC HCROAB3YIOT METoAb MoHTE-Kaprio, HeCOueHUBAOT BAXHOCTD
HOANEKANIETO - TEHEPATOpa TICEBHO-CITYHAAHBIX HHCEN, WM CIMUIKOM JOBEPAIOT TOMY, KTO
TIOCTPOMY [EHEPATOP MCEST, KOTOPbI OHH HCTONB3YIOT B BujE "yepHoro suwka'. Hensss
CKa33Th; YTO TCHEPATOP TIOCHE/OBATENBHOCTH ~ 3T0 Haubonee TpyAHAs 4acTb NPETBOPEHHS B
#u3Hb mporesypst Monre-Kapno, 310, 0HAKO, OJHO M3 3BEHECB B LIENH MCTONOB, KOTOPBIC
BMECTE COCTABASMIOT MOZE/mMpoBaHie Mounre-Kapro, H Npipozia LEeneH COCTOHT B TOM, YTO OHH
SBASIOTCA HACTONBKO MPOYMBIMU M OHIISHBIMH, HACKOILKO NMPOTHO MX camoe criaboe 3seHO. B
OT/IHYHE OT HEKOTOpPHIX JOOaBOMHBIX YAcTeH LeMH, THNA NEPEMEHHBIX YINpPAB/ICHHA U T.I,
KOTOpbIE, KaK NPEINIONaracTCs, TOMBKO. A00aB/BIOT CHTy: B clabble 3BEHBS, HO HE HAPYHIAIOT
(yHIAMEHTANBHEIE [ADAMETPH  BHIMHCHCHHSA, HAJEKHOCT TIEHEPATOPa SHMCEN. SBJIACTCH
kpuTHaeckum GakTopoM. ST HaIeIoCh, UTO K KOHIY ITOH [NIABBI YHTATE/b ZOCTATOYHO H3Y4i
OCHOBHBIE [PHUHLMIGI, KOTOpHIE . TOKA3GLIBAIOT, YTO, (AKTHYECKH, 6Ce 2eHepamopbl
ncesdocayuaiinelx wucen noonopiensl. HackoNbKko OHM NOIXONAT I Kaxoro-muGo joboro
TIPHMEHEHHS 33BHCHT OT CaMOii IPOGIIEMBI, KOTOPOH 3aHHMAETCS HCCAGHOBATENb H, (AKTHHECKH,
HEBOIMOKHO TpeABUJET, TAE TeHepatop umcen Moxer ciomateca. Ilosromy, s coseryio
moboMy ' MONL30BATENIO, MOpPHMCHAIOMEMY MeTompl Monte-Kapno umets MaNeHbKyio
GUONHOTEKY FEeHEPATOPOB YHCE H BMECTO MEPE3aNnycka BHIYHCICHHH C HOBLIMU HAYIBHBIMHU
napaMeTpaMyl JUid TEHEpaTopa, 3aMeHAl0 CaM NPHHIMI TeHEpAlMH CIyYalHBIX YHMCei M
3ACTARIAIO MOZETH HCTIONE30BATH APYFOH reHepaTtop yucel. Tak fenarh pasyMHES BCEro.

1 .
OH, B [EHCTBUTENLHOCTM, Jaxe OucTpee, ueMm GONbUWMHCTBO BPYTWX  HAZEXHbIX

reHepaTopoB NCEBAOCNYHAWHHX HUCEN.
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T'iraBa Ne® Yucaa ¢ HU3KUM
pacxoxKaeHnemM

B cBete (yHAGMEHTATIBHEIX TPYAHOCTER, YNOMAHYTsIX B [11aBe 7 M BOSHHKALOLWX NP
TeHepallii MCTHHHO CIIyHaiHEIX YHMCEN, MBI MOXEM CTIPOCHTH cefsl, a 3ayeM HaM HykHa
cyyaitHocTs? OTBeTOM ABIACTCA TIOTPEOHOCTE NPEACTARIATE MHOrOMEPHBIE 00BEANHEHHBIE
pacnipenieNienusi. B kadectse HeGONBWIOTO NPHMEpa, JasaiiTe PacCMOTPHM MNOCTENICHHOE
TOCTPOEHHE Iy TH CTAHAAPTHOIO GPOYHOBCKOrO JABIDKEHUS

W (t) = W) + VBl 2 8.1

rae z ~ N(0,1) Ha unreppane spemenn [0, t) amn i = 0..n-1. OueBuaHo, urto noban
MOCTeNOBaTeNbHAS  KOPPENALHA MEKIY BHIODAHHBIMM HOPMAaABHBIMH [EPEMEHHBIMH  Z;
BBI30BET YKIIOH HITH HEKENATEIBHYIO PErYIAPHOCTL B IIOCTPOCHHOM MyTH, Ecny mMuoro myTed,
TOCTPOCHHBIX TaKHM 0OpasoM, HMCMONbIYIOTCA, KaK OCHOBAHHE [UIi OLEHKH, HampuMep,
JABMCHMOH OT TIyTH (PMHEHCOBOH NpOM3BOJHOM, mobas nOC/HEAOBATENLHAA KOPPEIALHA,
BEpOATHO, BBIIOBET HENpaBHIBHOE Lenoobpasopanme. MBI MONKEM, ONHAKO, PACCMATPHBATH
9Ty npobleMy C pasHbIX TOUEK 3PEHHA. B JCHCTBHTEIBHOCTH, 31ECh Mbl  MDOM3BOIHM
BLIGOPKY 3HAUEHMI, ABAAOIMXCA (GYHKIMENH BEKTOPHOTO apryMEHTa Z, YbH MEMEHTHI B3ATbI
U3 N-MEpHOTO CTAHIAPTHOO HOPMANBHOIO pacripencrienus. B Takol  (opMyTipoBke, HET
aBCOMIOTHO HUKAKHX MPHIHH, TOYEMy TIOCTETYIOUME BBIGOPKH  n-MEPHOH BEKTOPHOH
NEpPEMEHHOH z JO/DKHBI OBITh TIOCNENOBATENHLHO HEKOPPENHPOBAHHBIMH. [Motpebrocts B
COREPLICHHOM [EKOPPEALMM H, TakuM 06pasoM, B CITy4alfHOCTH — 3TO NPOCTO apredaxr
TPajHIMM CTPOKTL MHOTOMCDHBIE BEKTOPHBIC MEPEMEHHLIC M3 OJHOTO H TOro e
NOANEKAILETO OHOMEPHOIO reHeparopa uMcen. Jinsg METONOB reHepalMH WHCesl, KOTOphIS
T03BONAIOT GpaTh BO BHHMAHWE Il MCCASKYeMOH NpOGNIeMBl NpEabTylui BHITAHYTHIH
BEKTOp, H TakuM 00pasoM, IEIAI0T NOCICAYIOWHI BBITATHBAEMBIH BEKTOP IOCNCAOBATENLHO
KOPPEJIMPOBAHHBIM, U TOFO, YTO0B! MI0EHATH KIACTEPOB U Pa3phIBOB (mceBRo-)enydakinbIX
yuCeN, MOTYT, Ha CAMOM Jieile, TIOMOUb DABHOPACTIPEIEIMTCNHBIM CBOACTBAM TeHepaTopa
AOCHENOBATENEHOCTH YHCEN. JTO CYLICCTBEHHAN HIES, JiEKallas B OCHOBS KOHLETLUH 4HCen C
HU3KHM PAacXOXACHHEM.

B OTIMuME OT NCEBAOCHYUANHBIX UHCE:, LEIBI0 YUCEN C HUSKUM PACXONCOEHUEM
OTHIOMb He ABJNETCA CTPeMIIEHUE OBITh TIOCIEAOBATENBHO HEKOPPE/IHPOBAKHBIMH, HO BMECTO
JT0r0, HX LE/b — TPHHATE BO BHHMAHWE TC TOUKM B OGMACTH, M3 KOTODOH ADOHCXOAHT
BLIGOpKA, KOTOpBIE Y2Ke ObUa onpoboBansl. MareMarHyeCKHe OCHOBBI TOCTIEA0BATEIIBHOCTEH
HUBKOTO pacXoxiesus Bocxomat k X. Beiimo B 1917 [Sob%4] u MHOECTBO TEOPETHKOB YHCEN
paboTany B 5T0H 061aCTH, XOTA 5 HA3BIBAKD TONBKO HECKOIBKUX M3 CAMBIX H3BCCTHBIX: Halton,
Faure, Haselgrove, Niederreiter u Coboms [Sob67, Sob76, BF88, BFN94, Nie88, Nie96, Nie92,
Tez05]. Uucna C HU3KMM  PAcXOMIEHHEM - CTAIM MOMYJISPHBIM  HHCIPYMEHTOM AN
MHAHCOBLIX BHIYHCTEHHH MeToZoM MonTe-Kaprio ¢ nadana 1990-6ix [BMW92].

BbUlo MOKa3aHo, 4YTO TIOCAEHOBATCIBHOCTH WHCEN, KOTOphie MOryT  ObITh
CleHepUpOBAHBI, TO3BOJIMIOT HaM Jenath kBasu-Monte-Kapio BbIMMCIEHUS, KOTOPHIE,
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Puc. 12. Mnotiocts enasicn Kieiitona, 3anannoii ypasnennem (5.17). ina 6=1 niaotHocTs
TOKACCTBENHA 1 HA EIHRHYNOM KBajpaTe.
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Koppe.umum H COHANPABJICHHOC ABHXKCHHE

Cetayon{t, v} = max ([u‘a +ovf - l]ﬁ% ,0) . (5.37)

Ceszka KieiiToHa Bb13siBacT 00/Iee CHIIBHYIO 3aBHCHMOCTD B HUXKHEM XBOCTE OOBEIHHEHHOM
IOTHOCTH pachpeseNeHns, Y10 MOXHO BufeTh Ha Puc. 12. t Kenpamna cesiku Kneitrona
PaBHO

TClayton = ——‘ﬂi i (5.38)
Cassg Pponrg
Ceaska Dpanka 3a1aercs
o0 _
drrank(w) = — In [————({e,,, = 11))] (5.39)
H
Gy
—0u _ —Ov _
Croamett; v) = —% In (1 + %) (5.40)

ma 8 eR\0}. Cosxa @poHKa yBENHUHBACT 3aBHCHMOCTL BEPXHETD U HIDKHETO XBOCTA
OAMHAKOBO, YTO MOKHO Buzerh Ha Puc. 13. Jinx orpuuarenshbix 3HadeHuit 6, sra caa3ka
CMocOOHa NPOM3BECTH OTPHLIATENIBHYIO B3AMMO3aBHCHMOCTB, MOAOOHYIO rayCCOBCKOH CBA3KE
U1 OTpHHATENBHOTO O. Kpome 310r0, OHa TakoKe MOKa3bIBAET KHBAPHAHTHOCTH OTHOCHTENILHO
V)21 -y, 1-vyuy v, ) > (1 —u v -0), Tak *e, KaK 310 ACHACT rayCCOBCKas CBA3KA,
4TO nokazaHo Ha Puc. 13. Jna ceasku Oponka, T Kenpanna parao

(1= Dy(a))
e

Tromk = 1 — (5.41)

rae Di(x) A1 HEKOTOPOTO TMOJIOKHTENBHOTO LENOro wucia k asiaercs dyHkuueii Jlebu [AS84,
Mac96}, onpenenaeman kax

: koo
Dute) = 57 [ e ‘ (5.42)

Canskg Aau-Muxgars-Xaxg
3ra cea3ka renepupyercs [AMH78] gopmynoit
Dati-Mikhait-1aq (1) = In (:ﬁ%;‘ﬂ) (5.43) -

u umeeT Qopmy

hizy
1—8(1 —u)(1—w)
s G e [-1, 1]. Ceaska Anu-Muxasm-Xaka yBeSTHYHBAET 3aBHCHMOCTD HHMKHETO XBOCTA JUIA
TIONOXHTENEHOTO ‘6 H MOKa3bIBAET HEKOTOPYIO CHIIBHYIO OTPHLATENBHYIO B3aHMO3aBHCHMOCTS
s 8< 0, kak nokasaxo Ha Puc. 14. T Kenpanna s oroit ceasku pasio [FV97]

ChatiMikhait-iag{2. v) = (5.44)

71



[image: image164.png]I'naBa Ne8

YYHTBIBAA  HEKOTOpblE  YCIOBHS [IaAKOCTH (YHKUMH, KOTOpas JOKH2  OBITH

TNIPOHHTETPHPOBAHA, CXOMATCA HE 0OpaTHO NPOMOPLHMOHANEHO KBARPATHOMY KODHIO 4MCHa

HCIBITAHHH, TO €CTh «X/__, HO, BMECTO 3TOro, ropasao Ommke K N, a HMCHHO
N

o (@) m N ). D10, Haxke 1% GONBLUOH PAIMEPHOCTH d, ARIACTCA ACHMITIOTHHECKH HAMHOTO
N

Gonee GHICTPHIM, 4YeM HPOCTO }{/_ . EnvucTBeHHAad TipoGaeMa COCTOMT B TOM, 4TO
N

KOS(DGHIMEHT c(d) MOXET 3aBHCETh OT Da3MEPHOCTH, M, TaKAM obpasom, s moboro
OTAENBHOTO BLICOKODA3MEPHOTO BBIYHCIEHHMA MLl HE MOXEM 3HATh 3apaHee, Oymer Ju
WCHIONE30BAHHE YHCENl € HH3KHM DAacXOJICHHEM BBITOHO OTHOCHTENBHO TOYHOCTH,
TpeOyeMoit JIIA JaHHOTO KOHKPETHOTO pacueta. B 3T0M MNYHKTE, TEOPETHKO-YHCIIOBBIC
pesynbTathl, caM 1o cebe Gonbule He COOOLIAIOT HaM, JACT M Kakas-THGO crenudyueckas
TIOCIIEI0BATENBHOCTE HH3KOTO PACXOHKAEHHS YCKOPEHHE B CXOHMMOCTH, M MbI JOMDKHBI
MONOKMTECS Ha SMITHPHYECKHE PE3YIIBTATHL.

B 310 rase, #, BO-NEPBHIX, ODBLACHMO TEOPETHUECKYIO KOHLEIILHMIO PacxoscoeHus
uMcenl. 3aTeM, s MPEICTaBIAIO NOCTEOBATENbHOCTh [ANBTOHa, KOTOpas ABNAETCA, BEPOSTHO,
CaMbIM JIETKHM U1 ONHCAHHA METOJIOM NeHEPallHH YHCEI ¢ HH3KHM PacXOXICHHEM, 3aTeM, 5
ofcyxknaio  mocnenoBarensHocts CoGomr. Flocne 31oro st Kpatko oGCYMIAI0 MeTOA
Hupepaiitepa (1988). 3a manbHeHIIAMM JeTAIME W ADYTHME METOAAMH T€HEPALIMH YHCEN C
HH3KHM DPacXOXKICHHEM A COBETyr0 uMTatemo obpatwthcs k kHuram Tezuka [Tez95] u
Niederreiter [Nie92]. 3atem, 6yaeT NaHO HEKOTOPOE IMIUPHUECKOE CBUAETENBCTBO, UTO HHCTIA
CoGons, Oyayud COOTRETICTBEHHO NPOHHHLMATHM3NPOBAHBL, MOIYT HMCHOONL30BATHCA MIPH
BBICOKHX Pa3sMEPHOCTAX, YTO OTIHYAETCH OT 06wwero Muenns. S Taioke nonpoGyio 0GbSCHHTS
HPOHCXOMIEHHE TOTO, YTO 1 JAyMAIO, ABIAETCA HEIOPA3YMEHHEM B IuTeparype, GYATO uucna
Co6ond HauMHAIOT TEpNeTh Heylauy, KOrJa B WAWWHAETE HCCTENOBATH Pa3MEPHOCTD,
GOIBILYIO HECKOTBKHX JIIOXKHUH.

8.1 PacxoxpaeHue

Mepa TOro, HacKOJBKO HETOMOIEHHBIM (HEOHHOPOAHBIM) SBISAETCH MHOXKECTBO d-
MEPHEIX BEKTOPOR {r;} pacnpefieneHHBIX B ENWHHYHOM Tunepkybe, HasblBacTCs
pacxodicOenuem. 1IpocTas TeOMETPMYECKas HHTCPNPETALMA ONPE/IEREHHS TEOPHH “HCEN
cnepyrouas. Credepupyiite MHOXeCTBO N MyMBTHIIEPEMEHHBIX BBIGOpOK {17} m3bpaHHBIM
METOOM IeHepalliH PaBHOMEPHDIX YHCEN Pa3MEPHOCTH d. Bce 3TH N BEKTOPOB OIMUCHIBAIOT
KOOPIMHATE TOUEK B d-MePHOM eMHHUHOM runepky6e [0,1] Teneps, Bribepem nogrunepkyd
S(y), BeIOpaB TOUKy y OrpaHMMHMBAIOIIYI0 BEPXHHH NpaBbli YION THTEPNPAMOYTONBHON
obnacty ot 0 1o y. Jpyrumu cioBaMH, noArunepky6 S Moker GbITh 3amucan Kak S( y) = [0, y)x
- X[0,y4). 3atem, mycTe nyy;, 0603HAYACT YHCTIO BCEX BHIGOPOK, KOTOPBIE HAaxOASTCA B S(y), TO
€CThb!

N
NS = Zl(v 5(y)}
Y
Z H Tzra} - 8.2

i=1 Kk

B npenene, nipu N oo, Mbl, SBHO noTpeGyeM COBEPILIEHHOH TOMONEHHOCTH (OHOPOHOCTH) OT
9

Yncaa ¢ HU3KHM PacxXoKIeHuem

TCHCPATOpa MOC/ICAOBATETEHOCTH, MTO O3HAYAET
ng( ) ¢
. S _ )
:llm N~ = l Iy, (8.3)

IUIA BCEX y € [0,1]". Bonnenpuseaentoe ypasnenne npocro ciegyer U3 dakra, yto s
COBEPLIEHHO TOMOTCHHOIO M PABHOMEDHOTO DACMPCAENCHHA B EAMHMYHOM THmepkybe
BEPOSTHOCTh HAXOX/EHHS B MogobnacTH ABAeTCH pasHoii o6LeMy Toif nogo6mactH, a o6sem
V nns S(y) naetcs nparoii croponoil ypasienus (8.3). C 5THMH onpeaeneHHAMH, Mbl MOXeM
TeNeph CPABHHTE ngyyy € V(S(y)) ana moGoro samasroro y. UtoGEl momywuTh Mepy s
EIO0ANBHOTO PACXONICHHS TEHEPATOPA HHCEN, MBI BCE e IO/DKHbI BEIGPATE HOPMY OLLIHOKH
TG BCEM BOSMOXKHEIM Y B CAMHHYHOM runepkybe. OTHOCHTeIbHO Ly-Hopmbi, 3TO BacT Ham

1
2

7@ /[ I("“f”’ Hw) | . 8.4
0,1} N

.
Hpyrasi, 4acTo mcnonssyemas Mepa pacxoaeHus, Clieyer 13 BBILIEYIIOMAHYTOH MPOLEAYDbI,
nenons3yomeii Lo-#opamy:

Df(,f’ = sup
vef1

d
g,
—J\(Tw - H?Ik' (8.5)

flewo, uTo O NPHpOTE MOMEKALIHX HOpM, HCMONG3YEMSIX WU COOTBCTCTBYIONIH
onpeneneﬂﬂﬂ?‘ 1 D'y, Me1 uveem

ofz1l. 8.6)

Jnst uHCIEHHEIX TecToB, L. DacXowIGHHE MOBONBHO TKENO oueHHTs. OfHAKO, Kak

JEMOHCTPHPYETCH B NpuiioxeHus 8.8.1, pacXoxIeHHE OTHOCHTENBHO Ly-Hopab! MoXeT GbITo
OHEHEHO ABHOH opMynoi

x
( “')) e Z H(l — max(rig, rjx)) — -—-ZH (L=vd) +37 (8.7)

ij=1Ak=1 =) k=l

T rg — 310  k-bui aneMeHt r; B mpunokenun 8.8.2, 1 mokassiBalo, 4T oxcuddemoe
KBA/IPATHHHOE PACXOXKAEHHE JULT HCTHHHO CITy4ai{HBIX YHCEN PABHO

E[7{] =71-( 97137y 8.8

Teneps M1 MDHXOMMM K ONPS/EIICHHIO TEODHH HHCES T TIOCTEAOBATEILHOCTEH C HH3KHM
PACXOXACHHEM. TocnenoBarensHoCTs B NPOCTPAHCTBE [0  Hasbisaerca
TIOC/ICAOBATELHOCTBIO C HUBKUM pacxodcOenuem, ClH s Bcex N>1 nepsoie N Touek
NI0C/ICAOBATEBHOCTH YAOBETBOPAIOT
! In N)t
D& < (:(¢1)(—N,—) (8.9)

£

JUTA HEKOTOPO#i KOHCTaHTBI ¢(d), KOTOpast ARIAETCH TONLKO hyHKLHEH OT d.
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8.2 Yucna ManbToHa

Hnes, nexamat B OCHOBE uHCeN [aIbTOHA, COCTOMT B TOM, YTOOBI HCNOAB30BATH
NPESACTABICHHE 3aJIAHHOTO 2eHEPUPYIOUe20 HEMOTO ¥ B PavTHYHOM UHCJIOBOM OCHOBAHMH V1A
KKAOTO M3MepeHUs. KOHEUHO, YNOMAHYTOS LefI0e SHCNIO O0/DKHO ObITh PATHYHBIM AT KOKIOFO
HOBOro BbiOOpouHOoro Bextopa. Jleriali W ecrecTBeHHBHH BHIGOD I 3TOrO  LEJIOMO
KOHCTPYHPYFOILENO JHCHIA — 3TO MPOCTO HOMEP 11 JYIA 11-0ti BRIOOPKH ). = 1, HO 1 060 pyroit
BBIOOp, HCRONL3YIOUMA HOBOE LEJOE 4HCHO C KDKNOH BoiCopkoH, tHma kopa Ipesx G(n),
ofcyxaaemoro B rmaBe 833, paGotran 6pl Tak oke. YToGBl mpemoTBpaTHTE. MOGYIO
ACUMITIOTHYECKYIO TTAPHYIO0 NEPHOTHIHOCTE, YUHCIIOBbIE OCHOBAHUS BHIOMPAKOTCS Tax, YTOORI OBITh
APOCTEIMM  YMCJIAMH, KOTOpHIC - IO/DKHBI OBITh NpCJBAPHTENBHO DACCHHTAHBL I KDKAOTO
H3MEPEHHA. AJITOPKTM NOCTPOEHHSA HOBOTO BEKTOPa-BLIOOPKH 4Hice) I ankToHa Takob.

1. Jns kaxzgoro W3 TpeByeMbIx M3mepenuit i=1...d, HaxogsT mpenctasnenue Yn) B
OCHOBaHHH CBS3AHHOTO NPOCTONO YHCIA Pj, TO €CTh HAXOAT KOIDGHIMEHTHI dy B

Mhys
Y(ny =3 aaptt, (8.10)

k=t
€O BCEMH ay < D; H N, BHIOPAHHEIM JOCTATOUHO GOMBUIMM, YTOOB! yNOCTOBEPUTECA, YTO BCE
1ups! OTIHYHBIE OT HYJIA Y Y1) IO HHCIIOBOMY OCHOBAHHIO p; [IPHHSTH! BO BHUMAHHE.

2. Yrobb! MOCTPOHTD KOOPIHMHATY iy UL W3MEPEHHA | n-[0 PABHOMEHOTO BEKTOPA-

BBIGOPKH, MOCHENOBATENLHOCTS PACCHHTAHHBIX KOS(M(HIHEHTOB HHBSPTHPYETCA M HCIIONB3YETCH
Kax MHOMKHTETH uonei'l B ‘IHCJIQBDM OCHOBa.Hﬂﬂ P TO €CTb

Mg
Uy = Z”Lﬂ)rk . (8.11)°
k=1
Hanpumep, ect Mut BoIOMpacM HpocTeie uHcia 2,3,5,7 B KauecTBe OCHOBAHMS B YETBIPEX
M3MEPEHUAX. YETHIPEXMEPHOH TocnenoBatebHocTH ansToHa, 37-as BBiGOpKa OydeT nocTpocHa
clieRyronmM obpazoM Wit fr) = n. .

OcHosarve n=3"o .
(Mo ocHosatmio 10)
2 100101, 0.101001, = 12" +02%+12°+02* +02%+ 1.2 = 0640625
3 1101, 0.1011; = 13'+03%+ 137+ 137 = 0382716
5 1225 02207 =251+ 2574157 = 0.488000
7 152 0.25; =27 57 ‘ = 0387755

const vector<double>& Kalten::nextUniformVector{ woid ) {
unsigned long b, i, k;

double £, h;
for {«+sequenceCounter, i = 0; i < dimensionaliry); <++i} {
for { k = sequenceCounter, b = primeNumbersli}, £ = 1., h = 0.; {k}: k/sb) {
£ /= b; . 5
h += {k3b}*f;
H
sequenceVector {1} = h;

}

return sequenceVector;

1

Ipumep nporpaMmMuoro kKoaa 8.1 A renepauny ceIyIoLIero BeKTOPa-BbIGopKH
nociexoBaresnHocT# IannTona

PeanpHoe  npuMeseHHe — AITOPHTMa  CO3JaHMA  CleAylolieli  BHIGOpKH
nocienosarensHocTy  ['ansToHa pmaHo B mporpammuoM npuMepe 8.1, Ilepemennas
sequenceCounter — 3T0 HHAGKC CJENYIOLIEr0 BEeKTOPa-BHICOPKH, TO €CTh OHA
OPCACTABJISET 7 B BHULENPHBEACHHOM O0OCYxcIeHHH. [IpeABApHTENEHO PACcCCHMTAHHBIE
NpPOCTHIE YHCTIA HAXOMTCA B MaccHBe primeNurnbers.

8.3 Yucna Cobons

Hocrtpoente uncen CobGomnn [Sob67] Heckomnbko Gonee cnoxuoe. OnarTs HCROMB3YETCS
MHOXECTBO HECOH3MEPUMBIX OCHOBaHMI uncen. Ha cei pas, oaHako, Apyroi BHI YMHOXCHHS
ONpPEACHACT 3HAYEHHE Hecouamepumocmu. B To BpeMs, kak ana uvcen TanbToOHA YHCICHHBIC
OCHOBaHHA TPOCTO JO/DKHEI OBUTH ObITh HECOM3MEPHMBIMH OTHOCHTENBHO OBBIMHOro
YMHOXeHHs, Jyii uucen Co6ond 4YHCNEHHBIE OCHOBAHHSA CPABHUBAIOTCA OTHOCHTEJIBHO
JIBOMYHOTO YMHOMKEHHS IO MOAY.IO JIBa.

8.3.1 ITpUMHMTHBHBIH TIOJIHHOM 10 MOXY/IIO ABA

Teopus uncen Cobons HauMHAETCA C MOOYNBHOH apuIMETHKH uenoro uucia. J{ea
LETBIX YHCAA { W j HA3BIBAIOTCA KOHZPYIHIMHBIMYU NO MOOYTIO M, TO £CTh

i&j modm (8.12)

€CIIH, ¥ TONIBKO eCMIH, pasHHua i - j acnuted Ha m. SlcHo, uro Homepa O..., m — 1 seasworcs
JOCTATOYHBIME Ul MPECTABNCHHS pPe3y/bTaTa JIO0ON0 YMHOXEHUS WM CIOKEHHA NO
MOIYJIIO 11, H3-33 KOHTPYIHTHOCTH oTHoweHus (8.12). Jins npocroro uucna m, xoMGuHauus
CIIOKEHUSA M YMHONEHHS [0 MOZYIIO 1, TUHOC HEHTPANBHBIH IEMEHT OTHOCHTENLHO 00OHX,
TAIOKE HAIRIBAETCS KOHEYHIM KOMMYMAMUGHBIM KONBYOM, KOTOPOE SBISETCA U30MOPMHbIM B
none [anya (Galois) ¢ m anemenramu GFm).

TlonunoM P(z) crenenn g
4
P)=3 (8.13)
=0
cyuTaeTcA aneMeHToM kombua GF[m,z] nonuHomoB mo koHedsoMy nomo GF[m), ecnu Mbi
nosaracM, 4ro Bce Koapduumentel a; € GF{m). Jlpyrumu croeamu, BCs anrefpa na
k02(pHuMeHTaX a; JOMKHA BHIIONHATECA N0 MOAYIIO M. D10 03HAYAET, HATIPUMED, YTO

(z+ 1+ 1) F+z+1) & 2422 45+1 mod 2. (8.14)

TMonuuoM P(z) NONOXKKTENBHOM CTENIEHH, CYMTAETCA HenpuEOdUMBLM TIO MOLYINIO M1, €CIH HE
CYIIECTBYET HHKAaKMX JPYIWX [BYX NOMMHOMOB (z) M R(z), xoropble He ABIAIOTCA
KOHCTAHTO} M He paBHLI caMoMy P(z), 4to .

P(z) # Qz)R(z) mod m. (8.15)

Henpusoanmeiit moamHOM no Moaymo m B GFlm,z] — 3KBHBIEHT NPOCTOMY YHCIY BO
MHOECTBE LICJTBIX YHCEN,

Hopsiaox nomuHoMma P(z) mo MOZYMIO m 3a7aeT caMoe MATEHBKOS MONOKHTENBHOE
LIeNIOE YHCIIO g, Jy1s KoToporo P(z) peautes Ha 27-1, 1o ectb

97
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. s A D ” .,
q 1}}[ { g l =1 P(2)R(z) mod m} (8.16)

U1 HEKOTOPOT'O HETIOCTOSHHOTO NOMHOMA R(z).

Henpusonumpiii nonunoM P(z) CTeleHH g CUATACTCA NpUMUMUGHLIM TI0 MOLYIIO M,
€C/H €0 MOpAIOK — 310 nf-1. OBpaTHTe BHUMAHUE, YTO HE BCE HEMPHBOAUMLIC TIOTHHOMEI
TAKKE M IPHMUTHBHBI, XOTA (0COBEHHO, [ m = 2) TaKOBBIMH SBISETCA GOMBILIMHCTBO H3 HX.

BaxHOCTh NPUMHTHBHBIX 1O MOAYNO JIBA TOMHHOMOB 33/I3ETCH JBYMS PaxIHYHBIMH
thaxramu. Bo-niepBEIX, areGpaMdeckue MAHKIYILIMH 10 MOIYMO ABa, TO eCTs GHHapHas
amrebpa, OCOGEHHO XOPOWIO MOMXOAMT A BBIMONHEHHA HA CErOAHALIHHMX 1upoBbIX
KOMIBIOTepax. Bo-BTOpBIX, 41 moGoro MPHMUTABHOIO MOJIMHOMA CTCNICHH g CYLUECTBYIOT
PeKyppeHTHBIE COOTHOMIEHHKS, KOTODBIC MO3BOLIOT MOIy4aTh HOBBI cnyyaiiHpId OHT K3 g
npemuectsyfouwx [PTVF92].  JIpyruMu  CroBaM, HCIIONE30BAHHE  OTIHHAIOUIErOCA
TPHMHTHBHOIO 1O MO0 JiBa TIOMHHOMA JUIE KaXKIOTO H3 TpebyeMbIx H3MepenkH BeKTOpa
PABHOMEPHEIX YHCENl [SNACT BO3MOKHEIM CTeHEPHPOBATH MOCICOBATENEHOCTE BEKTOPOB, B
KOTOPBIX BHIGOPKa NPOMCXOUT PABHOMEPHO 1o BeeM H3MeperHsM. Ho B kakaoM nsMeperny,
M1 TEIOKE MMEEM DABHOMEDHOE HCHONE30BAHHE Beex Apowuibix umdp. [anbuekiuryio
HHPOPMALMIO OTHOCHTEIGHO PANIHYHs MENLY HENPHBOAMMOCTBIO W MPHMHTHBHOCTBIO CM.
Hanpumep [Tez95, Chi00]. BoiqucneHHe IPUMHTHEHBIX [ONHHOMOB MOXKET GbITh ZI0BONBHO
cokusM. Ta6MHLBI MPUMHTHBHEIX TIONMHOMOB OrpaHuyeHHO joctynubl [Wat62, PTVF92,
Jac97] m nosTOMY 5 MPHUBOXKY CHHCOK BCEX NMPHMHTHBHBIX IO MOYJIEO JiBA MONHMHOMOB 1O
crerneny 27 Ha IPUIATaEMOM KOMIAKT-JHCKE. DTO COCTAB/AET 061ee KOMMHECTBO H3 8129334
HPHMHTHBHBIX TONHHOMOB, YTO ‘GONbIE, YeM JOCTATOYHO /YIS BCEX IPAKTHYECKHX
TIPHMEHEHHIA.

8.3.2 IToctpoenne uucen Cobosia

Fenepanys upces1 CoBOMs NEPBOHAYANEHO NPOBOJMTCS HA MHOMECTBE UCIBIX YHCEN B
HHTepBatte T 1 JI0 2 B CTENEHH MUHYC OHH, TO eCTb [1, 2%-1]. Kak BeI norumacre, b npocto
npezcTasnset coboi UKCIIO GUT B LIETOM YHCIE 663 3HAaKA HA JAHHOM KOMIILIOTEpE H, 00BIMHO,
JOIDKHO PaBHATHCA 32, ¥TO cOCTaBiAeT HAGOP JOCTIKHUMEIX UEABIX YHCE] B JMAIIasoHe [1,
4294967295). Mb1 oBossaunm n-biii BsiGop oxmoro Takoro uenoro yucna Cobonn B
w3Meperun k KaK Xy 3AKMOUHTENBHOE Npeo0pasoBaHME K PaBHOMEPHOM nepeMEHHOH
yu€ (0,1) NENACTCA ASTICHHEM Xyt HA 2% kax OnepaLHA ¢ TUTABAIOIIEH TOYKOH, TO eCTh

Yok = o2 g €(0,1). o € 2[1,2° - 1) @®.17)
Mo nocTpoeHHio, eAMHCTREHHaA nepeMeHHas CoGorns, koTopas Morma Osl Korga-Hubyas OBITE
TOYHO PaBHOMH HYM0' — 3T0 HyseBol BbGOp (cMsica 3Toro GyAeT packpbiT moke), 410
COXPAHAETCA IS BeexX u3MepeHHi. [To3ToMy, Mbl MOXKEM SBHO HCKIIOUHTE BOIMOXHOCTD, HTO
n060e H3 BRIGPAHHBIX LEBIX YHCEN B JACHCTBUTENLHOCTH ABIAEICA HyJIEM, NPOCTO NMPOMyCTHB
HyJ1eBOH BBIGOP. .

! 370 03navaeT, 4T0 ANM OpUrvHanbHoro anropuTMa CoGonA, a Takke W NS MOBMOMKALMA
AnTOHOBa-Caneesa, wMCNONb3youmx OOWdHWi kOB Tpen, a Takke M AnA BCEX Apyrux

METOROB, KOTOpwe BHGMPANT Lenoe reHepupyouee wvcno ¥(n) Takee, yto W0) = 0.

Ypeaa ¢ HI3KHM PAcX0KICHHEM

Jlna xaaoro us d H3MEPEHuUiA, OCHOBAHHE HHCIIOBO reHepaltiH 3a1acTCs HabOpOM Tax
HA3LIBAEMBIX HANPAGTSIOWUX YeIslX wuces, KOTOPHIX CYLIECTBYET OfHO JUIi KaXJIOro K3 b
GMTOB B [BOMYHOM NDEACTABIEHHH LEIOTO 4MCIA. 3TO CAOCOOCTBYET MOCIEAYIOWIEMY
PACCMOTPEHHMIO BCEX HANPARIONIMX LEMbIX YMCEN Kak GHTOBOrO MOJA C IUMDHHOH b.
0603HauMm [-0e HANPABNAOLIEE LIENOC HHCHO And M3Mepenms k Kak vy. JlononHUTENbHbIE
OrpaHHYeHA Ha GUTOBOE TIONE, MPE/CTABIMAIOWIEE Vy 3aKNOUAIOTCA B TOM, YTO TONSKO [
KpaHHHX neBbIx' GHTOB MOTYT GRITS OTIMMHEL OT Hyys, H 9TO [-blil Kpaituuii JICBbIA ouT vy
momken Osits ycrawossien B 1. Dakruueckuit Homep BhGOpa Gyaer mMO3Ke paccuMTaH
GMHAPHBIM CIIOKEHHEM TI0 MOZYMIO JB2 HEKOTOPBIX M3 3THX HANpaBAAIOWIMX UESIbIX HHCEN.
D710 NMPOACHSCT, YTO KAXKAOE Vy MOMET BMATe TONBKO Ha [ KpaHHHX JIEBBIX OHTOB B
BLIOPAHHOM HIENIOM YHCIE Xyt H 4TO 3TO ONPEIIEIICHHO BITHACT HA I-b1if KpaiiHuit neBBIf OUT Xy

BuHapHOE CICKEHUE LIEMBIX YHCEI 110 MOAYIO [IBa, YTO COOTBETCTBYET NOPasps/iHOMY
cHoXeHHIo Ge3 nepeHoca, ABIAETCS OCOOEHHO GhiCTpOH onepaumedl Ha COBPEMCHHBIX
KOMIIBIOTEpaX, H3BECTHOH kak Hcxmouaiowee HJIH, 1, oferno, oBosHauaeTcs, KaK XOR.
Kmou k rexepatini wncesn CoGons — 310 BHMHCICHHE HANPABIAOWMX LeNbiX umcen. OHO
HCTIONL3YET | JIBOHYHBIC ko3¢¢uupenTn: 0TOOPaHHOTO NPHMHTHBHOTO NO MOAYMIO JBA
NONMHOMA AR Kaxaoro usmepeHus. OGO3HAYMM NPHMHTHBHEIN 110 MOLYIIO /Ba MOAHHOM
ATA H3MEPEHHA K, KaK pr. OGO3HAYHM CTeNeHs JTOro nonmuHoMa Kak gr. [TycTs koadduument
CAMOTO BBICHIETO OJHOUIIEHA B Py, OYHET g ¥ T.A. JO Gy, TO €CTH

Ik
w2} = Z”‘U 2 (8.18)
=0
O6patiTe BHUMAHHUE, TOT (aKT, UTO Gz = | ABIACTCA MPOCTHIM CIICACTBHCM TOLO, HTO Pz}
HMEET CTeNeHb gy
Terteps MBI MOTXOOHM K YCTRHOR/ICHHIO HANDABMIOIIMX UENBIX 4Mcel. B xadaom
M3MEPEHMH C €F0 CBS32HHBIM NPHUMHTHBHBIM 1IOIMHOMOM pj, TICPBBIC g; HANPaBIIOUINX
LENBIX 4HCeN vy AN j=1....g; MOryT GbiTh BHIODaHBI NPOM3BO/ILHO, B MPCACHAX ABYX
BHILIEYTIOMAHYTHIX ~ OFpaHMueHHid. Bce nocneaylompc InOCTPOEHBI W3 - Cigjlylomere
PEKYPPEHTHOTO COOTHOLIEHHA:
g e
o= —Zr o E agvpg-z for 1> g (8.19)
j=1
3pecs omeparop @» osHauaer omepammro XOR, a sanuce Emyxmbmae'r Ha LETyo
ToCeI0BaTeIbHOCTE XOR-onepaumii Wik IBOMUHBIX CIIOXCEHHI 63 NepeHoca, N0 aHANOTHY ¢
OGEIYHEIM ONICPATOpOM 3, CyMmst. JIDYTHMH CIOBaMH, HANPABISIOLIEE LENOE YHCIO Vi
CHABHHYTO BIpaRo Ha g GHTOB u 3atem caenana onepaupd XOR ¢ BeIGOpoM (HECABHHYTEIX)
HANPABNSIONHX LEBIX YHCEN Vi oA j=l..ge (YTipaBisicMasd —yCTAHOBNEHHBIMH
KO(OHUIUHEHTAMH @), 4T0BB! IONYHTH Vy. OGPaTHTE BHEMAHKE, YTO KOXPPHLUHEHT camoro

! Kpaimve neswe 6Gutw B 64TOBOM ROMe, NPEACTABNANUEM UENOE 4ucno - ravboree
CYLECTBEHHH, Ha CTAHAAPTHHX COBPEMEHHMX KOMABOTEPAx 4Mcno $MTOB B LENOM “ucne
paBHo 32. Takum 0BpasoM, uenoe 44cno 6e3 3HaKAa C YCTAHOBAGHHBM TOMBKO KPAAHWM
neBbM OWTOM CoOTBETCTBOBAane On wuciy 2% = 2147483648, a BCe OuTo pasHue 1
cooTseTeTeYT 4294967295,
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BLICOKOTO TIOPAAKA aro GaKTHHECKH HE HCTIONB3YeTCH B PEKYPPEHTHOM COOTHOWEHHH (8.19) 1
NIOCKOJIbKY KO3((PHIIHECHT CAMOTO HH3KOTO TIOPS/IKA Gigx YKE YCTAHOBJICH, TO HATpPABIMIONIEE
LIEJIOe YHCNO Virgy OYAET BCEINa BXOAWTE: B vy BOT mpmunHa, moueMy caMble BRICOKHE W
caMble HH3KHe KO3PPHUHEHTH NONHHOMA Py OGEIYHO HE BKIIOYAIOTCA B €r0 KOAMPOBaHHE, B
YCIIOBHSX, KOT)ja CTENeHb TTONHAOMa m3BecTHa [PTVF92].

Ecnu BBl Tak JANeKo NpPOABHHYJIHCh W CyMENH IIPOCIEIHTH BBILEYIOMSHYTHIE
OOBACHEHHSA, Bb! YBHAHTE HAaCKONBKO MPOCTHIM SBJIACTCA ACHCTBHTEIBHOE NOCTPOCHHE LIENBIX
ypces1 CoBONsA Xy, YIHTHIBAS BHILIENPHBEIEHHBIE NPe/IBapHTENBHEIE paccyxaeHHA. TouHo Tak
KEe KaKk I NOCTPOCHMA 4uCen IankToHa, Mbi HYXZAEMC B HOBOM YHHMKAIbHOM
TEHEPUPYIOLIIEM LIENOM W) IR Kaimod HOBOH. BbiGopxm. ITpocreifimii BRIGOp Takoro
uenoro umcna A n-oH BBIGOPKH — 310 €aMO n, TO €CThb Wn)Y=n, YTO COCTAaBJSACT
nepBOHAYaNbHEI anroput™, onybnukosanHsti Cobonem [Sob67]. Oneako, oboit apyroi

METOX 00eCTIeYEHHs HOBOTO LIE/IOTO YHCHIa VI KaKAoH HOBOH BBIGOpKH, THMa Kona I pes, To.

ectb ¥n):=G(n), ABNAETCA ONMHAKORO NPHEMIEMBIM. [UI4 JAHHOTO FCHEPHPYIOLLETO YHCIA N-
oit BeIGOPKH, nenbie diena Cobost Juist Beex d M3MepenHii 3a1aloTcs
d e
Lnk 1= Z ""kjl{j"‘ bit {counting from the right) of y(x) is set} * (8.20)
i=t

Jpyruma croBamu, B 3aBUCHMOCTH OT TOIO, KakoH OHT B NBOMMHOM NpEICTABNCHHH W 11)
YCTAHOBJIEH, HAMpaBIAIOWME LENIbIC YHCIa Npocto moasepratorcs onepauuu. XOR, 4robb
npoussecty uenoe 4ucno Cobons x,. 3aKMouHTENBHOE npeobpasoBanye K paBHOMEPHOMY
YHCITY C IUIABAIOILEH TOYKOH B HEKOTOPOM HHTEPBAJIC YK€ JABAJIOCh MPOCTBIM JC/ICHHEM B
ypaBHenu (8.17). U3 popmynsi (8.20) oueBnHO, 4T0 Mbl FODKHEI FAPAHTHPOBATS

¥n) #0 8.2

4106Bl TIPEJOTBPATHTL Ciydal, Korma moboe y, paBHseTcs Toudo Hymio. Ilo mnpupoze
ANTOPHUTMA NOCTPOSHHS HANPABNAIOUIMK LIEABIX YHCEN, HHKAKOE APYroe 3HaueHue 1d Kn) He
MOKET IIPEBPAILATHCA B M0G0E Xy U, TAKHM O0Pa3OM, y,; HE MOXCT ABIATLCA HYJEM, OTKYa
yenosue (8.21) 10cTaTouHO, YTOOb! FRpaHTHPOBATS Y,y # 0.

8.3.3 Kon I'pen

Anronos u CasieeB BHecH cBOM BkiIaq B uucna CoGoss, KaKMMHM Mbl HX 3HaeM
CErofms, NOHSB, YTO BMECTO MPSIMOTO MCTIONB30BAHHA JBOHYHOrO MPEACTABIEHUS CYETIMKA
NOCENIOBATENBHOCTH 7, TAKKE MOXKET MCIOAB30BAaTECA 0GOS ApYroe YHHKalbHOE
npencrasienne n [AS79]. B uacTHOCTH, nopaspsgHOoe NPEACTAaBNEHHE 7, KITOpOE
EPEIUTIOYAET TONLKO OMH OTAENBHBI OUT JUIs KaOKZOro MPUPALICHHA n, 03HAYACT, 4TO
TONLKO OfHa oTaensHas onepays XOR aomkHa ObiTh BhINONHEHA 1A FEHEPALIMH KOKIOro
HENOr0 YHCHa, TIPE[CTABNAIOIEr0 paBHOMEPHYHO KOODIHHATY CIELYIOLUEro - BEKTOpa-
BbIGOPKH. TOT BHI KOJAMPOBAHHUS LIEALIX YHCEN H3BECTEH Kak ko I'pes G(n), HasBaHHOTO MO
HMeHH uikeHepa Dpoka I'ped, KOTOPbIA 3aNaTCHTOBAM 3TOT METOA V1A HCTIONB3OBaHHMA C
xozupylowumMy yerpoticteamMu B 1950-pix. Konpl I'pest Bee ellle HCTIONB3yIOTCA CErOAHS C
TAKMMH KOMUPYIOLMMH YCTPOHCTBAMH BO MHOTHMX NpHMeHeHUsx cBsizu. OHHU ITONe3Hb! BE3AE,
Ifie HCTONB3yeTcs Habop NapaulesbHbIX IMEKTPHUECKHMX NPOBOJAOB IS YKA3aHMA yHCIa
HHIMBHAYAIBHEIM COCTOSHHEM HANDOKeHWA Kaxaod muHud. Yacto, Takde JIHHUM
HCTOAR3Y1oTC, YTOBBI MEpEnaTh TEKyllee COCTOSHHE CUCTHOM NEPEMEHHOM, KOTOpas MOXET
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YBEIHUATECS HA €AMHHLY. B NpHMEHERHH, HCIOMb3YIONIEM KOAHPOBAHHE, Tae Gonblue, yem
OIHH GHT MOMKET H3MEHATHCA OT OXHOTO HOMEpa JI0 CIIGAYIOLIETO, Masieiiliiee HECOrIacoBaHHe
BO BPEMEHH MHEpexofa BLICOKMX/HM3KMX COCTOSHMI OT ONHOTO HOMEpa 1O CICAYHOLIEro
BEI30BET y MOAYYaTe/id CHIHANA HE €ro ACHOE 3HAYeHHWe, HO OBICTPYIO H JIOKHYIO
TIOCIIEIOBATENBHOCTE IPOMEXKYTOYHBIX YKCEL. B kauecTse nprMepa, OAyMaiTe 0 nepexose
oT 319 = 0113 k 440 = 100, H3-3a HeU30ESKHO OrpaHHYEHHOH TOYHOCTH MEXAHHUCCKHX HIIH
S7IEKTPOHHBIX KOMIIOHEHTOB, MPHEMHHK, BEPOATHO, Gy/IeT YYBCTROBATE OAHY M3 BO3MOXHBIX
nocnepBarensHocTedl ot 3 Ao 4, nokasaHuelX B Tabm. 1. SicHo, uTO HY ORHA W3 HHX HE
XenarenbHa.

31p=0t1, 240=010; 0yp =000, 410 = 100
310=011, 2,0=010, 610=110, 4)0= 100,
3|0=0112 1|0=0012 0m=0002 4I0=1m2
3p=01L l1o=001, S0= 101, 410=100,
310=011, Tw=111; 610= 110, 410 =100,
3,p0=01l To=111; 5= 101, 4= 100,

N

Tatu. 1. Boamoxknble nepexoas o1 3 K 4 B CTaWAAPTHOM JBOHYHOM NPECTABICHHH.

Hcnomssosanne xofa I'pes Al NPEACTABACHHS HENBIX YMCCI NPCOAONEBACT ITY
ApobneMy TOTOMY, YTO TOYHO OfMH GUT H3MEHsIETCs Ipy Ho6oM iare. OxasblBaeTcd, OAHAKO,
YTO HE CYLUECTBYET OTASHBHOMO yHuKanbHoro koga I'pes. HanGonee wacto ucnonssyemstit
BbI6op ata kofa Fpest

G(n)=n Oy n/2. (8.22)

B Tabn. 2 B xasectse npumepa Aad xon ['pes s uensix yucen ot | go 7. Mutepecuas
ocobernHocTh T'pefi-kofa 3aKITOYAETCA B TOM, YTO OTACAEHBIH OHT, KOTODBIH H3MEHAeTCs OT
G(n) k G(n+1) aBnseTCs BCETA CAMBIM NPABBIM HyJIEBBIM GUTOM IBOMIHOFO TIPCACTABNCHUA
Camoro 7. ITO MOXHO NPOBEPHTE GHATHTUHECKH, & TAIOKE JIETKO yBuaeTs B Tabn. 2.

n 1 (ZBOMYHOE) /2] (nBOWHOE) G(n) (nBoumHOE) G(n) (pecarsiHo€)
0 000 000 000 0
1 001 000 001 ~ 1
2 010 001 (U} 3
3 011 001 010 2
4 100 010 110 6
5 101 010 111 7
6 110 ol 101 ‘5
7 111 011 100 4

Tabu. 2. Koant I'pen

Yro kacaercst resepauns uncen Cobons, TO HM, OUEBHIHO, IOMOXET HCTIONB30BAHHE
G(n) BMeCTO n, B KauecTBE KOHCTPYHPYIOILETO LENOT0 YHCIA U #-OT0 BEKTOpa-BHIGOPKH.
BoobpasHTe, 4To Mbl YK€ NPOM3BENN BCC COCTABNIOIIME BEKTOPA [0 HoMepa n-1 W Mol
XPaHHM B TaMATH PABHOMEPHBIE LeSIBIC YHCIA Xy,.1) 1A BeeX Tpebyemnix usmepennii. Tak kak
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YPABHEHHE NEMOHCTPHDYET OCOGEHHOCTb CPABHHTENBHO MEUIEHHOTO DasfeNeHHs [BYX
HAUANLHBIX  3HAYCHHH OKONO HECTAGWIBHBEIX IEDHOMMYECKMX OpOMT MM  OKOJNO
¢urcuposannoit Touxu B x*=% ra Puc. 17.

Yacro, nocTosHHas ¢ B ypaBHeHuH (7.6) NpHHUMaeTcs PaBHOH HYIHO, H MIOITOMY MBI,
OOBI4HO, CTATKHBACMCA C HA3BAHHEM JUMEUHbIE KOHZPYIHMHbIL 2enepamop. CyliectByer
MHOIO JIHTEpaTyphl, MOCBALUEHHOA XOpolleMy BIGOPY A% a W M, HO He BCE 3aCITy)KHBACT
Nosepusd. B Havane BRIMHCTHTENBHEIX Al IBM, oHa nocTapisima ceoun MatinpeliM-crcremMbt
OBM, OGOPyI(OBaHHHe GeccnasabiM RANDU renepatopoM, KoTopsiit ucrionssosan a= 65,
539, M=2*" u M, =1. Dot TEHEpaTOp, KaK roBopsn, GbU1 BEICOKO HeanexBaTHeM [PTVF92,
Sob%4, FMM?77, Te295]'. Tleyanbno, HO OH GBUI CKONUPOBAH BO MHOMECTBO JAPYTHX
KOMIIBIOTEPHBIX CHCTEM, BKIIIOYas ike cosetckyio cacteMy EC [Sob94). Hocxom:x?f XOpPOnIO
TIOHATHO, “TO JIPyTHe IPOM3BOAMTEIN KOMIBIOTEPOB ONIMOIHCE cxoxuM o6pasoM’, U ¢ Tex
TOp CYIIECTBYET COrnacHO 3aKoHy Mepdu TenmeHmMs pactpocTpanerus mma ownGok, s
COBETYIO IMTATEIIO HAKOT/IA HE TOJIaTaThCq HAa FEHEPATOPRI YHCE! B BUIE "YCPHOrO SumMKa',
KOTOpLIC TOCTABNAIOTCS C JIOOBIMA CHCTEMaMH ¥ skoOb! GBUIH NPOTECTHPOBAHEL. ObparnTe
BHHMAHHE, 410 TAKYI0 OWMOKY caenats upesserdaiino nerxo. Hoxanmylicra e ROBEpANTE
HHKaKOMy TCHEpAaTOpy WHCEN, N0 MOBOJAY KOTOPOrO BEI HE CMOXKETE HAiiTH HALIEKALLYIO
PEKOMEHIALMIO, DGOKE CCIM OH BBINIALMT CHOWHBIM H 3aCTY)KHBAIOLIMM JOBEPHS, Kak
Harpumep, [PTVF92].

He Bce Tax mioxo, omHako. TIpOCTO: BBIGOP /IS KOHCTPYHPYIOLCTO MHOXHTENS H
MOJIy/IA, KOTOpHili paboraer — 10 a= 57, M = 2% y my, =1, Oror Bmﬁog YCTIEIHO
HCIONL30BATICA B poccuickix 40-6uToBrix KoMmsiotepax [Sob94]. Ero nepron — 2 5

7.4 Ot Ran0 k Ran3

Tnogoreopras kuura Ilpecca, TiokosckH, Beprymnra w ®nannepy [PTVF92] ~ o10
O4CHB XOPOLUMH HCTOTHHMK HAJIEAKHBIX IEHEPATOPOB: HHCEN, KOTOPLIE XOPOIIO MpOBEPEHb! H
ToHsTel. CaMblil MIPOCTOH W3 APEVIONCHHBIX MMM TeHEpaTopoB 4ucesd, Ran0, samaercs
ypastenueM (7.6) ¢ a=7"=16807, ¢ = 0 1 M = 2°-1. Dot BeIGOP TapaMeTpoB GbL1 NpeIokeH
TTapkom n Mensrukom [PM88] kak MUHMMATEHbIT CTAHAPTHLIH TEHEPaTop M BO3BPANIACTCS
K GGL zenepamopy 1BM [Tez05, LGM69] or 1969 ropa. EcTe HeKOTOpbIC TexHHUeckue
OCOGCHHOCTH, CBA3aHHEIE C NPOBNIEMO TIPEOIONCHNS TPOOTIEMBI OKPYTTIEHHS B YMHO)KEHHH B
(7.6) Ana JAHHBIX MapaMeTpoB Ha 32-GHTOBBIX KOMITBIOTEPAX. “¥10, OGHIMHO, AENaeTCA nipH
nomon Meroxa Ilpara u ynrarens Moxer obparures k [PTVF92] 2a aeransamu.

Ranl - oro ynyuymenwe Ran0, wucnomssyiomee IPOPHTM  OCTOPOXKHOTO

! [50b94] coobuaet, «To RANDU IBM ucnonmayet M=229, 8 To Bpems, kax [PTVF92] u
[Tez95] coobuant, 4T0 OH wcnoAk3yeT M=231. 4 ne 3Ha, 4TO ABNRETCA TOYHLIM UAW
€CTb nm pasHuua. 9 npoCTO COBETYO uwTaTenn uaberats noBoro rexepaTopa wncen,
KOTOPWIA MCNONb3YET MHOXMTENb = 65,539,

e [PTVF92] cooBuaeT, 4T0 oauH nonynaprest  32-OuToBMWIA,  cosMecTumwi ¢ PC
KOMOAIATOD NOCTABNAETCA € WCMODHYEHHBM  FEHEPATOPOM MCEBAOCNY4AWHLX  Yucen.
04EBUAHO, PA3YMHHIA rEHEPATOP YMCEN MCNONL30BANCH KAK GA3MC NS COBCTBEHHOMO
NpOEKTa NPOAABLA KOMMWAATOPA, KOTOPHIA AONXeH Obn [0BaBATL MEXaHuaMm obMeHa
Gaiftamn. B 9Tom cnydae oH paspywmn reHdeparop 1ucen.

neperacoBsiBaHKs. OOpatute BHEManme, uT0 moGOH BHE yydlIEHMS TeHepaTopa
MICEBOCIYYANHBIX IMCEN JOIDKHO ACIIATH C NPEAEIBHOM OCTOPOKHOCTEIO H, JYHIIE OCTABHTL
310 TeopetHkaM. IIpuunHa B TOM, w10 OGOE HENMMHEIHOE HIMCHEHHE WIH MOIM(UKALHA
HHMCEN, BEIIAHHBIX OJIHMM TICHEPATOpOM uHcen Oonee, ueM BEPOSTHO, 3aKOHYMTHCH
npo6nemoii'.

Ran2 ocHoBaH Ha mAee cLeIUieHHs JABYX JIHHEHHBIX KOHIPYIHTHBIX T€HEPaTOpOB,
4T06BI TIOCTPOMTS OFHH, C HAMHOrO 60Mee WTHHHBIM NEPHOOM [L'E88]. U, naxoweu, ects
Ran3, xoropsifi ocHOBaH Ha cyGCTpakrvBHOM MeTOfZe, mpemnoxeHHoM HyTom [Knu81], 51
o1y nonpoSHOCTH MOTOMY, YTO He AYMAIO, YTO MOT Obl OGBSCHHTE MX TydIle YeMm, yxe
caenao B [PTVF92]. ’

7.5 Kpymunbumk MapcexHa

Jlpyrast TexHuKa TeHepaTopa CirydaiiHbIX YKCEN, KOTOpad CTAHOBHTCH Bee Gonee 1 Gostee
Oy IAPHOA — xpymunbuux Mapcenna. Hassarme yKkasbiBaeT, HTO NEPHOJ 10CIEOBATENEHOCTH
— uHCno MapcenHa, To ecTh MpOCToE YHCIo, KOTOPOE MOXKET ObITh 3amucaHo, kak 2'-1 s
1exoToporo #E N, H 4TO MeXaHHIM NPUHAIENHUT KIACCy TEHEPATOPOB MOCIIENOBATENLHOCTEH
THIA "CKpy4eHHBIX OGOGLUCHHBIX C/BHTOBBIX DETHCIPOB C OOPATHONH CBA3BIO". Ilepron
KpyTHIBILHKZ Mapcenna, kax onyGmkopano B [MNO8] u [MN97] pasen — 2'%%.1. UYrobu
TNOYYBCTBOBATB 3T0 YMCIO, BOOOpa3HTe, HTO MBI 3AITyCTHIH BO BPEMS CO3JAHHS BCENEHHOM
KOMIIBIOTEP, TMpoMsBofuumii | Mwpmapxy ukcen B ot:lcyl-l.zu/2 M3 TOCIIENOBATENEHOCTH
KpyTinbiuKa Mapcenna. Jloms monHoro nepuosa, KoTopelit 30T KOMINBIOTEp Npon3eet Gbl K
HaCTOAIEMY BPEMEHH — JIECATHYHOE YHCII0 ¢ 5975 mudpamu Hysneit nocre AecATHUHOI TOUKY 10
moGoii uHpI, OTMIHOH OT HynsL. JIpyriMH CTIOBAMH, TOT KOMITHIOTEP MOT Gbl TNIPOROIDKATH
TEHEPHPOBATL HMCNA B TEHYCHHE MHOTMX THICAY HKH3HEHHBIX LMKIOB CPENHEH CONMHEdHOH
CHCTCMBI MEXUIY € JOpMHPOBAHMEM M KOIUIATICOM B YEpHYIO JBIpY Tepel TeM, KaK HA4aTh
TOBTOPATS NOCNEIOBATENBEHOCTD. SICHO, U1 BCEX HPAKTHYECKHUX LIENel, MOYKHO TOJOXHTD, Y4TO
ITOT FEHEPATOP YHCEN UMEET BECKOHEHHYEO IEPHOAMYHOCTE,

TlocnepoparenhocTs  kpyTwibilka MapceHHa, ofiecrieunsaer  cBoiicTBA PaBHbIX
pacnipesieicHuii B, 1o kpaiineii mepe;, 623 msmepennax. Kak seipasuncs B 1968 Jlopmic
Mapcarima: "Cryyaiiiple 9HCHIa BRIMAZAIOT, IMABHGLIM 00Da30M, HA IUIOCKOCTS", [ BCEX
Cly4aliHbIX NOC/IENOBATENEHOCTEH YHCEI CYIIECTBYET BIOKEHHAS PA3MEPHOCTD, B. KOTOpOii, B
FP2BUIILHO}H NPOSKUMH, BCE THIIOBEIE TOUKH OKIKYTCA NEMALFMU HA FHUNEPIVIOCKOCTH. 370
MoxeT uMeTh (aTalbHble NOCTEACTBHA AT Bbiucnenuii Monte-Kapro, ecii oueHysaemas
TpoGiieMa OKa3LIBAETCS BOCTIPHAMEHBON K PETy/IAPHOCTH HCTIONB3YEMOi OGS OBATENLHOCTH.
Hem BBILC BIOKEHHOS H3MEPEHHE, KOTOPOM NPOM3BOIITCA TAKHE MOZENH, TeM Ooliee

' Eomm XOTMTE, 3TO MOXHO CpaBHuTb ¢ npolnemoil  B3&UMOOENHCTBMA  pBYX

MHOMBULYANbHO-XAO0TMHYECKUX  CHCTEM  (XOTA  CNY4alHOCTb =~ 3T0 He XaoC, Kak
AeMOHCTPMDOBANACL B NPEAMAYWMX rnasax), KOTOpoe B ONBUMHCTBE CAYYAEB Bu3WBAST
YCTOM4NBOE NEPUOAMYECKOE NOBEAEHUE.

2 flaxe npu TOM, YTO BO BPEMA HANMCAHMA  KHATU, CTaHOBUAUCH  [OCTYNHHMM
xomnboTeps ¢ 1 GHz CPU, nporpammtoe ofecnewenve, paboTavmee Ha Takux GbCTPHX
annapaTHuX  CPEACTBAaX MOTNO  NPOM3BOAMTL  4MCNA  KPYTWIbuMka MapcenHa Go
CKOPOCTEN, Merbuwedt, 4em 100 MANNUOHOB MCABTAHWA B CeKyHay.
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[image: image170.png]Tnasa Ne8 Yyicia ¢ HU3KHM PAcX0XKACHHEM
Ha pucynxax ¢ Puc. 19 mo Puc. 26 AcHO BHHO, 4TO 1S HU3KOH PasMEPHOCTH BCE

0.0001 reen] ;'Q Hatton TIPOBEPEHHBIE TEHEPATOPEl YHCEN C HH3KHM PACXOMICHHEM 3HAUMTE/ILHO NMPEBOCXOMAT
/;\\ 4\ ncesaoeny4arinsle yncaa. ONHAKO, ¢ YBEIHYCHHEM PasMEPHOCTH, 3TH IPEHMYLIECTBA

1605 P Niederrditer (1988) Doy SO YMCHBILIAIOTCA. Hausnas, npumepHo, ¢ d=15 meron ['anbToHA, MOCICAOBATCABHOCTH
M % Hupeppaitrepa 1 CobonA ¢ eqUHHYHON MHHIMANTH3ALMEH, BCE, BHAUMTENILHO YCTyHaloT

50 dirensions Sobok (unit ipitialisation) MCEBAOCHYHMaHHbIM YMCICHHBIM MeEToZaM. 3TO OTCTaBaHHe CTAHOBHTCA HACTONBKO

1606 |-~ mm; . jpamarvueckuM g d =100, yto BenuunHa pasdpoca MeXay BBILCYTOMAHYTRIMH TPEMA
—— RAN3 ) ~——] : UHCICHHBIMH METORAMM ¥ MpOCTHIMH TICEBIOCIyYailHBIMH METOAaMH mpesbluaet 10

- gersgnni m:;t%rmy o Aunbers IECATHYHBIX NOPSAKOB, OHako, S MPaBHIBHO HHHUMATM3HPOBAHHBIX UHCEN Cobonst

1607 |- s S'ObO' (unit iniafsaton) HET HHKAKOTO YXyaweHUs. OYEBHIHO, YTO TOJIHOE PACXOKIEHHE 10 BCEM OAHHAKOBO
. Nioderreiter (1988} B3BemiennsiM 100 pasMeprocTaM, Kak nokasaHo Ha Puc. 26 gaeT Mano MOBOZOB st

re0n —«— Sobal (regularity breaking inilialisation) , 6ecnoKoiiCTBA 0 XOPOLIO UHUIHANH3UpOBaHHEIX uHenax Cobons. B sToit Touke, opxaxko,
Mbl JIO/DKHBI MMETs B BUAY, YTO B GOJBIUMHCTBE (JHHAHCOBBIX TIPHIIOKEHHH Mbl HMEEM

neno ¢ npobnemamu, KoTopble 00NajalOT eCTECTBEHHOH YNOPAMOUYSHHOCTHIO BAXKHOCTH

1609 fern BCEX BOBJICUCHHBIX M3MEpEeHHH. OueHs XOPOLIMM NPHUMEPOM MPOBNEMBI MOAENMPOBAHHS,
wi:;:ﬂn - e KOTOpast PacKJIAABIBACTCA 10 H3MEPEHUAM NePEMEHHON BRXHOCTH, SIBIAIOTCS TPaeKTOPHH,
S i - onvchiBalouile OpOYHOBCKOE HBHXEHHC. JSICHO, 4TO €CAM KOHEuHas BEJHYMHA
1e-10 - X W;‘(*"‘reg*‘ql;““my’b’”ﬂ““«reiamg — 6pPOYHOBCKOr0 ABHKEHHS ONpPEACIACT BOSHATPAX/IEHHE TIPOM3BOJHOIO KOHTPAKTA, TO OHa
T3] T T B T 22768 65536 obnagaer BakHOCTBIO B npoGieme ouenkd. Kak ONpefic/icHHBIE  0COGEHHOCTH

6pOYHOBCKOTO ABMXKEHHS MOTYT HCHOIB30BATECA JUIS ONTHMANBHOTO, PAHXKHPOBAHHOTO
110 BaKHOCTH, IOCTPOEHHA TPacKTOpHH, obcyxaaercs B rnase 10.8, a npumeps xopoweit
cxoaumMocTy uncen Cobons nawores B rnase 10.8.4.

VpOK, OTHOCHTENBIQ XOPOLIO HHHIHATH3APOBAHHBIX YHces Cobons 3akmouaeTcs B
TOM, TO OHH ODECIIEUMBAIOT CYIIECTBEHHOE MOBLILICHHE NPOH3BOINTEILHOCTH 1Ipu Gonee
HH3KHX Pa3MEPHOCTAX H GYAYT Bee elite paboTats, N0 KpaiHEH Mepe, TaKke X0poulo, Kak

Puc. 25. T, ;150) KK onpe/ie/ieHo ypasrensem (8.4).

0.0001 - >
Niederreue(“éasMHamn ¥ TEHEepaTopbl 1ICERJIOCTy aitHbIX 4ucen B fonee BBICOKHX M3mepeHusx. Takum obpasom,
10.06 R SO == MBI BCErjia IOMIKHbI MBITATECA HPOEKTUPOBATH TAaKOH mojxon K pemenuto Mowte-Kapro,
] fpH KOTODOM MBI CMOXKEM HCIOJ/b30BATL ITydUIyH CXOAMMOCT B Gonee HHU3KHX
100 dimensions -
——— RANA \Sobcl' (unit ihitialisation) ‘ H3MEPEHHSIX, HA3HAYas X PA3MEPHOCTAM NpoONeME! HanGONBILEH BaXKHOCTH.
1e-08 | v RAN2
—=— RAN3 =
—=— Mersenne twister
tle-10 b T 5 tion for fruly random ‘ 8'7 q"c.ﬂo MTepauMVI
—— Eo%ol’ (unit in:g%lgsation) Kak MBI 3HaeM, IS [ICEBJOCITYIARHEIX TeHEPATOPOB, YHCIIO HTEpaLHH -BIMSET TONBKO
———. Niederraiter { ) . - ) =
eTabe Sobof’ {regularty breaking inifialisation) Ha OXHIAEMYIO BAPHALMIO PE3YJIBTATA COTTIACHO LEHTPAIbHON NPEAENbHOH TEOPEME, TO €CT,
yeM Gonpllte, TeM Jydnie, J1s duceN ¢ HH3KHM PacxOXJIEHHEM, CUTyauua jpyrad. Jucrna
1 Co6onst M JpyTHe TeHepaTophl UHMCel, OCHOBAHHBIE HA LEJOYHCIEHHOH apudMeTHKe No
te MOAYMO  1Ba, 1O  FOCTPOCHMI0  O0CCMeuMBalOT — NONOHMTENBHBIC — CBOWCTRA
k PABHOPACIIPEAENEHHOCTH BCAKHI pas, KOFJia YHCI0 HTepatii pasHo N = 2" -1 ja HekoTOpOTO
iegie T Sobor (jeguianty breakihg iiiasation) MONOKKTENLHOrO HENoro uucia 7. JIerko BHAET Ha CAMHWUHOM MHTEPBANE B ORHOM
ot | E S B - . M3MEpeHHH, Te TaKOH BHIOOp MCHBITAHHIT BCCTHA PE3YNbTHPYET COBEPLISHHO TIPABHABLHEIM
1618 [foeam o pachpenelicHHeM TOYEK M  Taloke TIONTBEPMHAAETCA  IMIMPHYCCKHMH  JHarpaMMamu
. PACXOXKIEHUS [AaBbl 8.6 10 H3MEPEHH 5.
1024 2048 4096 8192 16384 32768 65536

1

XODPOWO MHUUMANM3UPOBAHHLX, PA3YMEETCH

Puc. 26. TA(,'OO) KaK onpejeeno ypasuenuem (8.4).
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Yncna ¢ HE3KHM PACXOXKICHHEM

xoz I'pest G(n) omnmuaercs ot npewectayrowero Gin — 1) Tonsko EIOHHCTBCHHBIM, CKAXEM, j-
bIM GHTOM, (KOTOpEI SBNSIETCS CAMEIM TIPABBIM HYJIEBBIM GHTOM & 71-1), TO BCE, HTO HYXKHO
CHENaTh — 370 CAHHCTBEHHYIO onepauyio XOR /s kakaoro HaMepeHns, yroGsl pasMHOXKHTE
BCE X(,,) K X, TO ECTH

Tk = T(a-1pp B2 Uik - (8.23)

8.3.4 Hnmmasmzanus yncen CoGons

BHUMATEIBHEIH YHTATEND, BOIMOKHO, 3aMETHI, YTO BCE e HEeKoTOpast cBo0oAa OCTaETeA
Tipu noctpoenny mcent Cobons, a HMEHHO OTIPECTCHHBII BHIGOD CBOGOIHBIX HANPARNAOUIMX
uncedt. Kak M1 IOMHUM 3 T1aB5! 8.3.2, 14 323HHOTC IPHMHTHBHOTO NIONTMHOMA Py, CTETICHH gj,
CBA3AHHOIO C k-5IM H3MEPEHHEM, NCPBLIC g HANPAB/BIOILHX LEMbIX YHCEN MOTYT ObITh CBOGOIHO
BLIGpaHEL, B NIPEZenax HEKOTOPbIX OTPAHKHYEHHH. Bee OCTAIONMECT HANPABNAIOLKE Liesible YHCIA
TOT/I2 OTPCACIIAIOTCA PEKYPPEHTHEIM ypaeHeHHeM (8.19). Taxnm 00pasoM, HAYHHAR C NEPBBIX g
HaNPARIMIOWX LENbIX YHCEN, HHHUHAMIHPYETCH MNOCTPOCHHE BCeH MOCNENOBAaTensHOCTH. S
Ha3bIBAIO X Yuciaru uriuyuansayuy. OTpaHHYeHHs Ha 1-0€ YHCI0 WHHLMAM3AUKH vy H3MEDEHHS
k 3AUTIOYAIOTCS B TOM, HTO TONEKO { KpaliHHX JICBBIX GHTOB MOTYT GLITH OTIIHHHBIMH OT HyIIS, U UTO
[-biit 6uT C J1EROH CTOPOHKL! GHTOBOIO NOJA LIMPHHOH b, NPEICTARIAIOLIETO Vy AODKeH Gbirs 1.
BosMoxHO caMbIM IPOCTEIM BEIGOPOM ZUTs HHMCET MEHIMETH3ALIH, TAKHM oBpasoM, Gyzer auims
YCTAaHOBKa /010 Kpaifsero Jieoro 6ura B 1, a Bee apyrvie 6uTH SyayT HymaMi: D10 5 HA3LIBAIO
OUHUNHOT UHUYUamUBaYUEL], TO eCTh

v =27 8.24)

Bosaeiicteue uHcen HAMLHATH3ALMH HA CBOMCTBZ [OMOPGHHOCTH TIONHOM NOCAEAOBATENEHOCTH
Henb3st HefioouenmBars. B 1976 CoGomb omy6rmakoBan anreGpauteckie  YCIOBHS, KOTOpIE
CBA3BIBAIOT ONpPEACICHHEI BBIGOD UHCE MHMIMATH3ALMM C HEKOTODBHIMH  CBOHCTBAMH
pasHomepHocTH - [Sob76]. ToBOPAT, YTO NOCHEHNOBATENLHOCTE C HHM3KMM  PAaCXOMICHHEM
YIIORNETBOPAET ceoricmgy A, ecnr myui HOGOr0 JBOHUHOIO CEMMEHTA, (HO HE IPOHM3BONSHOTO
TIOAMHOXECTBA) d-MEPHOH NOCTICHOBATENEHOCTH JUTHEB 2° CYILECTBYET, TOY4HO OFHA TOYKA B
KamoM w3 2 THIEPKYDOB, KOTOPBIE NOMYYAIOTCH ACICHHEM SIHHHIHOTO THIIEpKy6a Mo KakIoMy
3 ero peGep nononam. [Ipyrimu CII0BAMH, HPETIONONKHM, YTO B KDKIOM HIMEPSHHK MBI JEHM
urepsant [0,1) va mea nomarepsanma [0, 12) [V4, 1). 310 KoHuMTCH pazieneHHeM d-MepHOrO
ezpHIaHOrO rwnepky6a [0, 1) #a 2% nojvnepiy6os. Jina 3anaHHOM J1F0GOM NOCIEIOBATEEHOI
ceumH § B 2" M3 NOCICIDBATSIBHOCTH C HH3HMM PacXOKICHHEM d-MEPHBIX PABHOMEPHBIX
NepeMeHHBIX, KOTOPAas HAYHHASTCA ¢ HEKOTOPOTO HHIIekea m = 12 11 HeKoTOpOro Lenoro uHeia
L, 70 eCTs Si=(d, U feers Wli411221-1) IOIDIHO CYILECTBOBATH OIHO H TOJBKO OTHO # & S}, KOTOPOE
HAXOIMTCS B KKAOM 3 MOATHNEPKYGoB 06BEMOM 2%, urobst TEHEPATOp TOCIEIOBATENLHOCTH
YIOBRIETBOPSUT CBOHCTRY A. CBOHCTBO Al SRIAESTCA HOROGHBIM 1O ONPEAETEHHIO, HO OTHOCHTCA K
ceKiMaM  ynrE1 £ TpeOyeMbIX, YT00b! OOECTIEYHT: HAXOKAEHHE ENMHCTBEHHOMO WIEMEHTA B
KaXKI0M NOHnepKy0e, NOTyHaiOIHMCS ICTIEHHEM SIMHUMHOTO MMIepKy0a Ha YeThipe paBHBIX
MHTEPBATIA B KAKAOM HIMEPEHHH. KOHEUHO, €CITH MBI IBHO HCIUIIOYAEM TOUKY B HAYAIE KOOPIHHAT
u =0, (4TO MbI JIOJDKHBL CACNATE, YTOGEI TIPEIOTBPATHTL OTOOPMKEHHE B BECKOHEUHOCT: MpH
npeobpa3osaHiH Kk ['ayCCOBCKMM NEPEMEHHBIM), CETMEHT [OCHEAOBATENLHOCTH, HAYHHAIOUIHIACA C
TIEPROTO MeMentTa He OyAeT MMETh HHKAKOH Todk B moarunepxySe [0,Y5)° u Gyzer nanGonee
PABHOMEPHBIM 1 s 27 -1, '

102

AnreGpanueckue ypaBHeHHs, KOTOpbIE TApaHTUPYIOT CBOHCTBA A U A', MOryT 6bITH
YMCIEHHO DEIICHH! M B NIMTEPATYpe CYWMIECTBYIOT PacCUMTAHHBIC 3aparee TabMHMLbI el
HHMUHATM3ALAH, KOTOPhlE ODECIIEUMBAIOT CBOMCTEA A H A' 0 HEKOTOPHIX PasMCPHOCTEH.
TlepBonauanbhas crartest [Sob76], HAmpHMep, NPHBOIMT YMCIA MHMIMAIM3AUMK 10 16
H3MEPEHHA JUIL CBOHCTBA A i 110 6 H3MEPEHHS [yl cBoHCTBa A'. HeKOTOPEIC ABTODBI CAcnant
ewie Gonee 3HAUMTE/LHBIE YCHNNS JUiA BLICOKMX H3MEpeHHif, a HMEHHO, TlackoB (Paskov) n
Tpay6 (Traub) BsluMCTIIH HX 10 360 mamepenna [PT95]. B (uuancax, onHaxKo, Mbl HacTo
cTankuBaeMcs c npobiemMaMH, KOTOPHIE MMEIOT OYEHb BBICOKYIO PasMEpPHOCTH d. Yrobel
ROAY4HTE BHITOAY OT CBOHCTBA A, Mbl GbUTH OBl JO/DKHB! BHNOIHHTE MOJIETMPOBAHHE Mounre-
Kapnio ¢ TakMM KONMYECTBOM HTEpailui, KOTOPOS HUMECT NOPANOK 2¢. TlenooGpasosanHe
a3naTCKOro OMNLMOHA ¢ EKEAHCBHHIM MOHMTODHHIOM M OJHHM TrOHOM J0 HCTCUCHMA,
HanpuMep, MOAPasyMeBacT HHTerpupoanne Monre-Kapno B 250 u3MepeHHAX, ONHO Ha
KaKAsIA AeHb TOproeny B roxy. Ilockoneky 220210 Mb) Gpimn GL1 BRIHYIEHD! HTEPHPOBATE
NPOUEAYPY TAKOE >Ke KONMYECTBO pa3s, Kakoe, OLICHOWHO, NR/IAETCA OGIIHM KOJNRMECTBOM
YaCTHI[ B 3TOM NPOCTPAHCTBE, YTO SBAACTCS ABHO UPESMEPHBIM H BPAA JH bl MBI M3BNCKITH
BBITOIY 3 csgﬁcrsa A, ne rosops yxe o csofictee 4'.

OnHaKO;, KaK Mbl YBHIHM B pasfenax 8.5 u 8.6 HENb3a CKa3ats, YTO 1 MHOTOMEPHBIX
npobineM Ka¥jloe MHOXECTBO duCeN HHMUMA3aimy GyfgeT paboTaTs Takie, Kak _moboe
apyroe. ECTb sBHast BBIroa OT BLI6OPA YHCEN MHHLMAIH3ALMH, KOTOPast JacT BOMOXHOCTL
NOCNEAOBATENLHOCTA ¢ HM3KMM PAacXOXICHHEM Ha4¥aTh HCC/ICHOBATh OOBEM eIMHHYHOIO
runepky6a Ha paHHHX CTAIHAX, BMECTO TOO, YTOOH NEPBOHAYANLHO COCPENIOTOHHTCA TONIBKO
Ha HEKOTOphIX ofnacTsix. losToMy s PeKOMEHYIO HCTONB30BATH YHCHA HHMLMATH3ALKH,
KOTOpbie ODecrevHBaroT CBoficTBa A # A' J/If CaMbiX HH3KHX M3MepeHui; a i Oonee
BHICOKMX H3MCPEHHH, TapaHTHDYIOT, TO KpaiHeli Mepe, 4TO nobasg  peryaspHoCT  BO
MHOECTBE HHULMANH3AMMH HapyineHa. ECTb o BHGOp unces HHHUHANM3AUHH, KOTODGIH
JIENIAET TIONHYIO HPOTHBONOJIONKHOCTE ~ 370 BHILUCYTOMAHYTAs €AHHMYRAT HHHLIMATH3ALNA.
XoT#, €cni CTPOro TOBOPHTH O IONYCTHMOM BEIGOpE HMCE]l MHALMANH3ALMH, CIMHUYHAS
HHMLFATH3A0MS BEIET K YAMBHTIENLHO IUIOXHM pesybTaTaM i1t uucen Cobons 1 e€ HyXHO
wsGerats. OueHb MPOCTOH CNOCOG 1A TEHEPALMH YHCEN HHHLHATHIALIMH, KOTOPBIC HAPYLLAKOT
PETYIAPHOCTD, COCTOHT B TOM, YTOOBI MCMONB30BATh oTAeNBHLI TICeBAOCTy b renepatop
uncen i1 BHIGOPKM papHOMepHEIX TepeMeHHBIX € (0,1) ¥ Jenare MHMIMAIHIALHIO
crenyiomnM obpasom. Tlomyyaem u'y OT OTAENHHOTO PABHOMEDHO TeHepatopa CyuaiiBbiX
quces, TAKOE, 4T

| (8.25)

ABIAETES HEYETHBIM (NPOCTO [POAODKAliTe BEIGODKY, MOKA YCIOBKE He GY/IET BHIONHEHO) H
YCTaHABIHBACM

v =g - 20 for L= Llage. (8.26)

Yro6b! 3aKOHUMTH 3TOT pasfen,  jaio B Tabn. 3 cnucok 4KCeN HEHUHAIM3ALMH, KOTOPLIS
ObITH TIPOTECTMPOBaHb{ Ha CBOACTBO A 0 32 M3MEPCHNA W TapaHTHUPOBAHHO obecneyar
cBoiicTBo A' 110 6 uamepenus [Sob76]. Cron6up! crepytomue: k — HHASKC HIMEPEHHS, &x —
CTETICHb CBA3AHHOTO NOMHHOMA, &y .., (kg — KOXDPHUMCHTHI NIONHHOMA KAK B yPABHEHHH
(8.18) n vy — Hanpassaroime yucna. TiponssonsHo BHIGpaHHBIE HaNpPABAAIOWHE YHCNA, TO
€CTh MHOXKCCTBO MHHLUHANN33LMH, I0Ka3aHbl B TA0IHLIE YEPHBIM, @ TE, 4TO NOABHIIHCH H3
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Yncsia ¢ HE3KHM PacxoxieHHeM
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pexyppenTHOro coorrowenus (8.19) — Gonee. ceprie. ‘OGpaTuTe BHUMAHHE, YTO MOIHMHOM,
CBA3AHHBII C U3MEPEHHEM | — HE CTPOrO NPHMHTHBHLI I0MHOM, TOAOOHO TOMY, YTO YHCIO
1 ne snsieTcst CIPOro NPOCTHIM YHCIoM. B 370M ske npuumHa TOTo, MOYEMY HANPABIAIOLIME
YHCA UM H3MepeHHs | He aioTcs peKyppeHTHsiM oTHoweHueM (8.19), a npocro vy = 277
JanbHefiume qeTamd MOXHO HAlTH B NepBOHauanbHoOH urepatype [Sob67]. Uto kacaercs
HOCTYNHOCTH OPOrpaMMHOTO KOAa, ¥To0s1 co3aaTh yucna CoGos, TO anropHT™ KOHEYHO ¢CTh
B [PTVF92]. Ilpy MCMONE3OBAHMM JTOr0 MCXOZHOTO KOAZ, TaONMUB! [PHMHTHBHBIX 1O
MOZYJIEC /Ba MOIMHOMOB Ha CONMPOBOX/JAMOLIEM KOMIAKT-AHMCKE U METOAA HHULHATH3AUHH,
OMHCAHHOIO BHILUE T CBOOOAHLIX HANPAB/MIOUIMX YHCEN, HE JOIKHO ObITh CIHMILKOM
TPYZAHBIM CO3/JAHHE BallleTo COBCTBEHHOrO MHOTOMEPHOTO reneparopa uncen Cobons. Kpome
TOrO, ECTb KOMMEPUECKHH MOZY/TH OHOTHOTEXH, AOCTYNHbIA B OPralM3aLHK NOJ HAIBAHHEM
BRODA [KS], xoTopsiii MOXeCT reHepupoBats mocneaosateibHocts Cobons B 370
H3MEPCHHAX. B Hex0oTOpOM CMBIC/IE, MOXHO YTBEDKAATH, YTO ITOT OPOrpaMMHEEIL MOAYTH U
ecTb nodmunibiti. renepatop uncen Cobom mockonbky cam npodeccop Cobonb CTouT 33
YHCITAMH HHHIUAIHM3AUMH, KOTOPEIC YIIPARIAOT NOCTISHOBATENBHOCTHIO H OH TAKKE CBAI3aH C
KoMnaHuei, pacnipocTpansrowmei GronHoTexy. Urols! He GBLIO HETONOHHMAHHS — 5 HE CBA3aH
¢ BRODA Hlorm 0Gpa3zoM BooOue.

8.4 Yucna Hupeppairepa (1988)

Huneppaiitep (Niederreiter) u3oGpen o6utyo CTpYKTYpY TEOPHH HHCEN IS CO3BHUS
HOCNE0BATENEHOCTH C HH3KAM pacxoxaeHueM [Nie92]. to seceMa criocoGeTBoBano aHanusy
BHYTPCHHHMX MEXaHH3MOB H INOMOIVI0 HaM TIOHATH CXONCTBA W payiM4HsA YMCIIOBBIX
nocnegoarensHOCTEH. OR Taloke H300peN HECKONBKO ANTOPHTMOB T€HEPALHH HCIOBOH
nocnegosarensHocTH [Nie88, Nie96], i3 xoTopeix Tobko 0fHH GbLT ocyMecTBieH [BFN94].
Mel  Ha3BIBaCM 3Ty pCATH3OBaHHYI0 MOCHESHOBATENRHOCT KaK  MOCHNEAOBATENSHOCTD
Hupneppaiitepa (1988). Ona, ¢ KOHCTPYKTHBHOIH TOUKH 3PEHHS, HE CIHLIKOM OTIHMHAETCH OT
ancen Cobonst. Taioxe Gasupyerca Ha apHMETHKE TONHHOMA 110 MOZYNIO HEKOTOPOTro m,
KOTOPOE HallI¢ BCETO PaBHO 2, HE B MOCHENHIOW OYepes GNarojaps OrpoMEHOi CKOPOCTH M
JIETKOCTH BHITONHEHHA JBOMYHBIX BBIMHCICHHH HA COBPEMEHHOM KoMibioTepe. OnHako,
uncria Huneppaitrepa (1988) ncnonb3yior venpugodunbie BMECTO APUMUMUEHbIX TIONNHHOMBI
Hecmotpsa Ha ToT daxT, 910 OHH, TEOPETHHECKH, NIPEBocxoaT uncna Cobons B npenese, ¢
SMIMPHYECKOH ' TOMKH S3DCHHMA, KOTA2 HavyaNbHads CTamus = Ooice -2HauMMa, 4eM
acHMITIOTHYeCKoe TioBefienne”, uucna Hupeppaifrepa (1988), mo moemy onmbity, He
o0ecTieyHBaIOT TOH ke CaMoif HAOKHOCTH B TEPMHHAX GLICTPOI CXOAMMOCTH JUIA BHICOKOH
pasmeprocTH, Kax y uncen Cobons.

! Ouesmpro, uTO Tak xak Bce NPUMATABHBIE NOMKUHOMB TAKKE HENDUBOAUMb, MOXHO
NPOCTC MCMONL30BaTb NPUMMTMBHLIE NOMMHOMB U AR NOCTPOBHME uucen Hupeppaiitepa
(1988). 3710, oOpHako, He WCNPABNSET  He CRMWKOM  XxOpowyw . pa6oTy - qucen
Hupeppaiitepa (1988) B MHOrOMEPHHX NPUNOXEHHUAX.

[lna  npakTu4eckux NpuUnoxenuin, Mu  GONbile 3aMHTEPECOBAHL B  PEANMB0BAHHOM
cxogumocTy 33 nepswe 10,000, wnm paxe 5600 MUANMOHOB MCABITAHWUIA W BONPOC O TOM,
onee

KakoW  reHepaTop uucen  obecneunt BHCOKYO ~ HOPMY  CXOAMMOCTM B
ACUMMTOTHYECKOM npenene, ¢akTudecky, OBBCKOHEYHOID MHOXECTBE MWCALTAHWA, umeeT,
REUCTBUTENLHO, HEOONBWYID BAXHOCTD.

105




[image: image173.png]I'aaBa Ne8

8.5 MapHbie npoexuum

Llene MeTONOB TEHEpALMM YMCEN C HH3KHM DPACXOKACHHEM COCTOMT B TOM, HTOOBI
O0eCTIeHTE MCTOYHHK BEKTODHBIX KOOPIMHAT, KOTODHIA 3akphiBaeT 3a/aHHYIO OOJacTh Tak
OJHOPOIHO ¥ PABHOMCDHO, HACKOJIBKO 310 BO3MOXHO. UeM Gomee roMOreHeH TOICHKAMER
TEHEPATOD UHCET; 'lFM Gostee TOYHBIM H GBICIpO cxopsumMes Oyaer Burusmcnenue Mowre-Kapno,
OCHOBAHHOC Ha HEM .

B smreparype GbUI0 33pErHCTPHPOBAHO, YTO TCHEPATOPbI YHCEN ¢ HH3KMM PACXOMKICHHEM
VIMEIOT TEHJIEHLIHEC TEPATE CBOE KAYECTBO FOMONEHHOID OXBATA C yBEJTHHEHHEM pasmepHocTH. Yol
I10 MOPONEMOHCTIPUPOBATE HANO HAPHCOBATL NPOCKIMIO 33NAHHOTO KOJIMUCCTBA BEKTOPHBIX
KOOp/IHHAT, NOMYYEHHBIX OT TSHEPATOPa YHCENT HA JBYXMEPHYIO TIPOSKITHEO CMENKHBIX W3MEPEHHH.
Ha Puc. 18, Mbl NOKa3bIBaEM ITPOSKIHIO NIEPBEIX 2047 BEeKTOPOB-BBIGOPOK PaXIHYHBIX NCHEPATOPOB
YHCEJT HA HECKOVIBKHX JBYXMEDHBIX PABHOMEPHLIX HHTEPBAAX. B nepBoii CTpoke, MLl HMEEM BEKTOp,
MONYYeHHBIA OT KPYTWIBLMKA MepceHHa, Kak NpHMep CIfy4aiiHoit Mone/H s cpasHenust. CTpoku
€0 2 110 5 JAIOT NpocKiH rereparopa Cobons (HHHLMANM3AIMS, HAPYILAIOLLAS PETYIAPHOCTE), EIHe
Coban (e pmnunas nrvmpasaims), Hupeppatirepa v Tankrona. B cron6ue 1, mokasana npoexums
HA [IEPBbIE BA HIMEPEHH, CIEAYIOLIHE KONOHKH — HaMepeHHe 8 npoms 9, 29 npotus 30, 62 npotus
63 1 93 nporus 94.

TToxasanmeie H3MepeHHA ObUM BEIOPAHBI CTy4aifHO. JTH MPOCKLIM — IEPBbIA HHIAMKATOD
TOID, YTO He BCE FEHEPATOPBE YHCEI C HUBKHM PACXOWKIEHHEM HAJEKHDI, KOTIR TPEOYIOTCA IOBOBHO
BHICOKHE pasMEpHOCTH. A - HOCHEHHX. TPEX  TEHEPATOPOB YMCEN. SiCHO BHIHA TCHACHIMA K
KIACTEPH3ALHK H - I3NaM: ¢ yBeutcaneM -pasMepHocTH. Yucna Cobonsi ¢ MHHUHATHIAUHER,
HAPYILAIOLIEH PETYIAPHOCTS, OHAKO; KBHKETCH, HE CTPAJAIOT OT ITOH NpouIeMBL.

Boui cooOlueHus B PasiMaHBIX MyOMMKamx, 4ro e CoBona Taioxe CTPAmAoT OT
nipoGiieMel GBICTPOrO HaPYLLICHHA ORHOPOIHOCTH B 6O7ICe BBICOKIX pasMepHocTsix. S nonararo, uto
I10 H3-33 HEYJAYHOr0 BHIOOPA “HOET WHHIMAIM3ALFH, HCTIONE3YeMbIX A HX noctpoexks. B
JeicruresmprocTH, caM CoGoiIb. 3HATL BIKHOCTE TINATEILHON HHUIMANM3ALMH, N0 KpaiHel Mepe,
HavuHHad ¢ Hasama 1970-bix [Sob76). YBbl, Korm (pHHAHCOBBEL CEKTOP HAYAT HCTIONB30BATH YHCIA C
HHMBKHM PACXONCIEHHEM, J10T0 BOMPOCA: He: MIOAHHMATH, OTKYJA H TOMUIO MHEHHE, YTO HHKAKOH
TEHEPATOP YMCET C HISKHM PACXOMICHHEM HE NOJXOHT A1 BHICOKHX PasMEPHOCTEH.

8.6 AMnupuyeckue pacxoXaeHus

Boree nioumHast Mepa CBOHCTB OIHOPOMHOCTH NEHEPATOP HHCE/ ¢ HHIKHM PACKOMKICHHEM T10
CPABHEHHIO C BU3YAJILHBIM OCMOTDOM NPOCKHHI — 310 PACXOXM(ICHHE COTIACHO OTIPSAETCHHIO B
ypasreHmiax (8.4) win (8.5). Yrobsr okazath, 110 NPABHITEHO HHHLHMATH3HPOBAHHEE uncia Cobomst
[CHACTBHTEIEHO HANCHKHB! DK B O4CHD MHOTOMCPHBIX MPH/IO)KEHHAX, . [IOKA3HIBAIO HA PHCYHKAX €
Puc. 19 no Puc. 26 pacxokaeHHe OTHOCHTENLHO Lp-HOPMBI 7%, onpenenentoit 1o ypastesHio (8.4)
mnd=2,3,5, 10, 15,30, 50, 100 s pasmiHHbIX reHeparopoB uicen, OGpaTHTe BHUMAHHE, YTO JIHHHA
0003HAYCHHA, KaK "03GHIAHHC 1A HCTHHHO CITy4aiHBIX uHcen" (expectation for truly random numbers)

ABIAETCH (PAKTHUECKH ,}ERT;;')): I,mpacc'mm{osnpwmmnm 882

! Bonee maTewaTwqeckas GopMa ATOr0 YTBEPKIGHAA W3BECTHA, . KAK TeopeMa Koxcwa-
XNnaBxka, HO TAaK KaK 3TO OTHOWEHWE [OCTATOMHO MPO2PadHO M 06NAAAST ABHHM 3/1PaBbM
cMucnoM, 2 He Oyly 34ect BAaBaTbCA B AeTanY.

Ypcna ¢ HIZKHM PACX0KIeHHEM

Mersanne nwister

Mersenne twister

Mersenne twister

£

Sobol® {unit initialisation)

) Sobal” {regularity

Puc. 18, [IBymepHbie NPoeKUHH PasIH4HbIX FTEHEPATOPOB YHCEN.

Sabol’ {unit
T et e R

Mersenng twister

IR0

Sobal” (regulrity b
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8.8 NMpunoxenun

8.8.1 sIpHas (hopMyJia WSt L,-HOPMBI PACXOKTCHHSA HA SMHITHOM
THepKyGe

Toxcraenss dopmyny (8.2) mns ny, B KBafApaTHEIE CKOGKH NpaBoif CTOPOHLI
ypaBHeHud (8.4), Msl mosryuaem

2

N d
2 L
()
1;(\' = ﬁ Z H 1('JA 2ry) l{slerJ»)d?/ (8.27)

W= hyejo F=

d
—Z_Z / Hl(ys>r,k)JIadJ+/ Hyzdy

=lcio g £=1 el F=1

N o d

i ¢ 1
= v Z H / dy, — ZTZH/ ey + H/?/fdyk (8.28)

ij=1 k=1 =t k=1 ket

maxlrix,jx) a

E

jomu PN

1
W (I — max(rie. 751)) —
i

&

an

L1
Hg o+ 374 (8.29)

YTO ABMAETCS HAEHTHYHBIM YpaBHEHHIO (8.7).

8.8.2 Oxkunaemas L;-HOpMa PacX0:KIeHHS HCTHHHO CTyHAHBIX YHCe

Hro6bl nony4nTs ypasHerHe (8.8), oxumanue (8.7) i HCTMHHO ClTyyaiiHBIX unCel
BBIYHCIICHO HHKE:

N d 1-a N [d
E[ ] = % Z [H (L- max(rik.rjk))} - 23] l ZE [H (1- rfl)} +374(8.30)

J=1 i=1 k=1

OxMnaHHs NPOM3BEACHUHA NM2PaMETPOB, BOBIEKAIOLIHE CTyYaliHble YMCTA MOTYT GBITH
3aMEHEHBI MPOH3BEACHUAMH OXHIAHMi, KOTa cayyaiiHbie 4dcha He3aBHCHMEL. UTOGBI
3T0 co6M0Aa1I0CH, HEpBas CyMMa A0MDKHA GbITh pa3buTa Ha YNEHB, KOTa i =j, H KOraa
i#j. 91O aer

114

Yucaa ¢ HUSKUM PacXxoxaeHUeM

e[’ ]

o
1
¥ {:’V HE{IA«G(U,I])“ = :rk]

k=1

d
+}V(;’"\7 = 1) HE{,,:k_yke(Q,m[l — max (;l‘k,yk)]

k=1

21 -4 4 4
—N HE{T“CO]” [1 = .l‘k] +3”

=%{ rov-ofe [ [-oa]}

~21~"[ (l—r)dl] Fa

=0

d
TN T ’ Jo=o L2 ]2y

1 o
= 270 (N - 1) [1~1+/ ygdy] -3
A‘v Jy=0

= %{2"‘ + (N -1)379} -3

= s(t-s

(8.31)

(8.32)

(8.33)

(8.34)

(8.35)

(8.36)
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Tenepatopbt uuces 0OBIYHO IPOH3BOIAT PABHOMEPHBIC NMEPEMEHHBIC HA CAMHUYHOM
uHTepBane. Beskuit pas, KOraa MBI XOTHM BBHINOIHHTH MojenHpoanue Monre-Kapro,
KOTOpOe TpedyeT dero-HUGYNhL JPYroro, BMECTO PaBHOMEPHOTO PACTIPEAENEHHS, Mbl JOMKHB]
peolbpa3oBaTh NCXOAHBIEC PABHOMEPHBIC TIEPEMECHHBIE K HALIEMY LIEJISBOMY Pacrpeiel/eRHio,
WIH KaK-TO [IO-ApYyroMy TapaHTHpOBaTh, 4TO Msi coOmiogaeM TpeOOBaHMA K HalleMy
pacnpepeneHnio. B 3TOH rmiaBe, Mbl OOCYXZIA€M HEKOTOPHIC M3 H3BCCTHBIX METOJIOB
JIOCTHXKCHHS 3TOH LIETH.

9.11 WHBepcus kymynAaTUBHOM (hyYHKLIMW BEPOATHOCTH

KymynatusHast QyHKUHMS BEPOATHOCTH MODOro pachpereNieHHsl MMEET CIERYIOLLyIO
nonesHylo ocoGeHHocTs: s M0G0l mepemennolt xR M3 pannoit nenesodl miotHoCTH
pacnpeneneHus  Y(x), KyMynaTMBHad (yHKUMA BEPOSTHOCTH AL X, TO €CTh

X
?’(x):-[ w(x")dx’, spnserca paBHOMEPHOIH MEPEMEHHOI HA eJMHHYHOM HMHTEpBaNe. IO

TIOTOMY, UTO KyMY/IATHBHAA (YHKUMS BEPOATHOCTH ABISETCA MO BEMYMHE NPOCTO MEPOi
BEPOSTHOCTH, KOTOpas ABIAETCS PABHOMEPHOH 10 onpeAeneHHto. TI03ToMy, eciiH Mbl CMOKEM
HHBEPTHPOBATE KYMYJITUBHYIO (DYHKIIHIO BEPOATHOCTH M ONPENENMHTL 3Hauenne oGpaTHOH
KyMYJISTHBHOH BEPOATHOCTH 110 3a/|aHHBIM PABHOMEPHBIM TEPEMEHHBIM, TO MBI TONYHYHM
HEPEMEHHEIE HALLIETO LEEBOT0 PacTpeeeHHs!

TIpumep: BEPOSTHOCTL K MIOTHOCTH pacnpenencHus Kown nasanack ypasHEHHAMH
(2.53) u (2.54) xax

1
W(X)_;l+x2

Y(x)= la tan(x) + 1
n 2
O6paTHYIO KyMyJIATABHYHO [UIOTHOCTb MOXKHO JIETKO ONPE/EIIHTD KAK
¥ () = lan(‘n(u - l/z)) . 9.1

UTo KacaeTCs BCEX Pacrpeiefielyii, KOTophle SBISIOTCA OTVHYHBIMM OT HynA jniA BCex xE R,
ofpaTHas KyMyJISTHBHAS (yHKIHs BEPOSTHOCTH pacnipeesicHs Koum mmseprupyer n npu u >0,
u mpn u> 1. TTo9TOMY OHa MMCCT OIPOMHYIO BHKHOCTh A “HCTEHHBIX TPAIOMCHHM,
TapasTHpyA, YTO NONIEXAUMH PABHOMEPHBIH TeHEPATOP YMCENT HUKOLIA HE BBUIACT HH OIHO U3
ITHX JIBYX HENOIYCTHMBIX 3HaueHHH. K coxanecHHIo, oYy BCe PAaBHOMEPHBIE IEHEPATOPLI HHCEN,
HA KOTOpble % TIOKA HATA/IKMBAJICA, BITIOUAIOT, IO KpaiHeH Mepe, 0 B CBOH IMamasoH, YTO
HEOOXOMMO ITPECeKaTh NPH BBINOIHEHUH Moaenrposanya Mowre-Kapro.
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Puc. 27, KoHcTpyHpoBanne nepeMennbix Komm, Ppacripese/ieHHBIX COIACHO Y(x) B ypaBHenuH (2.53) u3 paBHom
JIErK0 MPOH3BECTH € NOMOLLLIO 06PATHOM KyMyJIATHEHO

Meroa npsAMoi HHBEPCHH KyMYJIATHBHOH (DYHKUHH BEPOATHOCTH — 3T0, ONPEICACHHO,
caMbIii IPSANOYTHTE/IBHBIH METO UL OCTPOSHKA HEPABHOMEPHBIX NEPEMEHHBIX, BE3/IE, I
W¥'(u) nocrymma i Moxer GRITE adpexTHBHO Bhiunciena. HecMotps Ha o6cyxaaeMble HHXE
ANLTEPHATHBHBIC METOABl U1 DACTIPSACHCHHI, ubs O0paTHad KyMY/STHBHAA GyHKIMs

SITHOCTH HE TaK JIETKO BBIYMCIDIEMa, — THOa f-CThIOfleHTa, 4b KyMY/IATHBAa JaeTca B
ypasHenuy (2.52) wiu pacnpenenenns GB2, ubs kymynstisa onucsiBaeTcs (2.62) — Moxer
OKa3aThCs  JKEJATENHHBIM BCE K€ MCHOAL30BATE METON  OOpaTHOr0 KyMyIATHBHOIO
orobpaxernd. ONHAKO, B ITHX CITy4astX, BMECTO NTOHCKA HHBEPCHOM KYMYJITHBBI UL KOKIOH
HOBOH BGIOOPKHM, HYXHO YCTAHOBHTb (BO3MOXHO, MHOTOMEDHYIO) HHTEpPHONALHOHHYIO
TabNULy, HCIONB3ys KyOWYeCKnH CIUIaifH, COXPaHMIOMWMIA MOHOTOHHOCTh CTUIAHH MM Bail
mobuMbIi crinaitH-mMeTod coxpanmiouit hopmy [PTVFI2, Hym83, Kva00). K cuacrero, ana
HauGonee M3BECTHBIX DpacTpefeNeHui, Mbl HMmeeM, 0o Kkpaiineii Mepe, QyHrumMIO
KyMYJIATHBHOH ~ BEPOSTHOCTH M MOXeM, TakiM o0pasoM, JIerko MOArCTOBMTH
HHTEPNONALHOHHbIE TAOIHLBL.

"+ 9.2 Ucnonb3oBsaxue 06Pa3LIOBON NIOTHOCTH

CyLUeCTBYIOT CHTYALM, KOTa OOpaTHAsd KyMYJMTHBHAY YHKUMS BEPOATHOCTH
SBNSETCS WM HEJOCTYNHOH BoOOLiE, WIH O4YEHb PECYPCOEMKOH, B BEIUHCIHTEIBHOM
OTHOWIEHHH, 1A OLCHKU. B 3TOM Cityuae, MBI MOXEM HCIIONB3OBATH MEMOOUKY 00pA3YOGOH
rmomnocmu [Mac97]. Bmecto BBIGOpKM HENOCPEACTBEHHO W3 OKENATEIBHOM 1HeNeBoi
IUIOTHOCTH Y(X), Mbl BLIGHPacM ApYIYIO, KAK MBI Hameemcs, ofoSHYI0 mnoTHoeTs Y , u3
KOTOpOIi MBI MOXEM JIETKO BHITAIMBaTh TepeMeHHsie. Torna MoenupoBaHHe NPOBOJHTCA C
HCHONL30BAHHEM TIEPEMENHBIX U3 00Pa3LOBOI IIIOTHOCTH, a KaXaas ouenka GyHKUAH — 3To
ILIOTHOCT BEPOSATHOCTH, CKOPPEKTHPOBAHHAA COOTBCTCTBEHHO Koddduuuenty nonoGus
LelieBoll IUIOTHOCTH Y(x) W obpasuooit miotHoctd 17 (X). MaremaTHueckH, 3T0

COOTBETCTBYET HpeobpasoBatuio MOTHOCTH (PHc. 28)

Jrwiae= f1w (L(—

Jlpyrumu cnosamu, ouexoutas ¢yHkuua Moute-Kapno, xoropas jaBanack B YpaBHEHHH
(2.15), 3ameHsETCH Ha oyenouHyio Qyrkywo 0bpasyoesol nnomnocmu Monme-Kapno

N i g,
oy =2 (o) (1—“—)) : 03

wlm)

(9.2)

Vpasuenue (9.3) Naer HaM MPHOBEHHOE YCHOBHE Ji06oro BEIGOpa 00pasLIOBOH MIOTHOCTH:
IUIOTHOCTS 00pasLa l/7(x) He doncra GbITs HynieM Besne, rie f{x)W(x) OTMaHO oT Hyas!
BuumatensHelit YHTATEND, BO3MOXKHO, 3aMETHI YTO ISt JIO0Or0 KOHEUHOTO yucha N
cumynsmii, oueHouHast ¢ynxuus Monte-Kapno nns 0o6pasuoBod NIOTHOCTH NOCTOAHHOM
byukuuu fix):=c He Gyner, B obweM ciyuae, paBHa TOYHO 3HAYCHHIO C, B OTIMYHE OT
ypastienus (2.15). 31o MoweT ObITh MCTIPABNCHO pPEHOPMANM3alMeH, KOTOpas JaeT Ham
HOpMaTu306aiIyI0 oyenouHyio ynryuio Morme-Kapno obpasyosoil isiomuocmu
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Pue. 28. Meton oﬁgasnonoﬁ TUIOTHOCTH HCMOJIL3YeT MEPEMCHHbIE U3 APYroii, HO, KAK MBI
Hajgeemcs, nonoG_flon TUIOTHOCTH H KOPPEKTHPYEY CPEAHIOI HePenpeIeHTATHBHOCTL KaXI0d
nummn,uya.m.nozl BLIGOPKH YMHOMEHHEM KaKIOH OLEeHKH Gynxuns Ha Kod(duument
nojobus uesepol n 06pa3uoBol NoTHOCTEI.

H T T

Black-Scholes pricc ————
Cauchy sampling density, not normalised —-

Cauchy sampling density, normalised ———

standard normal sampling density ———-—

runnin £ average

W o Y § AR
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W\.\_, P
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2000000 3000000 4000000 3000000
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Pac. 29. Ouenka iosur-onmpona "Ge3 neHer” Hcnoab3ys 00pazuory0 BGOPKY NAGTHOCTH
Koum.

HepasnoMepHbie C1ydaiHble THCH2

_ g:]f(li) (;':%“;)

N
i)
= (3=2)

i=]

Oyt 9.4)

OnHako, HA OCHOBAHHHM TEOPEMBI HETPEPHIBHOTO OTOGpaKEHHA, 00C OUEHOUHBIX (bYHKUHH
monyctHmbl. B obuieM cyuae, BapHamusi® moGoil oueHouHOH (ywkuun oOpasnosofi
WIOTHOCTH GYAET OTIMYATLCH OT IpsAMOil OLEHOUHOH (yHKINK HeneBoi MIOTHOCTH H Ha
OCHOBaHMH 3aKOHA2 Mepdu, ecnu Mpl BHIOpanM nuoTHoCTe ofpasua Gonmee mnH menee
CTyqaifHo, MBI TIOJYUHM YBEJHYSHHYIO BAPHAUMIO JUIS Hamiel OUEHOUHOH (YyHKUMK MonTe-
Kapno, To ects Gonbryro ownbky Moure-Kapno. K Tomy xe, a7a npo6ieMa reOMeTpHUECKH
YBE/TMUMBAETCA C YBENMYCHHEM YHCIA H3MEPeHHH (pasMepHOCTeii), M noIToMy BRIGODKa H3
LEJICBOTO PACTIpE/eNcHHA NPEMIONTHTENBHEE, €CTH OHO OCTYRHO. Boiice MaTeMaTHueCKuii
aHanu3 NpobNeME YBENHYEHHs BapHALIAK OLCHOUHOH (YHKILH 06pa3sLOBOM IWICTHOCTH, CM.
[Mac97].

Yro6b| 3aKOHUHTE ITOT Pasnen, 4 NOKa3bIBaio Ha Prc. 29 marpaMmy cXOIMMOCTH AA
CTAH/IaPTHOTO TiPOCTORO BAHIJIBHOTO EBPOTISHCKOTO KOLT-OmiIHoHa B Moneny bnaka-IHoyssa -
¢ Sp=123, K = 134, r = 12%, d=4%, T=3.33 n 0=67%, ncrone3yioutyto mwiorHocts Kotm xax
06pasioBoc PacTIpeieNicHHe, 10 CPABHEHHIO C MNPAMBIM HCTONL30BAHHEM CTAHIAPTHBIX
HOPMANBHEIX HEpeMeHHEIX. [IepBad Bk, KOTOPYIO CTOHTE OTMETHTE COCTOHT B TOM, YTO HET
GONBILIOH PASHULEl MEXAY HOPMATM3OBAHHOH M HEHOPMIM3OBAHHOH BEPCHAMN METOXA
IUT0THOCTH 06pasLoeBol BLIGOPKH B ypasHenuax (9.4) 1 (9.3), COOTBETCTBEHHO. Onuako; ecTb
yJ/MBHTENbHAs OCOOSHHOCT: METON 00pasuoBoil MOTHOCTH Kolum, KakeTcs, CXOAMTCS
6bictipee IS 3TOTO KOHKPETHOTO Mofenposanus! OGBACHEHUE NOBONBHO- NpocToe.B
cTpykType Mozenn Bmoxa-1lloynsa MeTon oCTpOSHHA OKOHYATENIBHONO 3HAUCHHS TR St, pn
3a/IaHHEIX Sp ¥ CTAHZAPTHOH HOPMATbHOM NEPEMEHHON X TaKoB :

1
s, = Soe(r d-3a WioTx) '
Pemsas nipn S7= K, 118 X Mbl IMCEM
K 1 5
_ln(s—n) (r—d-io )z

R -

Jlns napaMeTpoB, 38JaHHBIX BBILIE, KyMYJIATHBHAA HOPMAlbHAA BEPOATHOCTE VIS Xk
ectb N(xx)=67.85%. KymynsmueHas BepoaTHocTs Kowm s Xk, OOHAKO, JIHLIB W ound Xx)
=63.82%. OT0 o03HayaeT, YTO MeHbliee, NpubTM3UTENsHO HAa 4%, KONMHUYECTBO
CKOHCTPYMPOBAHHBIX 3HAUEHHH Sy NPHUXOAMTCA HA  COCTOSHHC "Ge3-neHer”, KOTAA Mbl
JMCIIOME3yeM 0GPA3IOBYI0 INIOTHOCTL Kowk, KOTOpas BI3bIBAET YyHLIEHHYHO CXOMMMOCT, K
TOMy 3Ke, NOCKOMbKY IUIOTHOCTH Koum umeer Gomee TONCTBIC XBOCTBI, YEM -HOPMAnbHOE
pACTpelelieHNe, CHMYIAUMH, KOTOPhIE 3aKaHYHBAIOTCA COCTOAHHEM "B-AeHbrax", WMEIT
TenpeHUMIO K GOnee BHICOKMM 3HaYCHWAM M, TaKWM 00pasoM, KOMIICHCHDPYIOT napaMeTp
BBINYKIIOCTH, TO €CTh Napamerp Hro — 150°T, Bonee Gpictpo. 06a athdexra BMecTe fatoT
YIIyHIIEHHOE TIOBEAEHHE CXOIMMOCTH, 3amMeuenHoe Ha Puc. 29.

" 9.2.1 BoiGopKa BasKHOCTH

TTocKonbKy MBI OCTATOHHO CBOGO/IHEI OTHOCHTENBHO BriGOpa 06pa3LIoBOi NIIOTHOCTH,
121



[image: image178.png]T'naBa Ne9

Hepasnomepnbie ciyuaiinbie uncaa

MEI MOXEM BOCITONE30BATHCS FIPEHMYILECTBOM 3TOH CBOGOARI, YTO6LI YMEHBIIHTL BADHALHIO
ouenouHol dyrxumn Mosrre-Kapno. PaccMotpuM criemmansHiit ubop
oo @)Y
)= T
¥10Ka HTHOPHPYA TOT (aKT, YTO MBI, B ACHCTBHTCTLHOCTH, HE 3HAcM BelMunHy namenarens, Takoi
cnetadurieckuii BLIGOP Sy 06PazOBOM MIOTHOCTH Jan Gbl BOMOMKHOCTE HAM BLIMHCTHTS (9.2) ¢
moGoii oTenbHOA BLIGOPKOF Y1 X, TAK KAK MBt ONYdacM 13 ypasHenis (9.3)

6 = f(n ?}.'(xl)
st (423)

o e (n SO () dz
—f(ll)v(lj)m

©.5)

= [t as.

Ho nocxomeky MBI He 3Haem pemieHns npoOnemsl, KoTopas OOHapyXHBaerca B
3HAMEHATEIC NPaBOH CTOPOHE! ypaBHEHHA (9.5), Mbl, haKTHYECKH, ITONO CAENATL HE CMOXKEM.
Onnako, MBH MOXeM BHIOPaTh TWIOTHOCTS. 06pasia, KOTOPas: MPHHHMACT CTPYKTYPHEIC
ocobennocTn npomsseaeHmA flx)yfx) Bo BHHMaHHe. OueHs HPOCTOH BEIGOP, KOTOPHIK cpasy
Ke OOECHEdHT CYILECTBEHHOE - YCOBEPIIEHCTBOBAHHE, 3aKiiouaeTcs. B BeIGOpe  TaKoi
o0pasiosoii TIOTHOCTH, KOTOpas ABNACTCA HyNeM ‘Besne, rae fix) — Take Hoib. Tlpumep
noAbiHTerpansHoil - gymiamy fx), -koTopas HMeeT OGNACTH HyNEBOI  BENMUMHM, 3a/AeTCH
napHofi apbuunol. Pyniameit #a Prc. 28, u B ¢muuancax, pyHKUMH C Takum CcBOHCTBOM
BCTpesaloTcs  nosciofy. Onpenenennnii  BoiGop 06pasuOBEIX MIOTHOCTEH, KOTOpHIl
NOJIL3YETCH TAKHM NPEHMYLIEECTBOM O0NacTedt BaXHOCTH MOALIHTErpanbHOi dyHxunk fx),
Ha3BIBACTCH MemoOoM 6bibopxu eadcrocmy. Vicmons3oBanve Pacnpec/icHHA C TOJICTHIMH
XBOCTaMH J1A OLCHKH ONUHOHA "Ge3 ZieHer" M3 mpHMepa NpeABIAYyINere pasaena — OfHO, U3
TaKHX NPHAOKEHH] BHIGOPKH BAKHOCTH. MbI CHOBa BEpHEMCA K MCTOAY BLIGOPKH BAXHOCTH B
pasaenax 10.5u 11.4.

Kcrarn, npyumep naeanbHoi 00pasioBoil 1wi0THOCTH B ypaBHEHHH (9.5) BoicBeuHBaer,
YTO IJI% CHIBHO HEMOCTOSHHBIX (JyHKUHH f MOXET ObiTh BHINOAHO BBIOJIHHUTL TEXHHKY
BBIOOPKH BAOKHOCTH, HCHONB3YS HEHOPMAIM30BAHHYIO OLCHOUHYIO (YHKUMIO, AAHHYIO B
ypasHenu (9.3).

9.2.2 Boibopka oTICIOHEHNS
Bwbopxa omxaonenus ~ 310 CBOAHAA ceCTpa BhiGopku BakHocTH. [iis aToro Metona,
MH ZO/DKHB BHIGPATE OOpABOBYIO MUIOTHOCTL W (X)H KOHCTaHTY MacurTaGHpoBaHHA ¢
Taky10, w10 cW(X)2W(x)ma Beex x B obnactn Y. UToObl BLIMHCAMTH OLICHOUHYIO
dyskwno Moure-Kapiio o MHOTHM 2HaYEHHAM X TIPH X~V HAZO ACHCTBOBATH CIIEAYIOWHM

obpasom:
o BuiGpars nepemennyio x w3 o6pasuosoii otsocy F(x).

e  BuuncnuTs 3naveHne oOpasLoBOi IOTHOCTH ﬁ(x) B X, 3 TAKXKE 3HAUECHHE LEJIEBoil

1z2

TUIOTHOCTH YAX) B X.

e BriGpars pasnoMephyio nepementyio u~U(0,1).

» Ecm u-c(x)>y(x), 10 orkioNseM Ty MOOMLITKY HAiTH MOAXOAAUIYIO
TIepeMEHHYIO H HaUHHAEM CHOBA, B MIPOTHBHOM CITyuae CUMTAEM X KaK NIEPEMEHHYIO C
X~/ ¥ OLICHHBAEM MOABIHTErPANBHYIO HYHKUMIO f{x) OGLIMHBIM CIIOCOGOM.

P -
/i

Puc. 30. Jna suibopku onicionenns Gepem obpasuosyle mwioTsocs /(X)) # xoucranty
Macurra6upoBanns ¢ Taxyio, uro ¢\ (x) 2 (x)Vx . 3aTem BLIfmpacy nepeMenHyio X H3
obpasuosoit maotnocri (x)u ouenmsaem W(x)m W(x)B Xx. Morom BhiGupaem
pasuoMepHyto nepemennyio 4 Ha (0,1). Ecin - c 7 (x) <y(x), 1o nenonssyem x, unave —
OTIJIOHSEM X,

Ecrte aBe ocHoOBHble npobneMs! ¢ MetoioM oTkioHeHHs. Ilepsat — 310 onaTs
TeOMETPHHCCKHI B3PHIB KPHBOH BHLIGODKH ¢ POCTOM umciia Mamepehnit'. Bropat mpoGnema
COCTOMT B TOM, 4TO 3HECH JOBO/IGHO TPYAHO 3(QEKTHBHO NPHMEHNTE YMCNA C HH3KHM
pacxoxacHHeM. JTHYHO 1, He OO0 METOb! OTKIIOHEHHUS.

9.3 HopmansHble nepemMeHHble

Moii moGHMBIIf METOX NMOCTPOCHHA CTAHAAPTHBIX HOPMANBHBIX MEPEMEHHBIX ~ 3TO
cnoxHas gopmyna urreprnoupa Iirepa Axxnama [Ack00] s oBpaTHOro KyMyIATHBHOTO
HOPMANBHOTO pachpencicHusa, yro obcywpanocs B pasene 2.3. OdeHs IpyOmit cnoco®
GBICTPOro NOCTPOEHHS (MPHOIU3HTENBHO) HOPMATBHO PACTIPEICICHHbIX NEPEMEHHBIX COCTOHT B
TOM, YTOOBI CIOKHTL 12 PABHOMEPHBIX NEPEMEHHBIX # BbidecTs 6. [luarpamma, Kotopas
MOKA3BIBACT OTIHYHME TAKOH aNNPOKCHMALMM OT TOHHOMO HOPMAIBHOIO pACTIPEACNEHHs

1

3TO NOBTOPAOUEECA BO3HWKHOBEHUE NPOGNEME C OUEHKOH MHOTOMEPHHX WHTETPANoB 4acTo
HA3LBAGTCA “NPOKNATUEM PAIMEPHOCTH .
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HepaBroMepubie cliydalinbie Yncaa

opuBeaena Ha Puc. 1. Jina jmoboro pasymsoro npunoxenust s Obl COBETOBAN BCErHa
HCTIONL30BaTL Metol Ilurepa Aknama wiM HHTEpnionsuHoHHyw (opmyry Bopwca Mopo
[Mor951].

9.3.1 Merox Boxca-My.uiepa

Ecrb, OOHako, H ApYTOH METOA A MOCIPOSHMS CTAHIAPTHBIX HOPMARBHBIX
TIepeMEHHBIX, KOTOPBIH BCE llIe OYeHb HoRynapeH. OH OCHOBaH Ha Npeo0pasoBaHHH (U, V) K
(X, ¥) 334aHHOM YPaBHEHUAME

z = v-2lnu sin(2rv)
y = v—21Inu cos(2rv)

Jing u M v, ABISIOIIMXCA HE3ABHCHMBIMH, CTRHEAPTHLIMM H DaBHOMCPHHIMH B .1
o6beaMHEHHOE PACAPCACEHHE JUIR X H Y 331aeTCH i

o) _ [eiY {1 07
o)l " \Var J\Vor ) -
TO €CTh AHANOTHYHO YPABHCHMIO HJIS  HBYX HE3aBHCHMBIX CTAHIAPTHEIX HOPMATBHBIX
nepeMenHbix! MeTojp! Ans1 reHepatiid CTAHAAPTHED HOPMABHBIX TIEPEMEHHDIX, OCHOBAHHEIE
Ha mpeobpasosanun (9.6) izsecTmsi- Kak - memodw  Boxca-Mywepa [BMS8, Knu8ll
Knaccrueckoe RpsIoKeHHE seroa - Bokca-Myiepa: — 970, BHIGOPKA ABYX HE3ABHCHMEIX
PABHOMEPHBIX [IEPEMEHHEIX H AX NPEOPAsOBaHHE COMACHO ypasHeHHio (9.6) 1s monyyeHHs
ZBYX He3aBHCHMBIX CTAHAAPTHEIX HOPMAIBHBIX ICPEMCHHBIX.

.. OfpaTHTe - BHUMAHHE, @ YTO ' TPHICHOMCIPHUCCKHE 3JJICMCHTHI - HPABOH  CTOPOHBI
'ypasterus (9.6) — 370 a0CHHCCA W OPJMHATA TOYKM HA NEPHMETPE EIMHUYHON OKDPYKHOCTH.
Jipyroi BapuanT mMetoxa Boxca-Myriepa 3aKiouaeTes B BHIOOpE CIyHaliHO# TOUKH M3HYTPH
€IMHMYHOTO KPYTa H HCNIONB30BAHHH €€ JCKAPTOBCKHX KOOPAHHAT (S, 1) ClIeAYIOLIHM 06pa30M
Bo-nepBbix, MHOKecTBO 2= s2 -+ 2. Toraa ycraHaBmHBaeM

&= s\/T'—‘:‘i A ’ ©0.8)

N AP
yi=1t4/-2L2 -

(9.6)

Yz, y) =

HpenmytiecTso 3T0H NPOUEAYPHl COCTOHT B TOM, YTO He TpeOYeTCs HMKAKOH OLEHKH
TPHIOHOMETPHYECKUX (PYHKIHH, a 310, OBBIKHOBEHHO, ARNAETCA JOBONEHO PECYPCOEMKHM IS
LITY aenoM (mo CPaBHEHIIO ¢ Gonee npocTHIMH Q)ymammu, TMRa norapudma MM
KBAJPaTHOTO KOpHA) . EAUHCTBEHHEIN BOPOC, KOTOPHIH OCTACICA: KAaK MbI BBITAHEM Napy
AEKAPTOBCKHX KOODJMHAT, KOTOPas ONHMCHIBACT TOYKY BHYIPH EIIMHHUHOH OKDYNKHOCTH?
OG6BIMHO HCTIOMBL3YEMBIH [U1A JTOH LeAM METOR — ABYXMEpHas NMpOLeAypa oTkionenns. Mol
MPOCTO NPOJO/DKAEM BHITHIUBATH paBHoMepHsie B (-1,1). napei nepeMeHHbIX (IpocTO
BEITITHBAA CTAHIAPTHBIC PABHOMEPHBIC YHCIIA, YMHOXKAA HX JBA M BBIYHTAA OIMH), NOKA MBI
HE HAXOMM Ty, KOTODas HAXOZMTCS BHYTPH €IMHHYHON OKpyHOCTH. [lockonbKy Iuiomas

EAMHUYHOM OKPYXHOCTH — 7 A IUIOHIAAB KBanpaTa 2x2 — 4, To 3(GeKTHBHOCTE 3TOT0 METO/1A

OTKITOHEHMA — 4.

! Hoeewwne BHMUCMTENDHHE annapaTHwe CPeacTea 00ecnedvsanT CyweCTBEHHHE YRYHWEHHA
R pasnuuHbix, paHee pecypcoemkux ans UNY onepaudi oM. paspen 14.6.
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Twister numbers.

Box-Muller method by tri

4
3

Puc. 31. Metoa Bokca-MyJnepa 1o cpaBHEHHIO ¢ HCTOAb30BaKKeM 06paTHOI KyMy nTHBHOI HopMATLHOH (yniuun. Bee
IMArPAMMBI CO30aHBI M3 65535 nap nepeMenubIx.
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Ecrb nBe ocHoBnble npobnemel ¢ Metogom Bokca-Mysepa. Tlepsas npo6nema
Gyner obeyxnarscs B caeayomem pasaeie. Bropas npo6iema saknouaercs B ToM, 4TO
METOAB OTK/IOHEHHA BBICOKO OMIACHBI (M, HA CaMOM JEJie, HE J0JDKHBI HCTIONH30BATHCA)
BMECTE C YHCHAMH C HH3KHM pacxoxiacHHeM. Ilpumep atoro nokazan na Puc. 31. Ha
JICBOH BEpXHEH NaHenM TMOKA3aHbI /IBYXMEPHBIE [AYCCOBCKHE NEPEMEHHBIE, CO3AHHBIC
H3 YHCen KpyTHIbINNKa MapcenHa, HCnons3ys ypasHenue (9.6). Panom ¢ neil — ToT xe
caMblii MeTOA RpeoGpasoBaHMs MCNIONLIOBANCH C JBYXMEPHBIMH uucnamm Co6ons.
3areM mnoka3aHO pacnpefcNcHHe ABYXMepHhIX uucen CoBons npeoGpazosaHHOE
METOOM OTKNOHEHNs Boxca-Mynnepa (9.8). Ha neBoit HukHeit auarpamme Mol HMeeM
0GpaTHYIO KyMyNATHEHYIO HOPMANBHYIO GYHKIHIO, HPHMEHERHYIO K YHCnamM Mapcenna,
YTO Hajiec COMPOBOXKAACTCH TEM XK€ CAMBIM METONOM, HO C ABYXMEPHBIMH UMCIaMH
Cobons. ITocnennas AHarpaMMa BBICBCYMBAaeT ONACHOCTh OOBEQMHCHHA METO/IOB
OTKJIOHCHHA C YHCIAMM C HH3KMM DAacXOXKICHHCM: HCIONb30BAHHE OHHOMEPHOrC
TIOCICIOBATE/IBHONO FEHEPaTOpa ¢ METOAOM OTKIOHeHHs Bokca-Mynsiepa, B 3ToM
AIPHMEPE NpeKpacHO paGoTaeT UiA  NCEBAOCNYHAHHBIX 4YHMCEN, 110 CTAHOBHTHCH
YPE3BLIYAHHO HEMPABWILHKIM, KOTNa TEHEPATOPOM YHCE! BLICTYNaeT MITOPHTM ¢
HH3KHM PacXOXAEHHEM.

932 3pdexr Heasa

Ilpo6nemMa ¢ BHICOKO | CHOXHBIMH ~AETSPMUHHPOBAHHBIMH METONAMH, THNA
TEHEPATOPOB NCEBAOCNYYANHHEIX YHCEN M anropuTMa Boxca-Mynnepa, cocTont B ToM,
YTO TPYAHO MNPEABHAETH, KOTAA HX B3aHMOZCHCTBHE MOXKET HMETh HEXENaTelbHbIE
noGounsie sddexts. B 1973 X. Hean o6HapyxHn oHy H3 3THX TpyRHOBOOGDasHMBIX
TIpHYYN HEKENIATENBHOTO B3AMMOACHCTBHA MEX/ly HENHHEHHBIMH cicTeMamu [Nea73].
Korsa Mbi Mcrionb3yem TIPOCTOH  MYNBTHIAHKATHBHEMA KOHTPY3IHTHBIH rewepaTop
ncespocAyualiHbIX YHcen, Tvna Ran0 (Takke w3sectumit, kak GGL') kak noxasano s
ypasHeHuH (7.6) n ofcyxkaanocs B pasnene 7.4, BMecte © BepeHeil npeoGpasoBaHut
Merofa Boxca-Mynnepa, sajanuoii ypasHeHnem (9.6), TO MNOABNAETCH HeNpHATHax
HEOXHAAHHOCTE U1 HAC: B TCHCHHE LENOI0 NEPUOAA TEHEpauuH wucen us 2°' -1
=2147483647 utepaumii, camas MalCHBKAA NCCBAOHOPMAILHAA TIEPEMeEHHas, KXoTopas
MOXKET OwiTh BHIOpOIIEHa ANA X B ypaBuenuu (9.6) — 4.476239, a camas Gonbmas u3
nony4yeHuslx Hamu - 4.717016 [Tez95]. Crporo rosops, €cts ABa BO3MOXHBIX
A¥anasoHa /A X B 33BHCHMOCTH OT TOTO, HAYHHACTCK JIH NapHOe TpeobpasoBanye ¢
UHKJTA, COMICPIALIETO NOKANbHDIH HCTOURHK |, NI C nMKNa, COAESPXANIEro NOKANbHbIIH
ucrounnk 16,807 B utepauun

nt=a-m. mod M,

rae a=16807, M=2'1 u My ABIAETCS JIOKAIBHBIM MCTOYHHKOM IUIA i-Ofi
OTAENLHOH NepeMeHHOl u; = m/M. Onnako, HUXKHAA ¥ BEPXHAA TPAHNNA HIMEHEHHS

! ERMHCTBEHHOS DA3NMuMe MEXQy HvwMnm B ToM, 4To Rand UCMONL3YET NOPaspARHYI0 MACcKy
XOR ma wuCTO4HMKE AD ¥ MOCNE  Kax|o# wTepausd, TnasHiM  06paaow, Tou
NPpeAoTBPaTUTL CRyYaiHoe UCMONL30BaHWE 0 B KA4ECTBE WCTOMHMKA, YTO 3AKOHMMAOCH Ou
PuKcupoBaHHoH Toukon 0.

HepapnomepHbie CyuaifHbie Yucaa

MEXIY OSTHMH [BYMA BO3MOXHEIMH UMKIAMH HAXONMTCS BHE [NEPBLIX LIECTH
necaruaHbX 1Hdp. COMIACHO KyMYIATHBHONH HOPManbHOH (DyHKIHW BEPOATHOCTH, MbI
661 OKHUAAH, IPUBITH3HTENBHO

2%1_ 1. N(-4.476239) = 8157
BEIGOpOK HukeE, ueM -4.476239 H OAMHAKOBOE KONHYECTBO Bonpinx, yeM 4.717016.
Wrak, AMAnason A X He cauimkoM Xopoul, Hinkuag rpanuua jyid y U3 ypaBHEHHA 9.6)
paBHa -4.566210, CHOBA ITOKa3bIBasA HIMEHEHHE MEX/Y ABYMA BOIMOXHBIMH LMKIaMH —
BHE INEepBBIX LIECTH JECATHYHBIX mudp. Bepxna rpamnua s y, OAHAKo, pasHa
6.385757568918 ans uMkna, HAUMHAKOLIEToCH ¢ m; =1, u 6.555541555803 ana uukna,
HaunHawowerocs ¢ 16,807, JIpyruMH CIOBaMH, BEPXHAS FPAHHLA HECKOJIBKO JIyHUIe ANis
y nepeMeHHOM, HO HIDKHSA IDaHHLA BCe eme He paayeT. K Tomy xe, ¢ obenx CTopoH
pacnpencneHus, CNEAyoIero u3 koMOMHauuM 9TOro reHeparopa 4ucen ¢
TpuroHoMeTpuueckoii BepcHeii Metoma DBokca-Mymnepa, noxosxe topMupyOTCA
HEKOTOPBIE KPbUIbA B XBOCTAX PAaCTPEACTCHHS, KaK nokasano Ha Puc. 32. Bbi MOXeTE
BHIETH, YTO JononHenue mnopaspsxHod Mackd XOR, kak 2T0 chenaHo g METOA
ncesocyugiHeIX uncen Ran0, He ycrpanser npotaemy. ddbdexr Heara ncuesaer, TeM
He MeHee, KOIAa Mbl HCRONB3YEM METOJ OTk/IoHeHns B anroputme Boxca-Myinepa (9.8).
OnHako, eCTh COOGUIEHHA, YTO METOX OTKJOHEHHS TaKXKE CTpafaeT OT npobnem,
BO3HMKZIOUIMX BCACACTBHE TOTO, YTO ABe (M Oonbllue) PaBHOMEPHLIE MEPEMEHHbLIC
HCTONB3YIOTCA COBMECTHO /A TE€HEpalMU ABYX HOPMAIBHBIX NMEPECMCHHBLIX [AWSS,
Rip87].

KoHeuHo, MOTYT CKasaTh, 4TO 3T0 JWwb HeGomswoi dddexr B xpBocTax
pacnpeeneHys, Y10 ABMACTCA NOCTATOMHO CHPABEIMBLIM. Onunako, B puHAHCAX MBI
yacTo 0co0eHHO O06ECnOoKOeHbl XBOCTAMHM pacnpeacNieHHd, MOCKONLKY OHH HMEIOT
TEHIEHIHIO COAEPXaTh HauGone¢ NyrajouMe cuexapuu. Toraa, Bbl, KOHEYHO, He
ucronb3yete npocroit reneparop Ran0 (GGL), a npumeHseTe OAMH M3 ropasfio Gonee
C/IOKHBIX, KOTOpBIE JOCTYNHEI B HacToslee. K coxaneHHI0, YMCTIOBBIC TEOPETHKH CTANH
no03peBarts, 4T0 3 deKTs!, Moxo6HsIe ABennio Heaba MOTYT NPOHCXOAUTE M B Apyrux
Knaccax resepaunu uucen . (OYHIAMEHTANLHBIA IPHHLAL npoGneMl:l, nexaueii B
ocHoBe 3ddexta Heasa ocraercs, TakuM 06pasoM, CAENYIOHM: BCAKHH pa3, KOTJa Bbi
HCIONB3yeTe MPEOOPa3OBAHME CMEIIAHHBIX  FIEPEMCHHBIX, qro6u_ reHEPHPOBATH
NEPEMEHHBIE H3 ONPEAENEHHOTO UEIEBOrO Pachpe/eNCHIA, Bbl HECETE PHCK HEKOTOPOro
HETMHEHHOTO B3aHMOACHCTBHA C MECXAHH3MOM TEHEPALMH YHCEN, KOTOPBIH MOXKET ObITh
QUEHb TPYAHO NPEABHACTb, HIIH HAKE, OYCHE TPYAHO 3aMETHTH, IIOKA YTO-TO HE MOUUIO
He TaK, KaK Haio 09eHb CHIILHBIM H HEOXHIAHHBIM cnocoGomM.

B KOHlE KOHUOB, NOCKONbKY B HACTOAIICC BPEMA €CTb BLICOKD TOMHBIE H
speKTHBHbIE AIFOPHTMB MHTEPIONANHH, AOCTYNHbE And 0GPaTHOH KyMyMATHBHOH
HOpPMAJBbHOH (BYHKLMH BEpOSTHOCTH, BooGIle TOBODA, Gonee GE30MacHO HCMOMB30BATE
uX, 4eM npumeniTh Meton Bokca-Mymnepa. B cBoé Bpems oTo Gbuio nsolperenve
GONBILOTO M3ALIECTBA U IIOHUMAHHS, HO TENEPh €r0 BpeMs YLLIO.

! Tesyka 3asenneT Ha oTp. 152 8 [Tez95], uTO afpexT Heasa ... BO3MOXHO
NPOMCXOANT HE TOMbKO C JMHEAHBMA KOHTPYSHTHHMM MOCNE0BATENLHOCTAMMA, HO TaKke
w ¢ LS (2) nocnenosaTensHOCTsMA
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Bapualnuu

Kak MBI BHMACHH B I7aBe 2, OUCHKa OWMOKHM pe3ynbTaTa MOJEIBPOBAHNA MCTOAOM
MonTe-Kapno 3a7aeTcs. CTAHIAPTHLIM OTKIIOHEHHEM 3TOT0 PeyNbTaTa (TO CCTb CPEAHEro
uHCna BCEX BHIGOPOK IS CTAHAPTHOrO HHTErprposatns MonTe-Kapio), koTopoe H3BECTHO,
KaK CTaHjapTHas owuOka W OOBMHO OLEHMBACTCA KAK DPEAIN30BAHHOC CTaHIAPTHOS
OTIUIOHEHHE MOJIEJHPOBAHAY, JEJICHHOE Ha KBAIDATHBIA KOPEHb M3.4HC/Ia Hrepaunuil. Uem
MEHBIIE BAapHaLHs (M, TEM CaMbIM, CTAHNAPTHOC OTKIOHEHHE) BbIMHCITEHHSN, TEM Gonee
TounBM Bylier pesynbTar. Koraa s roBopio 3/ech O BapHAIWH, A HE IOAPasyMEBalo BAPHALHIO,
CBA3aHHYIO ¢ KakoH-MiGO OTAENBHOM BHIGOPKOH Hawero mMoaeupoBanust Morrre-Kapgo. 5
HMEIO B BHJTY,BaPHALIMIO, CBS3aHHYIO C IOBTOPEHHEM BCEr0 MOJIENHPOBAHAS MHOIO pas. Beulo
paspaboTano MuoxecTso Metonos [BBGO7], koTOphie NOMOrArOT YMEHBIUHTh BAPHALHIO
pesy/ibTaTa M, TAaKuM O0pasoM, YMEHBLIHTE YHMCIO CHMYJAUMH, TpeOyembix Ayt [{@HHOH
TouHocTH. HekoTophie M3 3THX METONOB, KAK MBI YBMIAMM, MOTYT GbiTh OGbEAMHEHB! s
JIOCTHIKEHHS ete Goslee BRICOKOH TOUHOCTH.

10.1 MpAMO NpOTMBONONOXHAA BbIBOPKA

Besikiit pas, KOTJ@ MBI HCTIONB3YeM TayCCOBCKHE TEPEMEHHbIE, 4TOOBI NPOBOAMTH
phiuncienns MonTe-Kapno WM xotHm  MogenuposaTh OpOYHOBCKOE [BHXEHHE CTpOs
BHIO0POYHBIE TPAEKTOPHH CTAHAAPTHBIX BUHEPOBCKUX IPOLIECCOR, Mbl MOXEM HCIION53I0BAT
TOT (GaKT, 4TO M8 JOGOI0 BLITAHYTOrO IYTH €0 3epKatbHbIA 00pa3 MMEET PABHYIO
BEPOATHOCTb. J{PYTHMH CJIOBAMM, €CAM OTZeNbHasd OLEHKA, YNPaBiscMad rayCCOBCKUM
MEpPEMEHHBIM BEKTOPOM-BEIGOPKOH Z;, 3a712¢TCA BHIDAKEHHEM ¥; = V(g), Mbl TAKKE MOXEM
HCTIONB30BATh V; = V(-Z;). R

Craupapraas - owmbka A1d MPOTHBONONOXKHOH BbIGOPKH TpeGyeT HEKOTOpOre
PacCMOTpeHHs! TIOTOMY, UTO LIEHTpaIbHas NpefelbHas TeopeMa, MOAKPETUIAIOWAs HAEH), UTO
CTaHJApTHAN OMMOKA MOMKET OBITH OLCHCHA, KK KBAIPATHBI KODeHb M3 Peaiu30BaHHON
BApHALIMH, JeTICHHE Ha KBAAPATHBIN KOPEHD 3 YHCHA MCTTLITAHHAH, TPEOYET Hesasucumocmu
penbiTannii. O[HAKO, €CIM BMECTO paccMOTpeHus Vi=v(z), H ¥Fv(-z) B KauecTse
HH/MBULYANbHBIX BEIOOPOK, Mbl IPOCTO NOCHHTAEM HAPHOE CPEIHEE YHCTIO ¥ A W(zHv(-2:)
KAK MHAMBHAYATGHYIO BHIGOPKy, Bee GyZIeT CHOBa XOpOLIO, MOTOMY YTO N2pHbIC CPeAHHMS
YHCHA V; HE3ABKCHMbE M CTAHIAPTHAA OWM0Ka MOXET ObITh PACCHMTANA M3 HUX ODBIMHBLIM
cnocoGoM.

TIpHHSB BO BHMMAHHE TO, YTO KBKAAT OLEHKA U P; Tpebyer ABYX BbIYMCACHHHA (XOT4
TEHEPUPYETCA TONBKO OIMH TAYCCOBCKHIA BEKTOP), MPOTHBOMONOKHAS npoueaypa BBIGODKH,
obecrneunBaeT COKPAILECHHE BaDHALHH, €CITH

1 1 |
V{;(“l + f’i)] < EVEU,’E (10.1)

YTO IKBHBAJICHTHO
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Texuuka YMEHbIICHHSI BADHALKH

Covle;, &) < 0. (10.2)

310 Bcerma MMeeT Mecto, €cniM V{z) MOHOTOHHA 1o z Boaxuii pas, xorma nepssiit
PCATH30BAHHBIH MOMEHT MOAIEKAILHX BLIGOPOK NEpeMEHHoR {Zi} oxashlBaET CHILHOE
BO3JCHCTBHE Ha Pe3yNbTaT BCENO MOAETHPOBAHHS, IPAMO NPOTHBONIONOXHAA BHIBOPKA — 10
METKMii C1I0cO6 YMYUUIMTE TOHHOCTD BLIMHCICHHS, TIOCKONBKY OHA KOPPEKTHPYET TIEpBbIii
MomeHT. KoHeuHo, ecii MBI HCTIONb3yeM MozenrpoBatue Morre-Kapno, wroBhl BoruucanTs
CTOHMOCTE NPOM3BOZIHBIX KOHTPAKTOB, KOTOPIE, IIaBHEIM 06pazoM, (Hik TONLKO) 3aBHCAT OT
Gosiee BEICOKHX MOMEHTOB, IPSMO TPOTHBOMONOKHAS BLIGOPK2 He moMosKer.

Ywcna ¢ HU3KHM PacXOXICHHEM, WM Gonee onpenenieHto, yucna CobGons, B oTHuNe
OT NCEBAOCIYHARHEIX THOEN, YoKe BIUTIOMAOT CBOHCTBA IPAMOl NPOTHBOTIONOKHOCTH B cele,
HO nump NpuGIM3MTENLHO, JTO Hano TOBOPHTH BCAKHMil pas, KOria Mel HCTIONb3YeM
PEKOMEHITyeMOE THCIIO BHIGOPOK THRA 2"-1 1% HEKOTOPOrO 71, Kak OGOCHOBbIBAETCS B pasene
8.7, nepesiii MomenT {z} KOpPEKTEH B TIPEACNAX YHCAOBOH TOUHOCTH NpeoBpa’oBaHHA OT
paeromephbix Ha (0, 1) k rayccoBckum nepeMenssM. Taroke CTOMT TIOMHHTb, 4TO YHCIIA C
HH3KHM paCXOMNJICHHEM OYEHb TIUATENEHO NpOpaGoTaHbl M ux NEPENCIIbIBAHHE MOMXKET
FAKAHIMBATRCA HEOKHWIAHHBIMH H JIOBONLHO HEKEIATENLHBIME diexramn, Tloaromy, naxe
KOTZa MBI HE HCTIONB3YeM 2"-1 HCTIBITAHHI C YHENaMH ¢ HHKHM pacxoxaenneM, 1obarieHue
METOfIa NpAMOA NPOTHBOROJOKHOCTH K HCNOMB30BAHHIO STHX YHOE] BPAR N YIYYIIHT
TOYHOCTE, HO BMECTO 3T0T0 MOXKET NPHBECTH K OLIMGOYHEIM Pesy/IiTaTam.

10.2 Peuupxynsums nepemeHHOIM

OTOT METOX NPHMCEHACTCS B TOM CiTy4ae, KOTAA BENHYHHA, xoropas 6yjer paccunTana,
MO  CYWECTBY, SBNACTCA HEPCOLCHKOH (yHKipoHana (BOSMOXHO MHOPOMEPHOTO)
JHCKPETH30BAHHOTO ~ CTOXAaCTHIECKOTO TpOLecca MnM  Jmoboit  apyroit TIEPEOLIEHKOH,
HCTIONE3yIoLel  MHOTO  BHIGOPOK. Hanpumep; 310 BRIMHCHEHME "rpexoB”’  omupoHOB
KoHeuHBIM Anddpepennupopannem. Tlycts W; Gymer JHCKPETH30BAHHEIM  [PEACTABIICHHEM
Haue# annpokcuMaty Metogom Monre-Kapno ONpERCACHHON maemopuu CT2HAAPTHOIO
BuHeporckoro  mpotecca.  Taloke, mycte Wpj=Fip,{Wikiy sl Gyner annpoxcumaumeii
CTOMMOCTH  ONUMOHA, TNOMY4ASMOH YCPSAHEHHEM OLEHOYHOrO QyHKusOHana no N
BuIGOPOUHBIM Tpaektopuam {W;}o, x B 3apucHMocTH oT napamerpa p. Camblit npocToi
TIOAXON K OMEHHBAHMIO YYBCTBHTCNHHOCTH ¥ OTHOCHTENBHO MapaMeTpa p COCTOMT B TOM,
4TO0BI 3aMyCTHTE OT/AENBHOE BHIMMCICHHE Monre-Kapro, ucronesys crerka Gonburyto
BENTHYUHY p, 3 HMEHHO p+Ap, YTOGE! NONYUHTE Wp+Ap) U YCTaHOBHTS
dv_ vlp+Ap)—up)
ap o '
DaKkTHYCCKH, Ui BHIYHCIIEHHS ONPEACNEHHBIX “rpexos”, ina Vega, TO €CTh 3aBHCHMOCTH
OTHOCHTENIBHO MO/Pa3yMEBAEMOM BONATWILHOCTH, NPAKTHKH phHKA JAKE HACTAHBAIOT Ha
TPHHYIHTETLHOM HCTI0/b30BaHHH dutdepennmuposatis Briepes cornacko ypasnenuto (10.3) u
HCTIONE30BaHKH  CreuM(HYeCKoro npupamenus Ap (OGBMHO ORHH AGCOMOTHLLH HYHKT

(10.3)

' T.e.napameTpoe, OBbuHO, 06O3HAYAEMYX Oyksamn rpeHeckoro andasuta. (npum. nepes. )
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npoueHta). JIpyrmM "rpekoM", M KOTOPOTO OGBIMHO HCIONL3YeTcs aGComioTHOS
NpHpaLlieHHe, ARIACTCA Rho (p), T0 €CTh UyBCTBHTENBHOCTH OIMUHOHOB HA BATIOTY Y aKLMH
OTHOCHTEIPHO BHYTPEHHHX NPOLICHTHEIX CTAaBOK, A TAKXKE YYBCTBHTEILHOCTb OTHOCHTENLHO
MPOrHO3HPYEMBIX AUBHICHAHBIX JIOXOMHOCTEH.

ECTeCTBEHHO, MB!I 3aHHTEpECOBANE! B TOYHOM OLEHKE "IpekOB” NPH HCTIONB30BAHHH
nonxona, onpeaensemoro ypasHeruem (10.3). Cranpapraas mepa TO4HOCTH Metosa Monre-
Kapno - Bapmauus pesyneTHpylomieli  umcneHuoit  annpokcuMaumu.  Bapuaums
HYBCTBHTENLHOCTH, 3a/1aBacMas ypasHeHuem (10.3), takum oGpaszoM, pasHa

V5] = & (Elelr+ a0 o)) - €6+ -} (04
= 5 {EDW + 0] - 2600 + A0 + ERp)]

— (E[e(p + AP))Y* + 2E[e(p+ Ap)] Elu(p)] ~ (Ele(p)])?)

s

= ap {VIu(p + Ap)] + Vie(p)] — 2Covie(p + Ap), v(p)]}

G A
= a5 (VIl+ A0 + Vi)
2Vl ¥ BpT Vi) Corrle(p + Ap). (1) }
~ 2 Vie(p) {1 - Corrle(p + Ap). v(p)]} (10.5)
Ap

rae a venomssosan Y[v(p+Ap))=V[v(p)] Ha nocneapem mare. Kak noxassisaer ypaBHeHue
(10.5), xenaTenbHO MaKCHMH3HPOBATh KOPPENALMIO ABYX OTAENEHEIX BRIMHCICHHH Wp+Ap) u
v(p). ns  moHOTOHHBIX (yHKIME Wp), MOXHO mnokasate [BBG97], uro 3amaercs
TIONOXHTCAbHAA KOPPEJISLINA, €CIIA MBI HCTIONB3YEM TO K€ CaMOE MHOXKECTBO BBIGOPOUHBIX
Tpaexropuii (W] v mn ofoux BbMHCHEHHE H TIO3TOMY 3TOT METOR MOXKHO HA3BATH
NOGIMOPHbIM UCNONLIOBAHUEH NEPEMEHHBIX WITH PeyupKysyueti mpaekmopu.

BhieynomsHy o1l aHANN3 JIETKO NEPEHOCHTCS Ha APYIHE BBIYMCICHHA MON0GHOrO
xapakrepa. Hanpumep, nosropHan oterka merosiom Momre-Kaprio Toit e camoi npoﬁfemu
CO CIIETKA HIMCHAIOWMMUCA, B NPOUECCE ONMTHMH3ALMH HIH B NPOUEAYpE -HEIHHEHAHOro
pelicHnA, napamerpamu. EcTecTseHHO, 3h€Ch KeATeNbHO NMOBTOPHOE HCMOML3OBaHME (U
BE3MIC, TAC BO3MOXKHO, INPEABAPHTE/BHBIA PacyeT BCEX 3HAYEHHil, MONYYACMBIX M3 HMX!)
BoIOOPOYHBIX TPAeKTOPHH HAW NPOCTO BHIGPAHHBIX TIEPEMEHHBIX, ectM npobiema He
NOAPa3yMEBAET KOHHUETMIMIO AMCKPETH3ALHM CTOXACTHYECKHX POLECCOB.

10.3 Ynpaensiowme nepeMeHHbie

Meorse Bbrancrenns Monte-Kap/io BBIONHSIOTCH IS PEWICHHA NPo6ieM, KOTOpbie
MBI [IOYTH MOXEM DELLUHTH aHANMTUYECKH HIIH OHH BEChbMa CXOXH ¢ JAPYTHMH Npoblemamy,
AT KOTOPBIX Mbl HMeeM (OpMy pellchHs. B aToM cilyuae, HCTIONBIOBAHUE YMPAGTAIOUIX
nepemertbix MOXKeT ObITh, AEHCTBUTENILHO, O4EHL BRIroAHEIM. Hes B cnenytouieM. Jasaitre
TIPEATIONOXHM, YTO Mbl XOTHM BLIYMCHIHTE Oxkvaanve E[v] dyHKkuMH Wu) nns HeKoToporo
TIO/UIEXAIIETO BEKTOPA-BRIOODKH # H YTO CYIECTBYeT CBa3aHHas GyHKuMs g(u), ubé
OoxHAanue g*: = E[g] Mu1 3HaeM TouHo. Toraa, Mel HMeeM
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E[% Zv(ui)} =E [% v(w) + 8 (g* - 1_11 ;y(ui))] (10.6)

i=1 i=1

v moboit 3ananHoi Se R u, TakuM 06pasoM, Mbl MOXEM 3aMEHHTH OOBIYHYEO OLIEHOUHYIO
¢bynkuno Monre-Kapno

b==Y vlw) - (10.7)

Ha
) L )
fov =3 lolu) + 8 (9" — glw))] - (108)
=1
OnTHMABHEIH BBIGOP 11 [3, 310
a2 _ Covly, g] 5
B = Vi (10.9)

KOTOPEIH MEHHMU3HPYeT BapHatuio V., . OBpaTHTe BHUMAtHHE, YTO GYHKUIA g(1;) He JOMKHA

OLITE BOBHATPAKAEHMEM AHATMTHUECKH M3BECTHOre omumoHa. OHa MOeT, Takke ObITb
TIpHGLUTEI0 OT CTPATEHH CaMO(HHAHCHPYEMOTO IMHAMMHYECKOTO XEMKMPOBAHHSA, TO €CTh
CTPaTerud, KOTOpas HAYMHAercs ¢ HYHEBOTO MWHBECTHLMOHHOrO Kamurana. Jiis puck-
HEMTpaNbHEIX H3MEPHTENEH, OXMAacMas NIPHOUIL OT MoGo# Takoil CTpaTerny paBHa HYIMO,
YTO O3HAYAET, YTO FIEpEMEHHAs YIPARIEHHS — 3TO0 FPOCTO BOSHATPAN/IEHHE OT AMHAMHYECKOH
CTPaTETHH XEDKUPOBAHUA 1O MoCoH Tpackropuu. Jiji1 HHTYHTHBHOIO IOHHMAHHS METOMa
yTpaB/soLUeli MEPEeMEHHOH HAfO pPaccMOTpeTh CIlyHad, KOrfid v H g MONOMKHTENLHO
xoppennposaubl. [t mo6o# BeIG0PKH v(#;), KOTOPas OLIGHHBAET CITHILKOM BBICOKO PE3Y.IbTaT,
¥ g(u;), BEPOSTHO, Taloke OLEHHT CIIMLIKOM BBICOKO g* B utore, anement, ymMHoKerHbIi Ha 3
B ypasuennu (10.8), BepoATHO, CKOPPEKTHPYET PE3YILTAT, BEIYHTAN OTKIIOHEHHE.

TouHoe 3HadeHHe ¥, KOHEUHO, HE M3BECTHO, HO MOKET ObITh OLEHEHO H3 TOTO XKe
CaMOT0 MOZIEHPOBAHHS, KOTOPOE HCHONb3yercs, urofsl Buimcnuts V., . Kak u BO Beex

CHTYalHsiX, KOTZi@ [apaMerpel, OIpee/LlIOIME PE3YNbTAT, PACCUHTBLIBAIOTCA W3 TOIO KE
€aMOro MOJIENTHPOBAHHS, 3TO MOXET LaBATh YKIIOH, KOTOPEIii TPYAHO OLeHKTS. B npenene, as
oucHb GONBINMX YHCE] WTEpaLMi, STOT YKIOH HCYe3aeT, HO ecTh Uenbii Habop MeTonos
COKpAIUEHAs BAPHALAHK, KOTOPBIE TPEOYIOT Menbluezo Komuvecmsa CHMYTALMA H, TaKHM
obpasoM, cokpamgaior Bpems pacuera. CpeacTso oT npoGneMBl  YKNOHa  HM3-3a
KODPENMPOBAHHON OLCHKH YNPABIAIOIIETO TapaMeTpa ynpasieHus [ 3awmouaercs B
KCIOB30BAHHH HAYAIBHOTO MOAETHPOBAHH, BO3MOXHO C MCHBIIMM KOJIHYECTBOM HTEPALIH,
4eM MIaBHBIA pacueT, ;1A oleHkH f B momsimH. K cuacTeio, TeXHMKa yRpaBisoleit
TiepeMeHHoi O6LIHHO 0GECIEUHBACT CTONB CYLLECTBEHHOE YCKOPEHHE CXOIUMOCTH, YTO TaKOE
HauyanbHOE MOIC/HPOBAHME [UIS OLCHKH [1apameTpa ABJAETCA BO3MOXHBIM. Bripodem, nns
MHOTHMX [PHAOMKEHNH, BEJMYMHA 3TOrO0 YKIOHA HesHauWTtenbHa. Cameid nerkuii - crocod
YCTAHOBHTB, YTO HET HMKAKOTO HACTOSALUCTO YKIOHA, KOTOpBIH OBl MMEN OTHOMIGHHE K
11eH006PA30BAHMIO NPOM3BOIHEIX, COCTOMT B TOM, 4TOOBI DAcCCMaTpHBATL AHAIPAMMY
CXOIMMOCTH METO/Ia MOAS/IMPOBaHHS, @ HE OTAC/BHBIH PE3ynbTarT.

Meroa ynpassisiouteli nepeMeHHOR MoxeT ObiTh 0000MIeH, HTOOBI BOCTIONE30BATHCA
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NIPCUMYIIIECTBOM GONblIE, YeM OmHON CBA3aHHOM (dopmel pertenns. Omnako, 3to TpeGyer
OLEHKH GONMBLICIO KONMYCCTBA MApPaMETPOB YIpaBneHus M Jjemaer wmeroy Oonee
BOCHOPHHMHHBBIM K .OLIHOKaM B uX ougHke. CduTaeTcs CambiM IPAMOTHBIM HMETh OIHY
PasyMHYIO YNpPaB/IMIOILYIO IICPEMCHHYIO, YeM HECKONBKO MOCpeACTBEHHBIX. Hanpumep,
FEOMETPUHECKH CPEIHHA ONUMOH, KOTOPHIH MOKeT ObITh AHANHTHYECKH OLEHEH Ui
TCOMETPHYECKOTO  OPOYHOBCKOTO  [BHXKCHHA, pabOTAactT uYpe3BRIYAHHO XOPOWIO  KaK
YHpaBIBHOIIAs NepeMeHHas IS apU(METHYECKH CPeAHHX OILMOHOB, B TO BpEMs, KaK
HCIOJTB30BAHHE H CTAHAAPTHOTO EBPOIEHCKOro ONIHOHA, H MOLIEHALICTO aKTUBA, B KAYCCTBE
00BeMHEHHOH YIpaBIAONei nepeMeHHOi — He Gosee 3p¢eKTHBHO, YEM CaM EBPOTICHCKHH
OILHOH, HCIONL3YSMBIH Kak OTAeNbEas YNpas/stoilas nepemenHas [BG97b].

10.4 CtpatuchuumpoBaHHan BbIGopKa

Hpnes 37ech cOCTOMT B TOM, 9T00BI NOAPA3AEIHTS 0ONACTh OCYILECTRIICHHA BEIOOPKH Ha
MEHBLINE OCNACTH, A KKIOH W3 KOTOPBIX BBIGHpAeTCH MpPEACTABHTEIBCKOE 3HAYCHHE
¢ynkwpm (Cum/Puc. 34). 310 MOXeT OBITb OCOBEHHO TONE3HO, €CIIH BO3MOIKHO XOpOLLEe
npubIKEHHE U CPEAHET0 YHCIIA IO MAICHBKHM [TOA05acTAM.

Puc. 34. ipumep cTpaTHHUKANNH C NPEACTABUTEILCKHMH 3HAYEHHAMH U1 KAKEI0T0
CerMeHTa.

Crparudmirposansast  BeIOOpka  KOHUENTYalnbHO  POACTBEHHA - METOAAM
(DHKCHPOBAHHOH PELICTKH M MOXET, TAKXKE, 1aBaTh NPEHMYIUECTBA, KOTAA OIPEIC/ICHHE
[ONHOM BEPOATHOCTH MAeHBKON NOOONACTU 3aTPYHHUTENbIO M KAK/As OLEHKA BO BCei
obnacTd OBOJNBHO pecypcoémias mia Bpemenu LITTY, Ho u3BecTHO, uto dyHKUMA, H3
KOTOPOii MPOU3BOAMTCA BBIOPKA, H3MCHACTCS OYCHb HE3HAUHTEBHO B 1i00oH 3amaHHOM
nonobnacti. Beskuii pas, KOrZa BepOSTHOCTb, CBS3aHHAA C KaXKIbIM CEIMEHTOM
cTpatHdiMkaunH  MOXeT ObITh XOpOWIO aNMPOKCHMHUPOBAHA, CTPaTHHUUMPOBAHHAS
BLIGOpKa MOXKET HCIOJBb30BaThCA, YTOOBI OLEeHHTh MHTCrpan Monte-Kapio, npocro
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BBIYHCIIAA B3BCIUCHHYIO CyMMY IO npezxcraéu‘renbcxnm 3HAUYCHHAM, YTO OCNACT 3TO, IO ‘

CYHIECTBY, HEKOTOPHIM BHJZIOM, (BO3MOXHO HDDETYIAPHBIM), PELICTOYHBIX METOMIOB.
CerMeHTHI, Ha KOTOpbIC Pa3sAeiNcHa Moxo6acts, HEOOA3aTENRHO JOKHEI GbITH PABHOTO
pasmepa. Hawrywmmii BbIOOp CTpaTHHMKAUMH AOMKEH 3aCTAaBUTH MONOONACTH HMETH
NpHONTH3UTENBHO PABHYIO BEPOATHOCTB, CBA3aHHYIO ¢ M. Onuaxo, camat BGosbmian
npobiemMa €O CTPaTHOHLMPOBAHHBLIM OCYHIECTBICHHEM BHIGOPKH COCTOMT B TOM, YTO
OYEHb TPYAHO NMONYYHTH JI000H BHA oueHKH ombKkH. SIcHO, YTO CTaTHCTHYECKAs OLCHKA
oubKu noao6HO 06EMHOMN CTAHAAPTHOIH oLMGKe M1 NCEBAOCTYYaHOM BRIGOPKY MOMKET
CHIILHO BBOJHMTL B 3abiyxaeHHe, NOCKONLKY HHIMBHAYAIBHBIC 3HaUCHHA (YHKLUUH,
CleAYIOIHE M3 Kax[oH BHIGOPKM — 3TO HE HE3ABHCHMbIE NEPEMEHHEIE B OBGBLIMHOM
3HAYEHHH CJIOBA. A TalOKe, TOYHOCTE JTI000r0 BHYHCIIEHHS OrpaHu4eHa CTparHdUKalHcit,
OTKyZ2 cieayer, 4o Bcg 66nbmas Brifopka, He GyaeT 3acTaBNATh PE3YNLTAT, B KOHEYHOM
cyeTe, CXOAHTBCA K TOYHOMY OTBETY, Kak 310 Gepio Ob1 118 oObluHOrO MeToga Monte-
Kapno, noguuuaomerocs cunsHoMYy 3akoHy KonMoroposa. JipyruMu ciioBamu, Ta camas
METOJHMKA, KOTOpas, KaK MNpEATONaracTCs, YBENHUYHBAET CXOAHMOCTh, TO €CTb,
HEMOCPEACTBEHHO, Cama CTPaTHQHKALMA, MOMCT CO3aBaTh KOHEUHBH  YKJIOH
HEH3BECTHOIO 3HaKa.

10.5 Boibopka BaxHoCTH

Konuenuus ssibopiu sasicnocmu cocpefioTa4HBaeTCA Ha TEX PETMOHAX, KOTOPHIE
BHOCAT HauGONBIIMI BKJIAXN K CPEIHEC UHCIO HPOLEAYPHl MHTErpHpoBanHus MonTe-
Kapao. HanGonee pacnpoCTpaHEHHOE HCHONB3OBAHHE JTOrO MeTOAa B (hUHAHCAX
33K/II0YAETCA B apaHTHPOBAHHH TOrO, YTO BCE BHICOPKH HAXOMATCA B Tex o6aacTax, rae
oueHuBacMas GyHKUHA OTIMHHA OT HyNA. B 3ToM creumduueckas TpyaHOCTb OLEHKH
onuroHa "6e3 fener”. CTaHAapTHAs NPONEAYPA reHEPaLHH TPAEKTOPHiL, B 3TOM C/Iyyae,
3aKkoHuMnach Gb1 GONEHIMHCTBOM OLEHOK C HYNEBbIM BO3HArPAXIEHHEM H, TAaKHM
obpasom, sddexrrsro 681 BoiGpockna Bpema LIV Ha Berep. I'nasmbiif HemocTaToOK
OCYLUECTBACHHA BRIOOPKH BaXHOCTH COCTOMT B TOM, 4TO OHA TpeByeT AONOIHHTENbHOTO
3HaHus Jexaiucii B ocHoBaHHM mpobnemsl. Ofhnako, A OYeHb CreUUOUYECKHX
BBIYMCIEHUIA ITO MOKET aBaTh OIPOMHBIE DA3NHYHA B CKOPOCTH CXOAMMOCTH. Boismem,
Hanpumep QyHkuMO f{X,Y) ABYX HE3ABHCHMBLIX CTAHAAPTHBIX HOPMAJIBHBIX EPEMEHHBIX
X u Y na Puc. 35, Uurerpuposanne Mounte-Kapno Takoit ynxuun Gyaer cxogutses
CYIECTBEHHO ObicTpeE, eCH Mbl OTPaHHYMBACM BHIGOPKH HOPMAIIBHBIX MEPEMEHHBIX
nmofobracTeio, rae f oTnMMHA OT Hymd, B 3TOM ciydae (X,Y)e [0,1]2. JAnsa Hamero
CTIELUHGHYECKOTO MPHMEPR, 3TO MOXHO JIEFKO - CIeNaTh, HCTONb3yA HAIE 3HAHME
BEPOATHOCTH p, aCCOUMHPOBAaHHOH ¢ obnmactsio (X, ¥) € [0,1]2, @ UMEHHO

p=(N1)-NO)

Ha KOTOPYZO MPOCTO AOMKEH GBITE YMHOKEH PE3Y/IBTAT YCJIOBHOIO HHTErpHpOBalns MoHTe-
Kapro. Iloctpoenne nepeMEHHBIX, OOYCHOBICHHBIX OGNAaCThIO BAXKHOCTH, A JAHHOFO
npUMepa IOCTUIaeTCs NEPRbIM BLIGOPOM BEKTOPa ABYX paBHOMepHbIX Ha (0,1) nepemeHtbIe 1y
H ity, Y IOCTPOCHHEM BHIOODKH BaXKHEIX NEPEMEHHBIX X, ¥ Yy cornacHo

Xis=N"[N©) + (N(1) - N(©O)) ]

H, COOTBETCTBCHHO, wia Y. Jlpyroii, Gonee Aeranbhbtd, npumep notenuvana BuiGOpKu
BaKHOCTH Oyaer obcyknarhes B pasaene 11.4.
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Puc. 35. Huterpuposanue orpannseHnbIx gyHkusii Moxker GbITh yCKOpeHo HpH ROMOLIM
BbIDOPKH BIKHOCTH.

10.6 CpaBHeHnue MOMEHTOB

Cpasnerue momenmos GbUI0 OYEHb MOMY/APHBIM METONOM A0 TOIO, KaK CTANH
JOCTYOHBE IPPEKTHBHbIE ¥ HATEKHDIE YHCI/IA C HHBKHM PaCXOXACHHEM, DTOT METOL, 0GBIYHO,
naeT Gonee TOYHBIE PE3YJNBTATHI A BBIMMCIACHHIE TPH MCIO/IBIOBAHUK TICEBAOCITyYaRHEIX
YHCEJT, XOTH H HE rapaHTHPYET 3TOTO.

Tpeanonoxmm, yro cumynaLis Mowre-Kapno ziomkua OITh BEINOMHEHA, HCOOMB3YS
obiiiee KO/IHIECTBO N BEKTOPOB NEPEMEHHOM v Pa3MEPHOCTH d, C H3BECTHOH OOBEIHHEHHOM
WIOTHOCTLIO pacnpeseiicHus yAv). Torna, Mbl MOXEM BHIMHCIMTD MOMCHTSL (DaKTHUECKH
PEAH30BaHHbIE BHITAHYTHIM MHOXECTBOM BEKTOpOB nepemennoi Vi={vyf ¢ i=1..,N n j=1..4.
TlepBbiii MOMEHT U1 HIMEPEHUS § 3AAETCA BHIPAKCHHEM

N
{v), =%Zv,,—, j=1.d. (10.10)
i=l
Hcnons3ys ypasuenue (10.10), MBI MOXEM NOCTPOMTS MHOKECTBO CKOPPEKTHPOBAHHLIX
TICPBEIM MOMCHTOM TICPEMEHHBIX § BEIYHTaf CpefiHee YHCTIO B KAK/IOM H3MEPEHHH, TO €CTh
iy = v~ (v) . (10.11)

Peanu3oBanHad KOBAPHALMA CKOPPEKTHPOBAHHOTO Ha CPEJHEE YHCIO MHOXKECTBA
TIPEMEHHBIX MOXKET GbITh KPATKO MPEACTARIEHA KaK

C=vTV (10.12)
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eClM MBI paccMaTpuBaeM V KaK MaTpHIly, 4bH CTPOKH COCTARISIOT MHIMBHAyalbHbIe d--

MEpHbIE CPe/iHE-CKOPPEKTHPOBAHHDIE BEKTOPHBIE BRIGOPKH. Hcrionpayst TOT ke cambiii IOAXOA
¢ pa3ioXEHHEM MCEBAOKBANPATHOIO KOPHSA, KOTOpbiil obcyxaanca B rmase 6, Mbl MOKEM

[OCTPOHTb HOBYI0 MATDHLY V, YbM JVIEMEHTH TOYHO Y/IOBJETBOPAIOT SKS/ATENEHON

KoBapHauuy C 1enesoil TUIGTHOCTH pacnpescsicHus Y. Ompesienum dEeMEHTBI XeNlaTenLHOR
MaTpHOB! KoBapHatuH C KaKk

o= / ot (v)deydoy, . (10.13)
Takoke, ONPEACIHM TICEBAOKBAAPATHBIE KOpHH C C uepen
C=A-A7 and C=A-A". . (10.14)

Marpuua koppexuuH K, kotopuiii npeo6pasossisaer F k “V, Moxer GBITh BBINHCIEHa, peras
JIMHEHHYI0 CHCTEMY

AT K =AT, 10.15)

K= ATTh AT (10.16)
310 Nerko cenats K18 MATPHLLBL KOBAPHALIHH, €CIH OHa He TonHoro paxra. eno ofcTont Tax
BCAKMIA Pa3, KOTAa eCTh KOAHUCCTBO YNDABIAOUIMX (AKTOPOB HE TAKOE, KaK, HANPUMED, Yy
(MHAHCOBLIX AKTHBOB. JTO O3HAYAeT, YTO MOKA MEPBOHAYAIBHBIE BEKTOPHBIE BBIGODKH Vv
ABJIOTCS d-MEPHBIMH, LE/IeBast MATPHLIA KOBapHauuH MoxeT Obits C € R* npu d’> d, xora
panr C pasen d. Kax cuencrsne, Matpuua 4 torma Oyfer umeTe d' CTPOK, HO TONbKO d

1061108, To ects Ac R, Oppaxo, A Gyxer nmers pasmepsocts dxd, a K € R*. [l
penierns muHeitHo# cHcTeMbl {10.15) XeNATENBHO HCTIONB30BATE OTKA30YCTOHUHMBEI METOA,
THna ncesaounsepcu Mypa-Tlespoysa, obbicusemolt B pasuene 2.9, uroGbl m3bexars
npo6neM BCIEACTBHE TOro OBCTONTENBCTBA, HTO MOXCT OKA3ATECA MEHBLUCE KOJIMYCCTBO
H3MEDEHHiT B BEKTOPE V, YEM €CTh IEPEMEHHBIX B 1IEIEBOM PACTIpEACHEHHN. [pyras cHTyauus,
KOTOpasi MOXKET BBI3BIBATE TIPOONIEMBI, BOBHMKAET TOTA3, KOTAA YHCHO N BBITAHYTEIX
BEKTOPHBIX TEPEMEHHBIX CPABHHTEILHO HEBEIMKO M PE3yNBTHPYIOLIAA peani3oBaHHAs
koBapuanusi € CKOpPEKTHPOBAHHOTO Ha CPEAHEE MHOXCECTBA TIEPEMEHHOM TOYTH CHHTYIBIPHA.
Torna, nuHeiinas cucrema (10.15) mwioxo obycnosneHa, MT0 MOXET NPHBOOMTE K JOBOIBHO
HEOXMIAHHBIM pe3ynbTataM. JIDYrMMH ClOBaMH, i PEKOMEHIYIO BCETAa HCIO/b30BaTh

~ ol
nceppounsepcrio Mypa-Tlenpoysa as AT B ypaeteHuH (10.16). .
COBMECTHB BCIO BBIMICONHMCAHHYIO JTHHEHHYIO. aJire0py, Mbl MOXKEM YOEIUTHCA, 4TO
CKOPPEKTHPOBaHHAs KOBAPHALMCH MATPHUA IIEPEMEHHON

V=V.K 1017
ﬂeﬁCTBPl’PCJlBHO YAOBICTBOPAET

Vi.v=C. (10.18)

O6patiTe BHMMAHKE, IT0 TIPH MCHONMB3OBAHHHM ITOT0 METOAA Ui KOPPEKTHPOBKH NEPBOrO H
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BIOPOFO MOMEHTOB MHOXKECTBA BBLITAHYTHIX HEPEMEHHBIX OH JIO/DKEH NPHMEHSTHCA K
NEPEMEHHEIM nlocne HX NpeobpasoBanyst 0T paBHoMepHOTO Ha (0,1) pacTIpe/iesicHis K moGomy
PACOPECIICHAIO, KOTOpoe  (haKTvdeckH — HCTONB3YETCs,  HAnpHMEp, obbeAMHEHHOMY
HOPMANILHOMY PachpEIeeHHIO. D10 HYXHO TIOTOMY, YTO HENHHEHHOCTL B NpeobpasoBaHHH
GyzieT okaseiBaTL SPQPEKT M XOTH Bbl MOXETE HMETh MHOKECTBO PABHOMCPHLIX Ha o,
FIEPEMEHHEIX, KOTOPbIC HMEIOT TOUHO TAKHE K€ MATPHLBI CPCIHHX M KOBApHALMH, Kak M B
HEMpEPHIBHOM  NPEACNeE, HOPMANGHBIE NEPEMEHHBbIE, NONYYeHHbiC M3 HHX  mocne
npeoGpazoBanus, He Gy/lyT COOTBETCTBOBATE JKEAATE/LHLIM MATPHLIAM CPEJIHHX H KOBAPHALWH
0OBEIHHEHHOTO HOPMANIBHOTO PACTIPCACIIEHHA. B KauecTse mpocToro NpUMEpa, BOSbMEM 0'€HB
MAIEHRKOE MHOXKECTBO M3 JIBYX ORHOMEDHHIX PABHOMCpHBIX Ha (0,1) nepeMeHHBIX

_J1_J1t 1 f1} Tleppriii M BTOPOH MOMEHT ITOrO MHOXKECTBA TOUHO COOTBETCTRYIOT
{“1'“:}‘ {E'JE'E*’J;}

% W '/, MOMEHTa HenpephIBHOTO pasHomepHoro Ha (0,1) pacnipenenchns. TMpeoGpasoranne
(1,02} K HOPMASTLHBIM [EPEMEHHBLIM TIPH TIOMOUIY 0OPATHONO XYMY/ISTHBHOTO HOPMAUILHOIO
pacnpenenenus naer {z,2)={N"'(w) N'(1)}={-0.801832717, 0.801832717}, uro umeer
KenacMbliii  TiepBLii MOMENT B TOMHOCTH pasHuM Hymo. OHaKo, BTOPOii MOMCHT
TpeobpasoBaHHOTO MHOMecTBa paseH 0.64293571, 4To BeckMa OTIHMACTCA OT | KAk ITO 0MKHO
6LITH Y CTAHIAPTHO#H HOPMAILHOH NEPEMEHHON. )
BuiLenpUBeACHHBIH NPHMEDP HPEIBLYAIHO MAICHHKOIO MHOXECTBA NEPEMEHHBIX MOXKET
KA3AThCA HECKONBKO YTpHpoBantbiM. OHAaKo, OH BBICBEMMBACT OMACHOCTH, CBASAHHBIC CO
cpaBHeHHEM MOMEHTOB. KOpPDEKTHPOBKA MICPBLIX H BTOPHIX MOMEHTOB, HIH JKE Bonee
BBICOKHX MOMCHTOB, MHOXECTBA BRITAHYTBIX NCPEMEHHBIX, KOTOpEIE JOMDKHSI NOABEPrHYTHCA
JanbHelinieMy npeoGpa3oBaHHIO, He 0GHAYACT, YTO 3ATTIOUHTENBHOS PACHPE/IEACHHE OAHHAKOBO
COUTBETCTBYET 3THM MOMEHTaM. DT NPESOCTEPEKCHHE 0COGEHHO NPHMEHHMO K OCBIMHOMY
WCTIONL30BAHMIO CTAHAAPTHBIX HOPMAIBHBIX TIEPEMEHHBIX TP MOCTPOCHHH TEOMETPHUECKOTO
6poynosckoro apmienus. OueBMAHEIH (aKT, YTO JMCKPCTHOE MHOXECTBO TIEPEMEHHBIX {z)
HMeeT Te K Camble NEPBEI M BTOPOH MOMEHTH, YTO M HEMPEPHIBHOEC TIAYCCOBCKOC
pacnpeeNcHue, He NOAPa3yMEBAET, HTO JIOTHOPMABHEIC EPCMCHHEIE, IIOCTPOCHHBIE COTACHD

supaxennio S, = Spe’ T2 iMeloT nepBEIil M BTOPOii MOMEHTS! B COBEPILICHHOM COFJIACHH C

HEMPEPLIBHBIM  JIOTHOPMATbHEIM  pactipeienennem. K TOMy ke, DOKS €CIH Mbl yMecMm
KOPPEKTHDOBATh HEMHOTHE TEPBEIE MOMEHTHI MHOXKECTBA TCPEMCHHBIX, NPEACTABIAIOWIEIO
OKOHYATEILHOE LIENCBOE PacTIpeneriente, ahbeKTsl, KoTopbie Mbi cosnaem s Gofiee BHICOKHX
MOMEHTOB — BeCbMa Henpeackasyemer. Ha GonbiumHcTso BbrucicHHil BogneicTaytor Gonbiue,
4eM TONBKO TIEPBHIE HEMHOTHE MOMCHTBI AAKC CPABHHTENBHO NPOCTHIC NMpoGniembl, THNA
LieHoo0pa30BARMA BaHH/ILHOFO OMIMOHA €O CMpPABEATHBBIM BOSHATPDKACHHEM, BSCbMa
HACTOSTELHO 3ABHCAT OT TPETLEND MOMEHTA, HanpHMep. OTH Coo0paeHHs CTAHOBATCA eLe
Gornee yMeCTHbIMH, KOTAA Mbl, ACHCTBHTENBHO, AODKHBI NPCACTABHTL DACTIPEENEHHE O4CHb
MATEHBKHM THIIOBBIM MHOXECTBOM, KAk, HAlpHMEP, B METOZ¢ CTpaTH(HKalMu WK B METOAC
nepesa. OBCYKACHHE paviMuhii, BEI3BAHHEIX CPABHEHHEM MEPBOTO H BTOPOTO MOMEHTOB B
MOIISKANIEM TIPOCTPAHCTBE HOPMANLHBIX TCPEMEHHBLIX HIH B LENEBOM JIOTHOPMANBHOM
TPOCTPAHCTBE TEPEMEHHEIX JAAETCR B pasfenax 13.7 n 13.6 & KoHTEKCTE HEPEKOMOHHUPYEMbIX
JAEPEBLEB /151 OLICHKH IPOHIBOJHBIX HHCTPYMEHTOB NPOLIEHTHOH CTABKH B MOJIETH BGM/I.

" Yro kacaeTcs OLEHKH cramjapraodi oumbku B CIydae, KOTAAa Mbl HCHONB3YEM
TICEBROCITYUANHLIE YHCTIA B COCAMHEHHH CO CPABHEHHEM MOMEHTOB, TO CIENATh 310 HECKObLKO
npofneMaTHIHO, MOCKO/IBKY TIEPEMEHHbIE GOJBLIE HE MOTYT CUHTATHCA HE3ABHCHMBIMH. 310
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HETIOCPE/ICTBEHHO 3ATPArMBacT APYTYIO XOPOLIIYIO 0COGEHHOCTS MoaenipoBanus Moute-Kapno:
npu O6bMMHBIX cHMymauuax Monre-Kapro MoxHO NPOACIDKATE BHITATHBATE IIEPEMEHHbIE U
KOHTPOJIAPOBATE CKOMB3AILYIO OLEHKY OIIHMOKH, MOKA NOCHCHHAA HE [OHH3UTCH HIDKE
TpeGyemMoro ypoBHs To9ROCTH. Marno Toro, yro Gonsiie He OIpABAAHO HCIIONE30BATH Geryiyio
CTaHIIAPTHYI0 OWMEKY KaK CTATHCTHHECKYIO MEDY OLIHGKH, TaK KAK JI0G0E HOBOE MCITHITAHME
GoIBILE He CTPOTO HE3ABHCUMO (H MBI GbUTH 651 TOMDKHE! MOBTOPHO CPAaBHHBATH MOMEHTBI), HO
370 TAloKe BORVIEHET 3 COGOM NOBTOPHOE BEMHCIICHHE MATPHILI KOppexuuH. K H3 ypaBHEHHS
(10.16) Ha k&KIOM Imare, YI0 SCHO CTAlo 6bI YPE3MEPHO JIOPOTHM B BLIYHCIIMTEIIEHOM
OTHOLIEHHH, (DAKTHIECKH, O/HODA3OBOC BEIMHCIIEHHE PEATH3OBAHHON MATPHLIBI KOBapHaLHH
(10.12) moxxer JIerko cTaTh upesBIYaiiHO pecypcoeminM 1o oTHowenu:o k LITTY, nockonsky
OHO PACTET MPONOPLMOHAIBHO KBAAPATy MONHOH pasMepHocTH npobnieMbl M JMHElHO
TIPONOPHHOHAILHO YHCITY HCIOMB3YEMBIX BEKTOPOB-BLIGOPOK (TO €CTH TPAEKTOPHIA IIPH OLEHKe
OnuKOHa). Ecii BLI HCHO/B3yeTe METOA CPABHEHHSA MOMEHTOB, BaM CHEXYET KOHTPOMAHPOBATE
spems LITTY, xoropoe daxmuiecku TpatwTea Ha 1ware KOPDPEKLIMH, 110 CPABHEHHIO CO BPeMEHEM,
NOTpa4eHHBIM Ha BCe Mopennposadne. Monre-Kapno. Hanpumep, ans MynsTHGasHCHbIX
OTLHOHOB a3HATCKOIO CTHIA, MOJIHAS PASMEPHOCTB, (KOTOpas SRJIAETCH NPOM3BEICHHEM HHCIA
LIaroB BPEMCHH M YHCIA NOMVIEXAILMX AKTHBOB), MOJKET JIETKO CTATH CPABHHTENEHO BONbILOH.
TIoCKONEKY BBIMHCIHTENBHOE YCHIHE PacTer Kak KBAjpar d, A1 TAKHX BHIYHCICHHH BEChMa
06bruH0 TpatHT: 90% M Gonlee MOMHONO BpeMeHH PAacHeTOB TOJLKO HA CPaBHEHHE MOMCHTOB,
XOTH, B HACTHOCTH, MY]ISTHAKTHBHLIE BBIMHCICHHA YacTO MOAPASYMEBAIOT OLEHKY O4YEHb
npoctoii dykuun BosuarpaxcieHns. ITo CPEBHEHHIO C HCTIONB3OBAHHEM YHCEN C HH3KHM
PaCXOX/ICHUEM, METOl CPABHCHHA MOMEHTOB C ICEBNOCHYHaHHEIMM HHCTAMH PEIKO
OBECIIEHBACT CYHIECTBEHHOE YCKODEHHE B CXOZMMOCTH KaK GYHKUMIO YHCa CHMYMALMI, aT0
O3HAYACT, YTO T4 KE caMad TOUHOCTH MOMA ObITh JOCTHIHYTA NETKHM YBENHUEHHEM YUCIA
HTepaui HCTONE3yA, Hanpumep, wrcna CoBons. BaxHo noMHMTS, uTO BOCHAPHATHE TIOOBIM
TIOL30BATENEM CXOAMMOCTH MOARIHPOBaHKA Monte-Kapiio — 910 MasHsIM ofpasom ¢yHKuMA
TIOTPa4CHHOTO BDEMCHH OXHRHHS pe3y/bTata, [103ToMy, METO CpaBHEHHS MOMEHTOB MOXCT
JIETKO  3aCTAaBHTB MeTof MoHre-Kapno wasatecs MemieHHBIM i MYJIbTHAKTHRHBIX,
MHOFOIIATOBRIX CHMY AL, '

Hakonen, 8 OIKeH YNOMSHYTh, 9TO CpaBHEHHE MOMEHTOE wewsis OGBETHHATH C
HCTOML30BAHHEM METOZI0B HHIKOTO pacxokaeH . [I0TOMy 4TO HX TUiaTensHOE MOCTPOEHHE Ha
{IPHHIHMAX  TCOPMM . 4YHCEl YHE [IBITACTCS CPaBHHMBATH BCE MOMEHTHI  XOPOLIO
COANAHCHPOBAHHEIM  CIOCOGOM, @ CTONIKHOBEHME METOLOB . MOKET HMETh HEOXHZAHHBIC
apdextsl. TIpocToii criocob rapaHTHpoBaTh, YTO TIEPBBIH MOMEHT TOYHO BBINONHEH OpPH
HCMNONE30BAHMH, Hanpumep, yucen Cobona COCTOMT B TOM, 4ToObl MCnoms3osate N=2'-1
BEKTOPHLIX BHIGOPOK A1 HEKOTOPOrO MOMOKHTENBHOTO LEIOTO YHCTA /i, KAK ODBLACHEHO B
paszaene 8.7. Bt Taioke 0GHAPYIHTE, YTO M BTOPOH MOMEHT [IOYTH TOUHO BbilO/IHEH, 0COOEHHO,
B CPABHEHHU C NCEBNOCTy4ailHbIMH uncnami. Tlockomsky uncna CoBonst ocobeno Brictpo
CTPOATCA, 51 HUKOTZIA HE MONAAAN B CUTYALHIO, KOTAA HCIIO/B30BAHHE BCCTO JIMIID HECKOIbKHX
AOTIONHATENIEHBIX BEIDOPOK C MpAMBIME unciami CoBomsa He BEIMIPLIBATO. G5l y CpaBHCHHS
MOMEHTOB C HCTIONL30BAHHEM NICEBAOCHYYHHBIX YHMCES, NAKE JUIA OYeHb MATOpAMEPHLIX
apoGneM. Jins MHOrOMEpHBIX NpobnieM, To ecTs npobiiem MOZEHPOBAHHA MYJIbTHAKTHBA,
TIOCTPOCHME TPacKTOPHH C YHETOM BAKHOCTH, KaK GyaeT mokasaso B pasnene 10.8, uroGbl
AOCTHTHYT S(MCKTHBHOTO COKAIEHHA PasMepHOCTH, FapaHTHpYeT, uTo uncna Cobona Bee
CIIC NIAKOT YNYHIIEHHE CXORMMOCTH M0 CPABHEHHIO C NCEBAOCTYHaHBIMH HHCIAMY, KOTA 310
H3MEDACTCA B TEPMHMHAX 4MCia TPeOyeMbIX MOBTOPCHH, MOKA HEKOTOpas TOUHOCTE He Byzer
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JocrrHyta. Kak 06Ccy:kuanoch BhlLIe, TeM HE MEHEe, NPH ‘M3MEPCHHH B TEPMHHAX BPEMEHH
LITY (4t0 SBRfETCH HAMHOIO fydieH Mepol), CPABHEHHE MOMEHTOB /Ul MHOTOMEPHBIX
1poGneM CTAHOBMTCS MPENEIIsHO pecypcoemkum ans ITITY. Ha peaxuii cyyait cxaxy npamo,
€CJIH BCE €LLUE HE SICHO. UCnONb3YIme MemoO CDABHEHUA MOMEHMOS HA B0t COBCmaeH bl puck.

10.7 BoiGopka naTuHcKkoro rmnepkyba

Buibopika namunckoeo 2unepkyba, 310, Ha caMoM fene, He Metoi Mowre-Kapro.
BBIGOpKa NATHHCKOTO FHNEPKYGa ~ 310 Cocod pazOuTs aBToMoGHIE. CepbesHo. ITa MeTo/iHKa
HCHONB3YES¥CH fIPH HCCIIEA0BAHHH TAKOTO TIPOCTPAHCTBA BEIGOPKH, KOTOpOE (BechMa GyKBaNbHO)
upesBBMAHO A0poro. B OCHOBHOM, cxeMa BBLIGODKM JIATHHCKOMO FHIEpKy6a — JT0 NOMBITKA
Pa3MECTHTL  TOYKH OCYIIECTRJICHMA BHIGOPKH B MHOTOMCDHOM  CTPATH(OHLMPOBAHHOM
NPOCTPAHCTBE C HEMHOIO IIEPEKPHIBAIOIMMICH. [0 BCEM H3MEPEHHAM ONHOMEPHBIMU
MPOEKLHAMH, HACKONIBKO IT0 BO3MOXHO. Boobpasure, uto BEI X0THTE OLIEHHTS AipekT yeThipex
NapaMeTpoB yrpasieHud Ha O6e30MAacHOCTH  BOZWTENA ABTOMOOMJIA, HMIMEPSEMEIM CHIaMH
BOZEHCTBHS, BOSHHKAIOIIMMH B J0GOBOM CIONKHOBEHMH. 11apaMeTpaMH yRpaRieHHs MO
GbITs, HANPHMED, YTOI PYNICBOH KONOHKH, JMACTHYHOCTS CTIHHKH CHEHBA BOIMTES, HECTKOCTE
TEpe/ika LIACCH ‘TPAHCHIOPTHOTO CPEACTBA M OGBEM HOKHOTD TIPOCTPAHCTBa NEpel MECTOM
BozuMTena. Jins KaKIOTO W3 TeX MapamMeTpoB Bbl BLIOPRTH CEMb BO3MOXHBIX 3HaueHWH, YTO
npescrapnser cobo ueThpexMepHyro cTpaTidHKamI0. SICHO, YTO XENATENsHO He pasbuBath 7'
= 2401 aBromMoOuIA, 4TO0BI MONYYHTE HAEIO O TOM, KAKOBa ObUTa 651 ONTHMANbHAA KOMOHHALKSA
YCTAHOBOYHBIX 3HAUCHHH. CXeMa NaTHHCKONO IMIEPKy0a — IT0 CHCTEMATHYECKHMH METoX
MOZENHPOBAHHA CTPATHOHIMPOBAHHOrO CJIOS HO KKAOMY NMapaMeTpy ynpaBlieHust (1o Kpaiueit
mepe) oauu pas. IlpuMep TakoH oprasusauuu riokasaH Ha Puc. 36 BO BCEX BO3MOKHEIX
JBYXMEPHBIX TPOCKUMAX HETEIpeXMepHOi obmactd. Kcratw, Todkm, moxasauusie Ha Puc. 36
ObUTH MONMyUeHb! KaK NMEPBBIE CeMb TOYEK YETHIPEXMEPHOH NocefoBarensHoct Coboni, 4To
BBICBCUMBACT APYTOC APEMMYILECTBO JTOT0 ChEeLMHUECKOro METOAa NeHEepaLuK YHCeN: Uncia
Cobos1s1 EMEIOT BCTPOEHHBIE CBOCTBA IATHHCKOTD IHIEpKyDa.
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Puc. 36. Oprann3anun BLIGOPOYHBIX TOUEK B BHE JIATHHCKOTO THIepKy6a.
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HIEHHS, YT -
YIy4 , 4TOOB! ONpeneaHTs Wy, YUNTHIBAA, YTO MBI yxe ycranopumn Wp u Wycr <t <1y,

MBI HCTIOMB3YeM (aKT, 4TO yCHOBHOE pacnpeneseHHe Wy SBIISeTess rayccOBCKHM CO CPEIHUM

a1 (=Y =t ..
Efi,]| = (,k — ,]) Vi, + (ﬁ) W, (10.33)
H BapHauMeH
=) (e — 1)
v, = —’(ik)_(h,")’) . (10.34)

Hokasarenscteo ypasHerui (10.33) n (10.34) sxpatiie qano B cexupm nprioxkeHus 10.9.2,

Tockonbicy Bee BecoBbie KOIQHIMEHTEL MOTYT BbITH TIPEIBAPHTEIILHO PACCIHTANDI, Mbl
AOIDHHBE BRINOJHHTE TONBKO TPH YMHOKEHHA H IBA CIOXEHHS JyBl KDKIOH TOHKH B GPOyHOBCKOM
MoCTy. HICKIIOUSHHSMH  SIBISIOTCS, KOHEYHO, NpefienbHadt (OKOHEWHas) TOUKa, /UMl KOTOpO
TpelyeTes TONBKO YMHOXKEHHME M BCE T€, Ubs JeBas CTOPOHA' YCTIOBHOM TOYKH — 3TO HAYano
TPAEKTOPHH B HYJIE.

) BpoyHoBciatii MOCT 0COGEHHO JIErOK B NIOCTPOSHMH, €CIH YHC/IO INAroB — 3TO CTENEHb
JIBOHIGH, TIOTOMY YTO TOIJIA KeDKABL HHTEPBAT JEHTCA Ha JBA MHIEPBAIA, CONEPKALLHE TO Ke
camoe uHero Wwaros. Boobiue roops, MEL MOXEM IIOCTPOMTS GPOYHOBCKHET MOCT, BCEIyia eI
HHTEPBAN OT TOCTGAHeH TOUKH, KOTopast Ghina yCTaHOBACHA 10 Creylomel, KOTopad ywe
YCTAHOBJICHA Ha [B€ “aCTH, CONEPIAIIE NPHONIHSHTEIIBHO TO e CaMOe MCIO ToueK. [TpHmep
ITOH TIPOLEAYPS! . IPOMILTIOCTPHPOBAH Ha Puc. 37. Anropurm [yis nocTpoenks GpoyHOBCKOTO
MOCTa 32 IIPOH3BONBHOE MMCHO MIAroB MoxkeT ObiTh paspernex Ha ase vactd. Ilepsas uacts —
BEMHCIIEHHE HHIICKCOB, ONPEIC/IAOIIHX TIOPAOK NOCIPOSHHS TOYEK, BECOBBIE KOID(ULMEHTD! 1
YC/IOBHBIE -BapHALWKt WIH, COOTBCICTBCHHO, MX KBaJ[paTHble KOpHH. Bropas wacts — 370
oTo0paxeHHe BEKTOpA CTAHMAPTHEIX rAyCCOBCKHX [IEPEMEHHBIX HA OTHENBHYIO BHHEPOBCKYIO
TPAEKTOPHIO BO BPEMS MOJCTMDOBAHHA Monre-Kapno. 5 mato 8 [prvepe nporpammsr 10.1
KOHKpeTHbIH KO/ Ha a3bike CH, ofecriedusaromyii o1 ase cramuu. KoHctpyktop Gubinorexu
Klacca BBINIONHACT BCC HAuanbHEle Bermcieuns. Ilommporpamma buildPath nomkua 3arem
BBI3BIBATECS 13 IIIABHOTO LHKIIA MOJICTTHPOBAHHS Morte-Kapno. Kaxpiit pas, korza BeINONHICTCS
npouenypa buildpath, - osa npeoGpalOBEIBACT BEKTOP HEKOPPENMPOBAHHBIX CTAHJAPTHLIX
HOPMATEHBIX MEPEMCHHBIX, 3aJAHHBIA BXOJHBIM BekTopoM normaiVariates, s crasnapTHbli
;:;{hepoacmﬁ TyTh C PABHEIMH LUAraMH BPEMEHH pasMepa Ar=1 M XPaHHT ¢TI0 B BBIXOHOM BEKTOpE

0 1 2 3 4 5 6 7 & 9 10 11 12 13 14
Puc. 37. Tloctpoenne GpoyHoBCcKoro MocTa 3a 14 waros
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#include <vectors

#include <assert.h>

class BrownianBridge f{ Vs Ruilds Wiener process paths of equal time steps of delta t = 1.
public:

BrownianBridge{ unsigned long numberOfSteps })

void buildParh( vector <doubles> stheNienerProcessPath, const vector <double> igaussianvariates );
private:

unsigned long numberQfSteps:

vector cunsigned long> leftIndes, right Index, bridgelndex;

vector <double> leftWeight, rightWeight, stddev;

b

BrownianBridge: :8rownianBridge{ ubsigned long numberOISteps_ | ¢ numbarDfSteps {numberOfSCeps |,
JeftIndex (oumberOfSteps) , rightIndex {nunberOfSteps), bridgelndex (nuxberOfSteps) .
leftWeight (numberQtSteps), rightie ight {numberOfSteps) . stddev (numberOfSteps}

aggert (number(fSteps) ; /! There mugt be at least one step.
vector <unsigned long> map (numberOfsceps);

// map is used to indicats vhich points are already constructed. If wap(i) ie zerc, path point i
// is yet unconstructed. map{iJ-1 is the index of the variate chat constructs the path point # 1.
ungigned long 1,7,.k,1;
map [numberOfSteps-1] = 1; 4/ The firet point in the construction is the global step.
kledgezndeﬂp; = rumberOfSteps-1; // The global step is constructed from the tirgc variate.
stddev[0) = sqret{numberOfSreps); /! The variance of the global step 15 pumberOfSteps<i.o.
leftieight (0] = rightWeight (0) = 0.; // The global step to the last point in time is special.
for (§=0,lel;icnunberOfSteps;+ei}{

while (map(j)} +eJ; /¢ ¥£ind the next unpopulated eatry in the map.

k=l;

while {(imap{kl]l) ++k; /! Pind the next populated antry in the map from there.
Iaga({k-1-3)>>L); // 1 is now the index of the point to be constructed next.
map{l]el;

bridgelindex[i] = 1; // The i-th Gaussian variate will be uged to set point 1.
leftIndex(f) = 14; ]/ Point 3-1 is the left atrut of the bridge for point 1.
rightIndex{i) k; // Ppoint k is che right strut of the bridge for point 1.

1efeweigho (i) = (k-1}/(+1.-3);
rightWeight [1] = {1+1.-3)/{ke1.-3}s
stadev 4] = aqret{({1+1.-3)*(R-12)/ (ko1 -3}
Jukel;
if {J>wnumperofSteps) j=0; // Wrap arcund.
}
}

void BrownianBridge: bulldPath| vector <doubles apath, conat vector <doubles gnormalVariates }{
agsert ( normalVariates.size{) == numberOfSteps && path.size() == numberGfSteps ).
uneigned long 1,.k,1;
path [pumberQfSteps-1) = stddev (0] *normalVariates (0}, // The global step.
for (i=1;icnumberOfsteps:i++}{
§ = leftindex([i};
k = rightIndex[i];

1 = bridgeIndex(i];
1€ (§) path[l} = leErWeight {1]=path(}-1] « rightieight [1] *pach k] + stddev (i) *normalVariates(i];

slse path[l] = rightWeighc!i)*pathik] + stddev (4] *normalVariates{i);

Mpumep 10.1. TiporpaMmibi KOJ AJTOPHTMA GpoynoBckoroe mocra Ha C ++

Kora MbI XOTHM TIOCTPOHTS TPAEKTOPHH, KOTOAIC IPEACTABIIAIOT COOH BpoyHOBCKOE
JBHIKEHHE 110 TOUKAM BO BpeMeHH f; 1ud § = L...m, a peanm3anys GpOYHOBCKOH TPAcKTOpHH Ha
KaKAOM BPEMEHHOM TODH30HTE [ IOWKHA ObiTe COBMECTHMA € KO3 bHIHEHTOM
HOAPA3YMEBAECMOi BONATHIIBHOCTH ', MbI JOJDKHBI TIPHHATH BO BHUMAHHE PE3yIbTHPYIONIYIO
CTPYKTYDY JIEMEHTOB MTHOBEHHOH BONATHILHOCTH U BapHaLlid. VuuTHIBas, YTO MBI HMEEM
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On n global scale, alf combinations look pretty much the same
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Ke Herob30Bastes GGL-reneparop, 3anaHub!

1.

=16807,c =0u M

ypaBHenuem (7.6) ca.

Puc. 32. Iddext Heana, KoTopsiii BO3HuKAET 61aT0ApS BIAHMOAEHCTBHIO METOLOB I'eH
TPHIOHOMETPHUECKOro peoGpasosanKs anroputma Bokea-My:tepa (9.6). Ha arom prcyn

HepasnomepHble cly4alibie yncia

9.4 MonenupoBatine BbiGOPKY CBSA3KM MyNbTHNEPEMEHHOMH

Tlpo6nieMa reHepaiy HEpPaBHOMEPHOH MEPEMEHHOMH, KOHCYHO, HE OrpAHHYMBaCTCSA
OJIHHM H3MEPCHHEM HIH HCCKOJILKHMH Pa3MEPHOCTAMH HE3ABHCHMBIX NEpeMeHHbIX. CBA3KH
KaK TOAXON K CO3[2HHIO MHOTOMEPHEIX BHIOODOK MEPEMEHHBIX C B3AHMO3ABHCHMOCTHIO
obeacHncs B pasnesne 5.2, YroGhl 3aKOHUHTH 3Ty IMiagy, A Nokassisaio Ha Puc. 33 npumep
THNA BIaHMO32BHCHMOCTH, KOTOPas MOXET OBITH Co3gasa pH MOMOWIM CBsi30K. DyHKumMs
TeHepauHu apxuMeoBoi casmxu §u) = (1”-1)% kax aano B ypaBHenHu (5.31) B pasnene 5.2.3,
HCTONE30BAMNACE ¢ O =, Tlepemennnic BaiiGyia Gbum creHepupoBaHbl M3 0BpaTHOI
KyMYJIATHBHOH dyHKUMH BepoaTHOCTH Baiibysua

Ul (u) = [—Aln(l —w))7 , 9.9)

KoTOpast Moxer 65iTs paccumTana no (2.72), enonsays 8= 1 u y = 4. JloBONBHO HHTEpECHaS
thopma, He Tak Jm?

2 T T T T T T T T T

0 1 1 1 I H 1 1 1 I

~

0 0.2 0.4 0.6 0.8 1 12 14 1.6 1.8

Puc. 33. 131,071 nepemennsix Baiibynia aan B= 1 u y=4, naxoasmuxest 110 apxuMeRosoii
CBA3KOH H CTCHEHEPUPOBAHHDIX ¢, 3a1aHHO# ypaBHenueM (5.31) ¢ 8=/,
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ATnpoXCUMUPOBaHHOE CIIEKTPANBHOE patjieNieHue, paccyuTannoe TakuM obpa3oMm i 12-ty
IAT0BO AMCKPETH3ALHY TPACKTOPHH BHHEPOBCKOIO. POLIECCa OT £ =0 K =3 IOKA3AHO HIDKE.
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Lyt

Bd)d)emm{an KOBapHamus aHIIPOKcHMHpOBaHHOH cnexcrpanmou Marpnuu TIOCTPOCHHA
(10.29)

0.3500 N:27X6 0.2669 0.2668 0.2656 ‘0.205% 0.2650 0,2018 0,264 0.201% 02644 D“EM
G276 0,5000 0.5247 L\su’r @ 5!81 0. 5 5169 0.562 0. AL 0.5156

Ul L0208 L2766 15000 1.5200 15724 15220 1.
160 07682 10208 1.3TE0 1.5268 LISX 17771 3
162 07850 1019t 1.2714 152104 1.7777 2.0000 2.02°

Apectra * A = (10.31)

5 2.2777 2.6000 2 5
U264 05155 U.7665 10179 12655 Vami 1 L2724 85 2.7500 3
(L2051 B.5173 L7695 1.0214 1.3738 LS2AS 1.7782 2.02u4 22852 2TUZE 0000

Kak Bl MOXETE BHIET, AHATOHATBHBIE IMEMEHTHL TOUHO BHINIONHAKT TpeCoBaHHs.
HepuarosansHele IeMEHT, OZHAKO, yKA3EIBAIOT, HTO MO/ICTIMPOBAHHKE, OCHOBAHHOE Ha 3TOM
aNMNPOKCHMHDOBAHHOM ~ CTIEKTPATHHOM - paszeneHHu stextrsHO Monenuposa.no ObI
Peann3aLmH CTAHAAPTHOTO BHHEPOBCKOTG NPOMECCa, HMEIONIHE HECKOBKO NPEYBETHYCHHYIO
KOppenauHio. B caere Toro, 4To Mbl TPATHM CYIIECTBCHHBIE YCHIINA, HTOORI rapaHTHPOBAT,
HTO  PEA/IH3OBAHHBIC BapMalMl M KOBAPHALMH BCEX HAILHX Cy4aliHbIX MEPEMEHHEIX
BBITONHAIOT cncumbnxaunu 3a/jaBaeMbIC JIOG0H (PHHAHCOBOH MOJIEIIBIO HACTONBLKO GITH3KO,
HACKONBKO 370 BOSMOAHO, ANMPOKCHMUPOBAHHOE CHEKTPaIbHOE NIOCTPOCHHE TPackTOpuH
MOXET NOKA3ATHCS HEMHONO HETOYHBIM,

 Ects, opmako, “mpyroH BawHBIH ypOK, KOTOpbIi Mbl MOWEM H3BJEUB K3
ANMPOKCHMMPOBAHHOTO  CMIEKTPANBHOIO  PasfIoKCHHA. XapakTepuCTHYECKHE  uMCIIa
cnelcrpa.nu-roro Pa3NOKEHHA 3aAH0TCS BLIPKEHHEM

Mo=—, ' (10.32)

5

H, Tagum obpaioM, satyxaior kak Ok?), Tockonbky xapaxTEpHCTHUYECKHE YHCHA MATPHLbI
KOBApHALMH AMCKPETHOH TPaeKIOPHH XOPOIUO 2NMPOKCHMHPOBAHEL YHCAAMH HENPEPHIBHON
KODHH, MBI MOJKEM 3aKITIOYHTD, YTO OHH Taloke pacnajaloTea o4eHs GricTpo. Makriuecky, s
TIONHOCTBIO PABHOMEPHOTO HHTCPBANTA [POBEPSEMOTO BPEMEHH, THIA MCTIONB3YEMOTO BBILLE C
14
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At =V4, ¥ XapaKTEPHCTHYECKHE HUCAA, U XAPAKTEPHCTHYECKHE BEKTOPBE MOTYT GhITh MOy 4eHSI
AHANHMTHYECKH, KaK N0Ka3aHo B pasaene 10.9.1.

BakHOCTE XapAKTEPUCTHYECKHX YHCET ONpelensercs TeM (akroM, wie oHM
HETIOCPENCTBEHHO MPE/ICTARNSIOT 3HAYCHHE BAPHARNH, KOTOpask MOXeT GbITh BOCTIpou3BeieHa,
HCTIONE3Y MEHBLUEE MO/IMHOXECTEO OPTOrOHANBHBIX XaPAKTEPHCTHHCCKHX BEKTODOB M,
TAKHM OOpasoM, MBITaThC 3QMEKTHBHO MNOJPAXarb n-MepHOH BLIGOpKE NEPECMEHHOH (a
MMEHHO, TPACKTOPHH CTAHIAPTHOTO BHHEPOBCKOTO TIPOLECCA N0 1 TOUKaM), HCTIONB3Y TONBKO
m TAyCCOBCKWX MEPEMEHHBIX MpH m<n. B CTatucTuke, €CTH TOHATHE uIMEHUUBOCHL,
OOBACHACMON YCpe3 MCIONB3OBAHME TOJLKO INEPBLIX M BEKTOPOB B MOJNHOH MATpHUE
NOCTPOEHHA TPACKTOPHH. JTO JAETCA CyMMOH KBaJpaToB BCCX SJIEMEHTOB MCHIONb3YEMBIX
BeKTOpOB. JUjIsl CHIeKTPAbHOrO PaIoKEHHS, 310 — APOCTO CyMMA XapaKTePUCTHHECKHX 1MCe]
xak mano B (10.32). B oroM cMeicie, CHEKIPAIBHOC PAamIONCHHE (Y4HTHIBAL, HTO
XapaKTEPUCTUYECKHE BEKTOPH! OTCOPTHPOBAHGI MO YMEHBILIEHHIO PAa3sMEpa HX CBABAHHBIX
XAPAKTEPHCTHUECKHX 4HCENT) — 3TO ONTHMAIbHLIA CHOcOG HasHAHTH GONbUUYIO BAXKHOCTH
TIEPBLIM [AYCCOBCKHM TIEPEMEHHBIM B TI0GOM 3a7aHHOM Bektope-BbIOopke z. Korma tak
TIPOMCXORUT; ITOT BUI IDPeKmueH020 COKpaIYeRUs PazMeEpRoCmU W €CTh TO, YTO 3aCTABNIACT
YHCIIA C HH3KHM DACXOMICHHEM CXOMMTECH CaMbiM GBICTPEIM 00pasoM H, MOXeT Obrts, 310
bl OBt TyHiIHit METOJ TIOCTPOCHHS TPACKTOPHH BLIGOPKH B COGAMHEHHUH C YHCHAMH Cobons.
Ecnu 6Bl He onHa 3arsoznxa. [Ipobnema B crieyiomeM. CAEKTPANBHBEIH METON NOCTPOCHHS
TPAEKTOPHH MOXeT 00ecrnednBars caMyro GLICTPYIO CXOAMMOCTh B COEJMHCHHH C YHCIIAMH
CoGons kak GYHKUHIO YHCIA BRITONHEHHBIX Hrepaimit. Onuako, 6onee BKHO — 310 BpeMS,
HOTPaYeHHOE Ha MONC/MpoBaHME. Kpome Tore ¢axra, 4I0 BbIMHCIECHHE (TO‘{HO?)
COEKTPANLIOH  MATPHUGL TIOCTPOCKWS TPASKTOpHU SIBIMETCA, MO CYWIECTBY, 3a/aueH,
popnexatowelt O(n’) Maremariyeckux onepaunﬁ (aKTHYECKOE HCTIONb30BAHHE MATPHLEI
Agpectrat B TEHEHHE MOJEIMPOBAHHA BOBJICKACT n* yMHOXeHuil H n(n — 1) caokenud uis
IOCTPOEHAa KakIoH TpackTopun. KorAa 1 Haxonutca B COTHSAX, 3TO O3HAYAET, YTO AL
MOZCTHPOBAHHS, TIONPA3yMEBAIOIEN0, BO3MOXKHO, HECKONEKO NECATKOB THICAY MOBTOPEHHI
MBI TPATHM GOMBINYIO 4acTh HALIETO BPEMEHH TONBKO HA APeo0pasOBAHHE OT CTAHIAPTHBIX
HOPMANBHBIX NEPEMEHHBIX K BHHEPOBCKHM KOODA#HATaM TpackTopuu. B _crenyioliem
paszere, s 0BCYHIAI0 MO HOGHMBIH MCTOA TIOCTPOCHHS TPACKTOPHH, KOTODbIH acT NOYTH
TaKoe ke HpOEKTHBHOS COKPAUICHHE PA3MCPHOCTH KaK U CTIEKTPAIBHLIH METOJ, HO BCETO
JHULD 33 CUCT 313 YMHOXKEHHUI | 211 CIIOMEHHI A% KaXKIOA TIOCTPOSHHOH TpaekTopH!

10.8.3 bpoynoBckHii MOCT

TTonobHO CNIEKTPATEHOMY METO/IY TIOCTPOgHHS! TPAeKTophH, bpoynosckui amocm ~ 310
€r1ocof OCTPOHTL JAMCKPETHIHPOBAHHYIO TPAEKTOPHK) BHHEPOBCKOTO MPOLECCA, HCMONb3Ys
[IEPBBIC FAYCCOBCKHE MEPEMEHHbIC B BEKTOPHOH BIGOPKE 2, 4T00b1 OPMHPORATS TOTHOCTEIO
BCE CBOHCTBA TPAacKTOpMM M 3aTeM JOOABHTL el KpacoTsl CTPYKTYpe. “Camax nepsas
TIepeMERHAs Z; HCHOJIB3YETCA, YTO0b! ONPENENHTh PEANN3ALNI0 BUHEPOBCKOH TPACKTOPHH B
3AKUIIOYHTENBHOE BpEMs [, HalleH 7-TOMCYHOHM JMCKDETH3auHM RYyTH, yCTaHaBAMBax

W = -"t Zy. 3arem HMCNOJBL3YCTCA CNCAY IO nepeMeHHast, 41o0bI ONpEACUTE 3HAYCHHC
1, n

BHHEPOBCKOTO MPOLECCA, TIOCKOBKY OH Gbil PeanH3oBaH B HPOMEXKYTOHUHOM LIAre BPEMEHH I,
YCHOBHOMY K PEanu3aumi B 1, {u B #=0, KOTOpBIH, KOHEUHO X¢, Hob). Ipoueaypa satem
YIOBTOPAETCA, UTOOLI TOCTETICHHO 3aOHKTL BCIO DEMIM3ALAI0 BHHEPOBCKOTO NPOLECCa BO
BCEX TPOMEXYTOMHBIX TOYKAX, B yAyHmaloniemes anroputme. Ha kaxzom imare npoue;;y;;;m
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GpoyHosckHii nponecc B, KOTOpLIH NPOM3BEICH H3 CTAHJAPTHOIO BHHEPOBCKOTO npouecca W
YMHOXEHHEM Ha ACTEPMHHUPOBAHHYIO (DYHKLIMIO BONATIWIBEHOCTH () COFTIACHO

dB = o(t)dW , (10.35)
YCIOBHBIC CPEHEE YHCIIO H BADHALMA WA peanHzauuu B(t;), yuqTsiBas 4To Mbl 3HaeM B(t) 1

B(ty) ct;<t; <t Byayt
U~ 3 I
E[B,] = (,Lﬁ) B+ (1’ ") By, (10.36)

e — O U — ;

(1 — ) (o — o5
v[B,] = —’T—)_(‘)—’) (10.37)
TAe
ty
1y = / a(s)ds. (10.38)
=0
KoneuHo, COOTHOUICHHE  MeXTy BApHALMAMK  V; W NOAPA3YMEBAEMBIMH
BOJIATH/IBHOCTAMH O paBHO v,=o'}2ti. JIpyrMMH cnoBamu, JIETKO Halucath Jpyroi
KOHCTPYKTOp Iyia moamporpaMel BrownianBridge B npumepe xoma 10.1, xoropeiit
TIPHHAMAET RO BHHMAHHE 33[AHHLII BEKTOP NOAPA3yMEBacMOl BONATHALHOCTH H l;emp YbH
MEMEHTHI — 3TO CBA3AHHBIC TOPH3OHTHI BPEMEHH, U 3apaHee KAILKYJIHpDYET Heoﬁxo,uy;mme
B@COlible H Macirrabupyromme koohduiments: leftWeight, rightWeight ustddev.
B eHCTBUTCIBHOCTH, KAK TONBKO MBI JOGABHIH BPEMEHHbIH BEKTOP V B TENO KOHCTPYKTOPa U
3aMOMHUNH ero Tak, 4ro v[j] = o’}zt,- BCE, YTO HEOOXOMMMO CENaTh, 3TO 3aMEHHTH
COOTBCTCTBYIOHIME YTBEDKIACHHSA!
stddev {0] = gqre {v[(numberOfSteps-~1]};
leftiWeight [i] (vIkI-vI{1)}/(vikl-v[i-11};
rightWeight{i] = (v{1}-v{3-1]}/(vIikl-v[j-11);
atddevii] agre ((vili-vij-1) i {vik] -vI[L) )/ {vikl-vii-21});

H

Jpyroe NpUMEHEHHE HOPMANM30BAHHOIO BEKTOPA TPAEKTOPHH, -HEMOCPEACTBEHHO
noctpoeHHoro  mommporpamMmol  buildPath w3 mpumepa 10.1, mower, daxmrueckn
n({lpeﬁoszm, MHIMBUIYaNbHBIX NPUPALLEHH, HanpuMep YTOOkI, BLINONHATE H,HTerpnposaHne’
Oiinepa unmn MumureiiHa st cToxactuyueckoro AHGGepeHIMANEHOTO ypaBHEHHUS, KOTOpoe
HAIPARJISET TMOMIEXALHHA BHHEPOBCKHH npouece. B atom ciywae, moxmO Gbut0 ’651 BIATh
NOCTPOCHHYIO HOPMAIM3OBAHHYHO TPAEKTOPHIO, MOMELIICHHYIO B BekTop Path u aate samuuii
XOA NpHpalleHusM TpaexTopuH, Geps pasammy AW=path[i}-path{i-1] (xpome nepsoro
anemenTa, nometierHoro B path{0], koTopeii, KoHeuHO, ABNAETCH HEMOCPEICTBEHHO PABHBIM
AWp). Ton}a KAK/I2A W3 TIOCTPOeHHBIX Takum ofpazoM AW, sBnsiercs CcTaHAapTHOM
HOpMalbHOH  mepemeHHOM  (C emuHmMuHOH  Bapwaumeif). Yrofer  npeoOpasosath
PE3YJITHDYIOIIHE, TAKHM 00pa3’oM, CTAHNAPTHBIC BHHCPOBCKHE IPHPAILCHHA C €IMHMYMHOH
BapHaLieil K JKeNaTelbHOMY LIary BpeMeHu Af, Ham Hajo NPOCTO YMHOXHTb X Ha JA_t .
Yurarens Mor 651 3aaThCsl BOMPOCOM, 3a4CM KOMY-TO HYXXHO NPOCKaKHBATH Yepe3 Boe 5TH

o0pyuy kb 3ateM, 4TOGbl JOCTHTHYTL ADYrOTO MHOMECTBA CTAHIAPTHBIX HOPMATLHBIX
nepeMeHHbIX. ONBITHBIM  NyTeM, s OGHApYXHJ, 4TO KCIONB30BAHHE BHHEPOBCKHX
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NpHpalieHHil U3 TPacKTOPHH, MOCTpoeHHO#l  MeToZioM GpOYHOBCKOTO MOCT3, KOTOPBIi
HANPapAeTCs TOCNE/I0BATEIEHOCTHIO Coboris, NOKa3HLIBaeT My4iliHe CBOHCTBA CXOAMMOCTH
JUIA YMCJIEHHOTO HHTErPHPOBAHUA CTOXACTHHECKHX anddepeHLHaTBHBIX ypaBHeHuid. B
YACTHOCTH, TAKHM 00pasoM TIOCTPOSHHBIC NPHPALICHHA, 00bIuHO, BEAYT cebs nyuiue, ueM
CTAHIAPTHHIE ~ HODMAILHBIE  MCPEMCHHLIS,  BEIMHCICHHBIC, HENOCPEACTBEHHO, M3
[CEBAOCHyYaHHBIX UHCEN, MM Jake 4ucen Cofons, fm GonbluMHCTBA (PHHAHCOBBIX
NPUMEHCHHH, THe CTPYKTYpa CKeMeTa BCei TPACKTOPHH HMeeT caMoe GoNbIioe BO3/ICHCTBHE HA
CXOAMMOCTh BHIYMCIEHHA. TakoKe, ITOT, HECKOJIBKO 3aMBICTIOBATHIA METOX HOCTPOEHH
CTAHAAPTHBIX MPHPAILEHUA 3 3a/1aHHOH BekTOpHOH BEIGOPKK Cobons, Bee e BuicTpee, 4eM
BBIUHCGHME CTAHJAPTHBIX HODMAIBHLIX TICPEMCHHBIX IIPH  MOMOLIH OONBLIMHCTEA
IeHEpaTopoB NCCBAOCTYYAfiHEIX UHCEH  BBICIIETO Kauectsa, MOCKONLKY  FIOCTPOSHHE
orgensHoro Bektopa Coboia ABNSETCA HCKTIOUHTENEHO ObICTPBIM.

10.8.4 CpaBrenye METO/IOB IIOCTPOCHHA TPAEKTOPHH

Kak e Guino ynomsHyTo, GpoyHOBCKHH MOCT TpeGyer MpHONMSHATENBHO TPEX
YMHOXKEHHI ¥ JIBYX CHOMEHUH HA H3MEPCHHC JUTT KOKAOR MOCTPOEHHON Tpaektopun. i
Gonmpumtctsa  camysspii  MonTe-Kapiio, OCHOBaHHBIX HA  TIOCTPOSHHU BHHEPOBCKHX
Tpaexcropuit, pema LITY, Tpebyemoe ia OUSHKK Gyrxumy ((YHKIHOHATA), 33BHCHMOTD OT
TIOCTPOEHHOI BHIOOPOYHON TPACKTOPHH, PACTeT, N0 KpaiiHeil Mepe, IMHEHHO ¢ PasMEPHOCTBIO
npobriembt. TakiM 00pasoM, OMINOCUMENbHAR MOTPEOHOCTs BO BPEMCHH TOCTPOCHHS
TpaeKTOpUW, B XYIUIEM CAiy4ac, BbPABHUBACTCA K nocronaHoMy  Koadduipmenty ¢
YBENHYMBAIOLIGACA DPa3MEPHOCTEI0, KOTZA HMCMONBIYCTCH GPOYHOBCKHIT MOCT H, OOBIHO,
(axTiuecKy yMEHBILACTCS IS Gonee BHICOKMX H3MEPCHHi. D10 HAXOAWTCA B abcomornom
xoHTpacte co BpemeneM [TV, TpeGyeMbIM CrEKTPATBHBM IOCTPOCHHEM TPAEKTOPHH,
KOTOpOE YBEM4HMBAETCA KaK KBAIPAT PA3sMEPHOCTH. C apyroil CTOpOHEL, FO CPaBHECHMIO C
FAIOCTPOEHHEM TPACKTOPUH MPHpAILCHHEM, GpOYHOBCKHI MOCT B COCTOAHWH OOBACHHTD
amHOro 60see BHICOKHMIL TIPOLIEHT COBOKYMHOH H3MEHUHBOCTH, KOFZA MPHHHMAIOTCR BO
BHEMAHHE TOBKO TIEPBBIE HECKOMBKO MEpeMeHHEIX. B JCHCTBHTENLHOCTH, Kak OKAa3aHo B
Ta6n. 1, mepesic YETHIPC H3MEPEHHSA (pasMepHOCTH), K WCIO/B30BaHKH 6pOYHOBCKOrO
MOCT /U151 TTOCTPOCHHH TPAEKTOPHH, IOCTATOHHB, wroGbl 0BBACHHTS Gornee 93% COBOKYTHOH
H3MCHUMBOCTH T8 [IPSABULYLIEro NpHMepa 12-11aroBore NOCTpoeHHs oT t=8n07T=3.03r0
MOYKHO CPaBHHTS C 95.6% JU1% CIIEKTPaNBHOTO MCTOAR, HO ToNbKO ¢ 53.9% anis ciry4das, Koraa
MBI CTPOHM TPACKTOPHHU [IPHPALIICHHEM.

Tpebyeman 1 2 3 4 5 & 7 8 9 10 1 12

PasHEPHOCTS #

Twpauese | 154 | 25 | 423 [s39 |64t | 781 | 808 672 23 | %2 |7 |10
% % | % |% | % [ % | % [% |% |% |% {%

CextpansHbid | 813 | 904 %8 |95 |%7 |975 |1 [985 |990 |93 |97 10
% % % % % % % % % % % %

Bpoyroscrit 504 850 [831 |92 (%2 |93 |%4 | 974 981 |97 (994 | 100

MoCT % % % % % % % % % % % %

- Taba, 4. Kymy satupHast H3MEHUHBOCTD, oGbiicunemMasn YBeJHIUBAIOMMMCH THC/IOM
H3MepenHil A TPex METO10B MOCTPOCHIS TPACKTOPHH
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Koneuuo, ecnn MBI, DAKTHYECKH, BHINONHHM yceueHHe taxTopos, ckaxem,
AO YpPOBHA 4 HANPABNAIOWMX lAYCCOBCKHX BEIGOPOK ansg mioGoii TPaeKTOPHH,
CEeKTpanbiibiii METOJ GYACT BCE €lie NPEBOCXOANTL GPOYHOBCKUH MOCT. OmHaKo,
CCIIH €CTh MPEHMYIIECTBO B TPEOYEMBIX H3MCPEHHAX COTMIACHO MX BAXHOCTH, KAKOE
CYIECTBYET ANA 4HCEN ¢ HH3KMM DAcXOXASHHEM, METoa GpOyHOBCKOrO MOCTa
CO3MACT NMPEHMYIICCTBO HOYTH ONTHMAIBHOTO MOPALKA (B CMBIC/IE MAKCHMAIbHOMU
00bACHEHHOH H3IMCHYHBOCTH) H TpebyeT nHmb TPeX YMHOXEHHH Ha H3MepeHHe.
HYrobbl nate Gonee BU3yaNBHBIH APryMEHT B MONB3Y CXOKECTH CIEKTPanbHOTO
TOCTPOEHHS TPACKTOPHH H GPOYHOBCKOTO MOCTA, 5 Aato Ha PHc. 38 mepBsic ueTbipe
BEKTOPA-CTONOLA MAaTPHIBl NOCTPOeHUA A JNA TPEX 00CYXAAEMEIX METOLOB A
MOCTPOCHHA TPACKTOPHM -3a 64 paBHeix wara Bpemenu. Kak Mbl  BHAHM,
KO3((hHUHEHTEl MATPHULL [OCTPOCHHS TPAcKTOPHH And GPOYHOBCKOrO MOCTA

KaXyTCA MOYTH NOAOOHBIMH TapHO-aQUHHOH MHMMKE CHHYCOMARILHLIX BOJH
CNEKTPANbHBIX BEKTOPOB NOCTPOEHHS IIYTH.

TexHHKA YMEHBIIeHUA BADHAHHA

B HenpepriBHOM ONHCaHHM Da3lNOXEHHA OPOYHOBCKOrO HBMXEHWS Ia
GasucHble (QYHKIHH, CYIMCCTBYET HAMHOTO GONBIIE BOIMOXHOCTEH BBIGPATH
MHOXECTBO Ga3uCHBIX (yHKIMH, 4eM B CHEKTPaAbHOM aHalu3e, 3a1aHHOM
ypapHendem (10.24). BasucHble (YHKUOHH, KOTOpBIE NPOH3BOIAT 3IKBHBANEHT
OpOYHOBCKOIO MOCTA B HEOPEPHLIBHOM BpEMCHH, H3BeCTHhl Kak QyHkuuu llodepa
(Schauder), xoTopsle B CBOIO 04epeab ABMAIOTCS NEPBOOGPAsHBLIMH dynxunit Xaapa :
(Haar) [ABG97). Tnans Ha auarpaMMil ua Puc. 38, Ml MOkeM HHTYHTHBHO
TOHATE GXOACTBO pabOTHL CNEKTPaNbHOrO METOA2 M GPOYHOBCKOFO MOCTa. MeTox

MPUPALLEHHS, HATIPOTHB, HE UMECT HAKAKOro MOAOGHS ¢ APYTHMH ABYMA METOLAMH
BoOOIIE.

Secand columa vecors of the constzuction magices
Fourth colunin vectors of the construction matrices

Browntan bridge

—_— Spcﬁl:tml

TIpaBunbHeli METOR TIOCTPOCHHS TPAEKTOPHH MOXET HMETD CYILECTBEHHBIE
pasnnums B pabore cumynauun Monre-Kapmo Bo muornx npunoxenusax. Ha Puc.
39 2 noKa3kIBAl0 CXOMMMOCTD MOAEAMPOBAHHS Monte-Kapno ans  ouenku
CTaHAAPTHOTO a3HATCKOFO KOJUI-ONLHOHA "B-JeHbrax". 3penocTh ONMUHOHA ~ OOHH
rog ¢ 252 AHAMM MOHHTOPHHIA B TEUCHHE 3TOTO mepHoga. Beca 6buty Bec PaBHbI.
U criot-meHa u LeHa HCMONHEHNA OBINH YCTAHOBICHEI B 100, a npoueHTHbBIE CTABKH
M JIOXOJHOCTH MOAJIEKALLEIO aKTHBA HE OBUIH UPHHATHI BO BHMMaHHe, Yucio
HTEpaLUi MOKa3bIBaeTCA Mo ocH abcuuce Ha Puc. 39. CpaBHUTE 3TO ¢ TOBEAECHHEM

CX0AUMOCTH Kak QyHKIUMH 3aTpadennoro spemenn LUIY' wa MOZICNHPOBaHHE,
KOTOpasd noxasaHa Ha Puc. 40.

atrives

Pnc. 38. Tlepbie YeThIPE BEKTOPA-CTON0HA MATPHIY IOCTPOCHHS TPAEKTOPHH,

calumm vectors of the constnction matnces
abumn veetors of the construst

Korma mubl cpaBHMBacM CIEKTpalTsHbiii METOX ¢ GPOYHOBCKHM MOCTOM Kak
GyHKUMIO 0T YKCna HTEpALUH MEXTY HUMH, KaxcetTcd, He 6yner GoabwOi pasHuLbL,
Onmaxo, korma paccmatpusaetcs ¢yukuus Bpemexn L{IIY, HeoBxomumoro JULs
MOIETHPOBAHHUA, Mbl, BEPOATHO, MpEANoOYTeM GPOYHOBCKHIl MOCT, NOCKOJBKY OH,
KaXeTCA, CXOMUTCSH B IPeAeNaX HECKONBKHX CEeKYH[ B TAKOM Cliyuae.

' fokasarHoe Bpems LAY u3mMepanoce Ha npoueccope AMD K6-III ¢ TaxkToBOW 4acTOTOM
400MMy,
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Texunka yMeHbUICHHS BApHALHH
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10.8 Moctpoetue Tpaexropuu

Bo MHOTHX mNpPHIOKCHMAX HAM HeoGXOHUMO TOCTPOMTE  MOJETHPYEMYIO
JHCKPETHIOBAHHYIO TPACKTOPHIO CTAHAAPTHOIO BHHCPOBCKOIO TPOLECCA MO MHOXKECTBY
{t:},i=1..,n, xoTOpoe yKaseBaeT BpeMs. MbI MOXeM paccmaTpuBaTh 3HaueHus wi = W(r)
BHHEPOBCKOTO MPOLIECCA B ITHX TOYKAX BPEMEHM KaK BEKTOP CIy4aHHEIX NEpeMEHHbIX.
TockonsKy MbI FOBOPHM O CTAHAAPTHOM BHHEPOBCKOM NPOLIECCE, HauMHalowemcs B W(0)=0,
[I0GaNbHOS OXHIAHHE BCEX Wi, YCPCIHERHBIX 10 MHOMHM MOJENHDYEMEIM TP3EKTOPHAM
JOMKHO GBITE HyeM. DNIEMEHTB! MATPHLILI KOBapHaly C 1S HMX, OJHAKO, 3aHAI0TCR

¢ = Cov(W (L), W(t;)] = min(t;, ;) . (10.19)

VUuTEIBas BEKTOP 2 HE3ABHCHMBIX MAYCCOBCKHX NEPEMEHHBIX, MBI MOXEM NpeobpaloBath HX B
BEKTOP W, [PE/ICTARIIAIONIA OTAENLHLIH MOJIENHPYEMBIH ITyTh BUHCPOBCKOIO IPOLECCA COITIACHO
w=A-2, (10.20)

TIpH yCHOBHH, HTO MATDHLA A YIOBICTBODAET BHIPHKEHHI
A AT = (10.21)

Tz anemenTsi ¢; A C sanatorcs seipaserinem (10.19). Pasnoxenue C cOMIAcHO ypaBHEHHIO
(10.21) — He ynuxansHO K Ans cHMyALpit More-Kapiio, nanparisieMsIX NCEBAOCITYHaHHEIMU
'UMCHIAMH, H TIONHOCTBIO GE30THOCHTENBHO K HCTIONB3yeMoMy Merogy. OnpeneneHHas
HCTIONB3yeMad TEXHHKA ITOCTPOCHHA TDAEKTODHH HE HMEeT NpAMOro BOACHCTBMA Ha
BAPHALHIO PE3yNbTaTa MOAEHpoBania Mownre-Kapno. OnHaxo, kax s noapobHo pacckany
HHKE, YARUIBEIH BHIOOD METOA IOCTPOEHHS TPAEKTOPHH MOXCT NOMOUb B COKPALUEHHH TaK
Ha3bIBACMOIl sbhexmusnoit paauepuocmu, KOTOpaA ABASETCA KIHOUOM K PACKPHITHIO IIOJIHOTO
notexuwana yrcen CoboNA W MOXKET MPUBECTH K SHAMCHATEIIBHOMY YJIyHLIEHHIO MOBEAEHHS
CXOIMMOCTH TIO CPABHEHHIO C OBBIMHBIMH TTCEBAOCTY4aHHLIMH YHCIAMH, ITO MPOHCXOMKT H3-
3a apexra, KOTOpHIt BHIOOP METOXA MOCTPOCHHA TPASKTODHHM OKa3hIBAET HA IIOBELEHHE
CXOAMMOCTH CHMYNSLIHIA, Henons3yroummx yHcsia Cobotd, uto A H 06CYXKIal0 B 3T0# rnase.

103.1 Ilpupamensue
BeposiTro cambtii npocToit cnoco6 nMOCTPOHTL TPASKTOPHIO BHHEPOBCKOTO MpOLEcca —
IO HOCMpOEHUe Mpaekmopuyu npupawenuem. IT0 MOXKHO DPACCMATPHBATE KaK TPAMOE
npumeHeHne cpofictea MapkoBa BHHEpOBCKOTO Mpoiecca. IToCTpoeHHe  BHINOMHACTCSK
TIPOCTBIM J00aBIEHHEM HOBOO IPHPALLICHHA, KOTOPOE BBIMHCIAETCS COMIACHO LIATY BPEMEHH

Wipr = Wi + /Ay oz, with 2~ N(0,1). (10.22)

Crpourenbhias MaTpHLA METONA TPHPALICHHA 3A[AETCH pamncikerueM ONecKH MatpHLpbi
KOBADHALHH

VAL 0 0 0 .- 0
Vat, VA, 0 0 - 0
VAL, VAL VAL 6 - 0
Auncrementat = . . . . (10.23)
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Texanka yMCHLUICHHA BADHAIHH

Kak Bn MOmere BuaeTh W3 ypashenns (10.22) nocrpoenve nprpaleHHeM — 4pe3BbltaiiHo
GuicTpBIi  cnioco6  npeoGpasoBaTh BEKTOP 1 FAyCCOBCKHX NEPEMCHHBIX B CTAHAAPTHBIH
BHHEPOBCKMH NyTH 1O n maraM spemenH. FTockonsKy BCe KBaapaTHeie KOpHU MOTYT GuiTh
TIPEABAPHTENLHO PACCUHTaHB!, BCE, YTO HYXKHO Il KaXIOH TPackKTOpHH — 3TO BCEro n
YMHOXEHHAH H n-1 croxennH. FIMeHHO 13-38 3TOT0 APEHMYIECTBE B CKOPOCTH, NOCTPOSHHE
TPACKTOPHH NPHPALUEHHEM BEIGHpaETCA B CITy4ae HCNONE30BAHHA ICEBIOCIYYARHBIX YHCEN.

10.8.2 CnexTpamuslii cnocob

B painene 6.2 5 o0bAcHIN KaK M0Gas CHMMETPHUHAA NOJIOKHTENLHO ONPEAEIeHHas
MaTpHA MOXET ObiTh pazfeseHa Ha €€ CTeKTPAILHEIE MCEBAOKBAApaTHLIE KOPHH. ToT ke
cambli CNOcOD MOXKET HCTIONBIOBATHCA M JACCh, YTOGH BBIYHCIHTD CICKTPANEHYIO MAaTpHIly
TIOCTPOCHHS TPAEKTOPHH Aspecyrul, KOTOpAR YaOBNETBOpsET (10.21).

Bo3MOXHO TaKKe HCTIONB3OBATH ANAPOKCHMALMIO JUIS CREKTPAnbHON JMCKPETHOR
MaTPHULI IOCTPOCHHS TPACKTOPHH. D10 NPHOMINKCHHE IACTCA CREKTPANILHLIM PAIOKEHHEM
HENpephLIBHOI nuueponcxoﬁ TPACKTOPHH Ha WuTepBane Bpemend [0, 7] B oproroHanbHsii
runBeprosckuil - Gasuc. UroGhi TIOCTPOMTS NONHOCTBIO HENPEPLIBHYIO BHHEPOBCKYIO

TPaeKTOPHIO NO JI0GOMY HMHTEPBaNY BPEMCHH, Mbl HyXIanHCh Obl B GeckOHEUHOM uHCie
HANPARIIOIIAX FAYCCOBCKHX NEPEMEHHBIX. 'ayccoBckue nepeMeHHRIe —~ 310 x0a(pdhHLHeHTS!

{z pasnoxxenns W(t) 8
_ sin ..),,i 2k ~1
W)= \/ 1,; with  w, = (—2 ) e (10.24)

ANNPOKCHMANHA JIEMEHTA Gy CIICKTPAILHOH c1'pou1'enbuoii MATPHUB Aspecry A0KHA ObITH
paccudTaHa CICAYIOMAM  O0pasoM. Bo-MepBLIX, BBHINOJHHTE HAYWILHYIO CTAZHIO
npuGAMKEHHS, KOTOPOE 3A0ACTCA MPOCTO HEMPEPBIBHOH KonHeH TpackToprn ot fp =0k 1, =T:

g \/%ﬂﬂii'_ (10.25)

3neck, HanbosNee BaXHAK YacTb MOCTPOCHHA TPACKTOPHH B TOM, YTO BapHauma w; =W(1,)
ZomKHa OBITh paBHa £; TO €CTh
Vi) = t;.. T (10.26)
HauansHas cranus annpokcnmauuH A’ He YAOBNCTBOpSCT 3ToMy TpeGoBanHio. 1o
HeJIOCTATOK MOXET ObiTh WCIpamiieH, €CH ONpeAeNHTL T; Kak CymMmy KBAJPATOB BCEX
IEMEHTOB §-OH CTPOKH MaTphis! A"
7= Z (a;k)2 10.27)
k=1

~

DneMenTsi @, NpHOMIDKEHNA Zns AMCKpeTHOH criextpanbhoil Matpuust A noctpoenns
TPAEKTOPHH TOMAA 3a/A10TCH

T sty
i = '/;'u;k = e (10.28)
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Cma - 1!(5{)+AS()) — 2:;(5&)) + 8(Sp~ASp) (11.13)
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Koneuno, crenanHbie Bbile NPEANONONKEHHA, HENONMYCTMMbI, KOLZA MBI 3HAEM, 4TO MBI
TBITAEMCA BBIYHC/IATH ['aMMY NEpHBATHBOB, THIA KOWI-ONLHOHOB Up-Out, KOTOpBIE HMEKOT, B
YACTHOCTH, IPOTHBHYIO ABOMHYIO CHHTYMAPHOCTH I'aMMEl Ha yposue Gapsepa. [Tpaxrudeckn
K€, METO] HABHOTO KOHEYHOTO Mu((EepeHImpoBaHKA, J2Xe KOTAA MEI PELHPKYIHPYeM
HCIIONE3YeMBIE MEPEMCHHEIC, KaK B BBILCOPUBEACHHEIX ypaBHenuax (11.12) u (11.13) no
TpHYKHAM, OOBACHEHHEIM B pasfene 10.2, g moBbIx ONMUHOHOB AOCTATOYHOM CIIOHOCTH,
YTOGEI MBI 33XOTEIN HCIOMb30BATE TEXHHKY MonTe-Kapiio, BefieT ce6fl HACTONBKO YIKACHO,
UT0, (JAKTHYECKH, ABIETCA HENPHTOMHBIM. ST OKAXKY 3TO B HEKOTOPHIX M3 PHCYHKOB B KOHLE
JaHHOW rnassl. Ho chauana Mbl PACCMOTDHM ANBTCPHATHBEI MPAMOMY MOAXOLY ABHOTO
KoneqHoro auddepeHLUpoBanHs.

11.4 Koxeytoe audpdhepeHunpoBanme ¢ BLIBOPKOH BaKHOCTH

B pasnene 11.3° OOBACHATOCH, YTO BBINMCICHHIO JlENbTEI M ApyrHX "Tpekos”
TPENSTCTBYET HEONHOPONHOCTH: NPO(HIA BOIHAIDKACHHS WIH €ro Kpuusna. [oops
MATEMATHYECKUMH TCPDMHHAMH, BBIMHCIIeHHe [amMbl, mcnonssys meross! Mownre-Kapio
HACTO/BKO TPYAHO, IOTOMY YTO (IYHKLM BOSHATPAXICHHS HE ABIACTCA IEMEHTOM Kiacca C-
BceX (QynxumH, KOTOpble ARIAIOTCA NBAXKABI AUDDEPEHUNPYEMbIMH 110 BCEM CBOMM
nepemeHHBIM. B aeficreurensiocty, anst Up-Out-Komi-onuuoHa, npodiis BO3HArPaOKAEHHS
JIaX€ HE HENPEPRIBEH 110 BCEM €10 [TEPEMEHHEIM, TO ECTh 7S )&

MHorma, Tem He Menee, Gninaer mpasmuuk ¥ Ha mawmeil ymwue. Jlia BbIOpaHHOIO
TECTOBOIO CIly4asi, Mbl MOXEM OTpaHH4HMTh Hamy obnacti BeIGOpkM Monre-Kapno Tonsko
obmacTeto, rae GyHKuKA BOSHarpaxIeHus € C”, Yrobbl 310 CAENATH HAO CTPOUTH TONBKO TE
TPAGKTOPHH, KOTOPbIE HE GLICKAKUGAIOM U He 3aKanuugaiomcs 6-OcHbeax. B Gonee obieM
CMBICIIE, Mbl MOACIHPYEM TOJIBKO 0O1ACTh, T/IE OIEHHBAEMas PYHKHHA OTIMYHA OT Hy/1, DTOT
METO HPHHAIIEKNAT K OOLIEMY KIACCY METONOB 6b160DKIL GUNCHOCHI, A KK MBI JACTAEM 3T0,
TOSICHACTCS HHKE.

Bo-niepBbiX, J@BafiTe BCMIOMHHM, 9TO MBI ICHEPUPYEM TpeByeMble CTAHIApTHbIE
HOPMAIEHBIC MIEPEMEHHBIC, BBITATHBAs paBHOMEpHEIE Ha (0, 1) riepeMenHsle H oToBpakas ux B
TayCCOBCKHE NPH IOMOMH OGPATHOH KyMYIATHBHON HOPMANBHO (BYHKIIMH, TO ECTL

s=N7Hw)  and w=N(z). (1L.14)

Teneps, pasaiite MPEANIONOKHM, YTO MBI HOCTPOMIH OTAETBHYIO TPACKTOPHIO BIUIOTH

A0 S ¥ 3KenaeM NOCTPOHTE CIIENYIOULYIO TEPEMEHHYI0 MOHHTOpHIITA S; 13 ypasHeHus (11.2),

HO C TapaHTHeH, 4YTO TPaeKIrOpHs He OYACT 3aKaH4MBATLCA BHLIXOAOM (MCIIOMIEHHEM
neprsatusa). Heronsays

) (11.15)
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Mbl MOYKEM 3TO CJIENIaTh, CTPOS z;, AUS TIpHMeHeHNs! B ypasHenuH (11.2), HO He kax obbiuHo,
IPOCTO M3 TOjUIeNaLIeH PaBHOMEPHOH MEPEMEHHO u; Kak B ypasHewuu (11.14), a Bmecto
3T0rO

=N - b)) . (11.16)

Bonee Toro, Mbl AODKHBI TAPAHTHPOBATh, YTO TPACKTOPHS 3aKAHYHBACTCA B-ICHBIax
OpH IRCIMpALFH. 3T0 O3HAYAET, YTO TIOCNEIHAS HOPMAIbHAs MepeMeHHas Z, AL 3Toi
TPACKTOPHH JOIDKHA OBITh MOCTPOEHA COrMIACHO

2 = N1 (e (hy — k) + k) (11.17)

tn S - La2AL
ki=N| —/—

B JIONOMHCHHC K OCTOPOXHOMY TOCTPOEHHIO TPAEKTODHH, OTHCAHHOMY BbILIE, Mb
TAKKE JIODKHE] NPHAHATE BO BHUMaHHE TOT (aKT, YTO Mbl TIPOH3BOAMM BBIGOPKY TOMBKO M3
110706AaCTH MPOCTPAHCTBA BCEX BOSMOXKHBIX 3BOMIOLMH TpaekTopuH. K cyactnio, Mbl ¢ HAltETY
BBIYHCTHIIH HEODXOTHMDBIH KOPPEKTHPYIOWHHA (aKTOp, TOCKONBKY Mbl CTPOU/IH TPASKTOPHIO C
YHETOM BEIOOPKU BAKHOCTH Sis. MBI IPOCTO IOMKHE] YMHOXHTH BO3HAIPAMAEHHE, CBS3aHHOE
C MOCTPOCHHOH TpaekTopHeHl Ha mpomsBesenxe BeeX (AKTOPOB  OIPaHHYECHHS

n-1

p=(h, —k)-Hh, :

e

(11.18)

mn
i =$ M Sk)-7(S%) - (11.19)
j=1

Texunxa BbIOOPKM BaxHOCTH MoHTe-Kapio o4eHs [MOnesHa Ans BbiyMCiICHUs
OXUAAHMS Ui LeNell OUEHKH OfMOHA, B OCODEHHOCTH, AIA ONUMOHOB, HAXOMALMXCH
rayboko "Oez jener'. Bosee TOro, oHa MOXKET OKAa3arbCsi OUCHb MOLIHBIM crocoGom
YIyYIUIEHHS METOA@ KOHEUROro M epeRIUpOBanHs TS BhyMcnenus "Ipexos”. H koteuno,
OHA TAKKE MOKET HCIIONB3OBATLCA B COGAMHEHHH C PELMPKYMALMEH NEPEMEHHBIX WHIH
JuneliHeiM  aubgepenuMposanreM.  Hackonmbxko  xopowo 310 paboraer,  Gyger
JIEMOHCTPUPOBATLCS HA PATMYHBIX PHCYHKAX JAlee, HO, CHAYAna, si Xouy OGBACHHTL JBa

OCTAIOLIAXCA METOAE, KOTOPbIE BYIyT NpeacTaBIeHb! B 3TOH I71aBe.

11.5 NuHeiHoe audbepeHuupoBanue

Japaiire moGnuike NOCMOTPHM HA TO, UYTO Mbi, B JAEHCTBUTCILHOCTH, IIBITACMCS
BuaMCTHTE Ha npuMepe Jenstsl B ypastenun (11.6). Bee noseieHus MCTHHHOM LeHBL v B
3TOM YpaBHEHKH SBASIOTCA YHCICHHOH OUEHKOH B BHAE annpokckmauun Monte-Kapio.
Taxum obpazom,

e . e
Defta=—— = — |— > #(S(z:S5))] - (11.20)
85y OS5y [m ; ( )

B HMCTYHHOM CMBICNE YACTHYHOM NpPOM3BOAHOH B BBILENPHBELEHHOM YPABHCHHH,
BGECKOHCHHO MANOE H3MEHEHHE NA4ABHOrO CHOTOBOMO YPOBHA So MOMKET BBISHIBATH JIMLIL
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